3.2 Motion in Uniform Magnetic Fields

The key difference of motion in a magnetic field from that in an electric field
is that now the force is orthogonal to the instantaneous motion, and so does
no work. Thus a charge’s energy £ is conserved. Here we choose the uniform
B field along the z-axis. The Lorentz force equation of motion (EOM) is

d(Ev d

Here we have used the identity p = Ev/c*. The energy & = & can be
passed outside the time derivative, and the EOM can be recast as

dv

dv qcB
dt

— wvxB |, w= T (46)

This is simply an EOM for a centripetal acceleration so that w represents
the angular frequency of the motion. Resolving it into pertinent components,

Uy = WUy , Uy = —wWU, , U, =0 . (47)

For the first integration of the EOM, we combine the motions transverse to
B using complex variables to quickly solve the simultaneous ODEs:

%(vz—l—ivy) = —iw (v, +ivy) = v, tiv, = vee @Y (48)

Thus two constants of integration appear that serve to define the initial
velocity components in the (z,y) plane. One of these constants of the motion
is v, = /vi + v, the circular velocity. Integrating once more,

r = xo+rgsin(wt+a) , y = yo+rgcos(wt+a) (49)
where we have resolved the complex exponential into real form. Here,

T:E:vcé’:pcc
97w qBc qB

(50)

is called the gyroradius and is the radius of the circular projection of the
motion about the magnetic field direction. Also, here p, = v.£/c* is the
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circular momentum. The solution of the z-direction component of the
EOM is almost trivial:
z = z+uvut . (51)

The complete trajectory defined by Egs. (49) and (51) is a helix. The helical
path is stretched or compressed according to the value of v, /v, , and so one
can determine

0, = arctan% (52)

to be the pitch angle of the helix. The motion possesses a characteristic
angular frequency w of rotation of the tip of the velocity vector about B,
and we term this angular rate the relativistic gyrofrequency. We can write
_ B _ ws _ 4B

w="g =7 with we = (53)
for £ = ymc?. The intrinsically non-relativistic quantity wy is called the
cyclotron frequency and defines the natural scale of radiation by non-
relativistic charges in magnetic fields.

Draw helix including pitch angle

e The presence of the 1/ factor in w is a relativistic time-dilation factor
in boosting from an instantaneous stationary frame for the charge.

e If one constructs a non-relativistic simple harmonic oscillator in a uni-
form magnetic field, if its natural frequency is wy (obtained from the restor-
ing force), then the vector equation of motion is

dv q

meor = vaB—mwgr . (54)

This can be solved to yield sinusoidal components in all three dimensions.
In the z-direction, the field exerts no force and the natural frequency wy is
reproduced. In the (z,y) plane, the frequency is split:

2
_ 2 qB qB “s
w = \/w0+ (2mc) too FwEF (55)

where the approximation is in the low field, wy < wy limit. This serves to
define a classical model for Zeeman splitting of atomic lines.
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3.3 Motion in Uniform Electric and Magnetic Fields

We will consider two specialized cases to illustrate a representative range
of possibilities. For the general electromagnetic field, as we shall soon see,
Lorentz transformation can usually be used to eliminate either an electric field
(when E < B) or a magnetic field (when B < E), so that the preceding
exclusive solutions have quite general applicability. An exception is when the
two fields are parallel to each other. This will motivate our first case.

e The book offers a problem on motion in crossed electromagnetic fields,
where E | B and F = B. This can be quite applicable to problems
involving laser fields, such as motions of plasmas in hohlraums at the Omega
or National Ignition Facility (NIF). We will not explore such a case here.

3.3.1 Parallel Electric and Magnetic Fields

e A motivation for this case is that when E || B, no Lorentz boost can elim-
inate either field entirely. We will see this in due course, but the proof is
that any boost can be distilled into the combination AFA of sequential
boosts where one is parallel to the fields and the other perpendicular. The
first does not alter the directions of the fields. The second introduces com-
ponents of both the E and B fields that are orthogonal to the boost vector
and non-zero. Thus the E || B case is an important, distinct situation.

Let the z-axis be the common direction of E and B. Only the electric
field does work as a charge moves in this direction; gyrational motion in the
transverse directions, the (z,y) plane, do not increase the particle’s energy.
This fact simplifies the solution of the Lorentz force equation, which is

dp _ g
3 = (E+ovxB o (56)

Isolating the z-component, since the magnetic contribution for such is zero,
we form an ODE for p, and simply solve:

dp.
dt

= qE = p. = meyB. = qBt (57)
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presuming that p, = 0 initially. As this stands, this cannot be further
integrated to solve for z(¢) without information on the energy or ~(¢). To
acquire this, form the virial dot product of p with Eq. (56):

