4 Magnetic Field Configurations

Now we extend the static field considerations to include magnetic fields.
These require currents. The considerations will be restricted to time-averaged
cases, where charge motions are relatively ordered, and the contributions
from time-varying electric fields are small. This means that we are not con-
sidering electromagnetic waves, yet we will very soon.

4.1 Biot-Savart Law

The two Maxwell’s equations that control the magnetic field are

V:-B =0 |, VXB:E_ (52)
Over long time periods, these may be averaged using our standard protocols,
and the varying electric field term becomes insignificant:

T
<8E> = L[ By o . (53)
t

ot T ), ot ’

electric fields are minuscule on large timescales. Again we are neglecting the
possibility of electromagnetic waves. The time-averaged Maxwell equations
become

4

V'<B>t =0, Vx <B>t = <J>t : (54)

These will be manipulated. Hereafter, the time-averaging notation will be
dropped, though it will be implicitly assumed in the ensuing forms.

Introducing the time-averaged vector potential, then B — V x A, and
Gauss’ law is trivial. Ampere’s circuital law assumes the interesting form:

Vx(VxA) = V(V-A)-VA =5 (55)

The first term on the left can be eliminated by adopting the Coulomb gauge

with V- A =0. Then

dr
VA = —%J . (56)
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This is satisfyingly simple in that it is a vector analog of Poisson’s equation,
with the scalar potential ¢ being replaced by the vector potential A, and
the charge density p being replaced by the current density j/c. One can
then integrate the Laplacian as was done for Coulomb’s law, and derive

1) 1 GnVn
= Z|r—xnr (57)

for the time-averaged vector potential in terms of the time-averaged current.
Here r is the position vector from any point within the integration volume to
where the field is measured. The discrete charge alternative form looks just
like the ensemble form for Coulomb’s law, but now with charge ¢, replaced
by current ¢,v, .

The time-averaged magnetic field can now be derived and simplified:

B = Vox (g [y )
(s afseere') o

Here we have used a standard vector identity for the curl of the product of a
scalar and a vector. The curl operates only on the position vector r (hence
the subscript) out to where the field is measured, and so V, x j(r') = 0.
Therefore, the time-averaged magnetic field satisfies

B = 1/.](1'/) % (I‘,— I‘/) d3r! ’ (59>

c) T TE=rT

(58)

since Vo(1/|r —1'|) = —(r—1')/|r — r'|*>. Carefully note the order of the
cross product. Hereafter the explicit use of subscript r on the V operator
is dropped. This result, which bears considerable semblance to the magnetic
field of a moving charge, is known as the Biot-Savart Law, and only applies
in a time-averaged sense. Such steady configurations are commonly realized
in current systems, for example coils and current loops.

e For magnetostatic configurations, dp/dt =0 =V -j =0, so that j can
be expressed as a curl. Eq. (54) gives j = (¢/47) V x B as the inversion of
the Biot-Savart law. This should be obvious when forming V x B as the
integrand is then proportional to V x V(1/|r —1'|) = 476%(r — 1), and the
evaluation of the integral is trivial.
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4.2 Magnetic Moments

The Biot-Savart Law is expressed via a continuum form for the current vector.
In this Section we explore the discrete form in a search for the magnetic
analog of the electric dipole moment formula. Thus a far-field expansion is
de rigueur, and we perform a Taylor series expansion.

_ 1 Vo . 1 1 ol
A = c Z|I’—Xn| ~ c|r|Zann CZann{Xn v(?")} . (60)

The first term is proportional to the time derivative of the electric dipole

moment:
d .
3" guva = %(anxn) — @) >0 (61)

In general, d # 0. However, here we are considering long-term time aver-
ages, and so the integrated derivative tends to zero, as before. Thus, only
the second term contributes:

1
A~ o3 zn: GnVin (Xn . r) ) (62)

Since v,, = dx,/dt, this can be re-expressed using the chain rule of differen-
tiation to symmetrize the roles of x, and its derivative

1d
3 S abe %] = Yo o
1
~5 D o { (1) v (Vo 1) 0}
The long-term time average of the time derivative on the LHS is also zero,

and so we can replace the first line by the negative of the second in the
expression for A. It follows that the time-averaged vector potential is

A = #an{(xn-r)vn— (Vn-I‘)Xn}
#an{(xn X V) xr}

Recognizing that the anti-symmetric difference is just a triple cross product
simplifies the expression, and guides the next step in the development.

(63)

(64)
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This form naturally leads to the definition for the magnetic moment:
1
no= o an<xn X Vn>t , (65)

where we have explicitly included the time-average notation. Then the vector
potential assumes a compact form:

XTr
A = “rg . (66)

This is very useful for deriving A values for various current configurations.

The magnetic field is now simply obtained using standard vector identities:
X T
V x (“ 3 )
r r r r
= MM—(M'V)FL;‘FMV'(;;)—;;M (67)
r

= Nv/%j_ (M-V) 3

The space derivatives of p are both zero since they pertain to the point
where the field is measured, and not to p itself. In addition,

B

Q

<

v-(%):r-v(%)Jr%;v-r:o , (68)

a result that can be inferred from the Coulomb electric field, which has zero
divergence at far-field points where charges are not present. Next,

(1 9) 5 = 5w V)rtr(n- V)5 . (69)

Therefore, using n = r/r, one arrives at the final result for the time-averaged
magnetic field:

B — 3(n";’a):.)n_“ . (70)

This is the same formula as for the electric dipole, but with d — . This
field configuration is therefore referred to as defining a magnetic dipole.
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e Using the angle notation cosf = fi - n, one can express the field com-
ponents parallel to and perpendicular to the magnetic moment g :

B = 7%—(3(:0829—1) , B, = 7%(381H900S9> : (71)

Again, these can be easily rotated to develop the polar coordinate form for
the radial and tangential components of the dipole field:

B, = Bjcost + B, sinf = 2”:—3?89
. (72)
By = Bjsinf — B costl = —Ls;fﬁ

e Since the magnetic dipole form is derived in the far-field approximation,
it cannot be applied to find the field configuration near or inside a solenoid.

An insightful special case is that where all the charges in the system have
the same mass-to-charge ratio, i.e. q,/m, = q/m for some average charge
q and average mass m. Then the magnetic moment can be expressed as

1
u = Q_CZq"X” XV, = QmeZX” X (mnvn) : (73)

For non-relativistic charge motions, m,v, = p, is the linear momentum of
a charge, and so

_ _4 _ 9

2me

where L is the total angular momentum of the system. In this special non-
relativistic case, the magnetic dipole moment is proportional to the angular
momentum, and the constant of proportionality ¢/(2mc) is known as the
classical magneton.

e This coupling between rotating charge configurations and magnetic dipoles
sets the scene for the interpretation of spin in quantum mechanical systems.
In particular, Bohr’s quantization condition |£| = nh for an atom’s elec-
tronic states yields the quantum magneton eh/(2m.c) for the electron.
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4.3 Larmor Precession

Now immerse our system of charges/currents in an external magnetic field,
which will be assumed to be uniform on the scale of the system. The time-
averaged Lorentz force equation is

F)r = L3 qulva x B, = %{an(xan>t} S0 . ()

Again, since long-term time averages of derivatives are zero, then so is the
force, since it is a pure time derivative. This is because the long-term average
integrates over the entire volume, and there is no energy gain or loss since
the magnetic field does no net work.

Yet quantities derived from the ensemble force are not necessarily zero. An
example is provided by the magnetic torque:

1
T = an<xn X (Vn X B)>t ) (76)
The triple vector product can be expanded (averaging notation dropped):

N S

— IS v By - %B%}

The time-averaging of the second term is likewise zero. One can then employ
the chain rule derivative manipulation used in deriving the magnetic moment
to anti-symmetrize the sum:

- %anvn(xn-B) _ 2iczqn{vn(xn-B)—xn(vn-B)} . (78)

It then follows that the torque possesses a simple form:

This is a magnetic analog of the equivalent electric dipole result, 7 =d x E.
The torque-free case is when p is aligned or counter-aligned with the field.
Otherwise, the finite torque, being orthogonal to p, will rotate the magnetic
dipole, just as a spinning top precesses due to a gravitational torque.

(77)
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To see this more clearly, the torque is just the rate of change of the angu-
lar momentum L of the system: 7 = dL/dt. Now consider a system of
charges with equal charge to mass ratios. Then ¢,/m, = ¢/m for some
average charge ¢ and average mass m. As before, the magnetic moment is
proportional to the angular momentum, so that

dl

C=r=3LLxB=CLxQ for 0=;LB . (50

2 2mec
This vector ODE has sinusoidal solutions for the components transverse to
2, leaving the magnitude of £ constant in time. It is an analog of

dv ¢
%—m—CVXB s (81)

the Lorentz force for a non-relativistic charge. Therefore, the magnetic mo-
ment vector p precesses about B at a Larmor frequency eB/(2mc), with
the tip of the vector tracing out a circle orthogonal to B. Observe that the
Larmor frequency is exactly half the cyclotron frequency!

e This Larmor precession does not change the strength or energy of the
magnetic dipole. The energy of the magnetic dipole in a uniform external
field can be derived from the Lagrangian L = eA -v/c. The vector potential
in this case is just A = (B x r)/2. Adapting this for the charge ensemble,

Ly = %ZQnAnvn = QLCZQTL(BXXTL)VTL

. (82)
= TCZQn(XnXVn)B )
using a familiar vector cross product identity. Consequently
Ug = —Lg = —p-B . (83)

This is a magnetic analog of the electric dipole result Uy = —d - E. The
precession of the magnetic moment clearly leaves p - B invariant, and so it
conserves energy: no work is done by the external field.

This result implicitly assumes no long term time changes in far-field locales,
which omits the contribution of electromagnetic radiation by accelerating
charges that generate p. Thus, in reality, even in the absence of an external
magnetic field B, a spinning magnetic dipole will loss energy.
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