1d &\ _ dp _ B B ,
2ai(3) =p- @ =B =qBp. = @Bt . ()
Here we have again introduced the kinematic energy of the particle, & =

v/m2ct + p?c?. The energy solution is therefore simply obtained, and is just
as for the pure uniform E case:

Ex = ymc® = /m2ct 4 p2c + (qEct)? = /&2 + (qEct)? | (59)

where & is the value of & at t = 0, when the total momentum is just
the circular momentum p.. Since the time dependence of the energy is
captured purely via the z-motion, i.e., within p, , it follows that the circular
momentum is a conserved quantity. The motion in the z-direction is now
fully determined via the work equation:

_ EK_EO
Z—q—E

v _ _ qbct
= L =h="Fg, (60)

which is, of course, consistent with Eq. (57). If we set 7 = qEct/&y, then

_ Sl = _ T
Z = q—E{ 1+T2—1} and ﬂz = ﬁ (61)

are the functions of this dimensionless time variable.

The transverse motion solves in a manner similar to the uniform magnetic
field example. However, since the energy is now time-dependent, solving for
momenta or speeds in terms of time is a little more involved. Form

dp. _ 4B =~ _ dpy, _ _¢B ~ _
G T o W T MWevy = TS Us = MW Uy (62)
Here, the cyclotron frequency wy = ¢B/mc has been introduced. Now

combine these in complex form to define an ODE for p, + ip, = p.e™ %, i.e.
d i d . . mc? )
7 ™) = G oetipy) = —iws g— (e +ipy) - (63)
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Since p. is conserved, only the momentum phase ¢(t) is a function of time.
The new ODE is then

dp  wymc® wemc?

dt Ex \/53 + (qEct)?

Hence, the angular velocity monotonically decreases with time. The solu-
tion for the momentum gyrophase involves hyperbolic functions:

¢ = %Sinh_lT = gloge[f—km} . T = qu ' (65)
0

(64)

Clearly the E — 0 limiting form reproduces the purely magnetic case, with
do/dt = wg/v. To solve completely for the transverse motion, Eq. (63) can
be recast using p = v&y/c* as

o ud , 2 _ . d .
—ipee d—? = —iwg % (pz +ipy) = —imwy a (z+iy) (66)

which is effectively an ODE in the variable ¢. Thus for an initial position
of v =129 and y =y,

% (r+iy) = Le® = s4iy = Lo pconst.  (67)

mws mws
Resolving this into real functions, the (z,y)-plane solution is therefore

_ D€ _ Db
r = qumgb—i—xo , Yy = qB(COS¢—1)+yO 5 (68)

with a gyroradius r, = p.c/¢B that is independent of time. The remaining
piece is the z-motion, which can be written using Egs. (61) and (65) as

2 = j—%{cosh(g¢> —1} . (69)

The trajectory is thus a progressively-stretched helix with a monotonically
increasing pitch angle. The motion has an asymptotic speed of ¢ at infinity.

e Observe that the trajectory and solutions for this E || B case possess
elements of both the uniform E field and uniform B field examples.
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3.3.2 Oblique Electric and Magnetic Fields

To generalize again, we now introduce a component of the electric field that
is not parallel to the magnetic field, i.e. E x B # 0. To keep the algebra
simple, we will restrict considerations to non-relativistic charges.

e The magnetic field will be in the z direction, and without loss of gen-
erality, the electric field will be in the (y, z)-plane. Thus the Lorentz force
EOM is

dv
m%:qE—i—%va : (70)
and the component equations are
mi = %yB . mij = qu—%x'B . mi =qE. . (71

The z-component of the motion is the non-relativistic limit of that in the E
|| B example, i.e. is quadratic in time:

z = vt + %% . (72)

For the motion transverse to B, we use the same complex variable approach
as before, combining the two dimensions:

d, . .. . o L qBy

%(a:—l—zy)—ksz(quzy) =it (73)
Again, wy = gB/mc is the cyclotron frequency. This ODE is now inhomo-
geneous, and so the complimentary function is of the form aexp{—iwst} as
before. The particular integral is easy to solve for, and is simply a constant
that must be real. Thus, we find, in real form

E

CLy

5 0 U = —vesinwst (74)

T = v.coswgt +
for the case where the velocity is initially in the (x,z) plane, a case with

representative generality. The constant of integration, the circular velocity
V., is determined by the initial conditions. For this solution to remain valid,

E. = E, < B (75)
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defines the non-relativistic criterion. This is a condition that is independent
of Lorentz boosts to other frames of reference. Moreover it is a fundamental
to Larmor formalism for radiation, as we will discover in due course.

e The motion in velocity space is clearly oscillatory, and the average mo-
tion exhibits a drift velocity orthogonal to both E and B:

ExB . E .
e s (76)

Observe that the drift speed is independent of both the charge and the mass
of the particle. Thus, such drifts do not polarize a plasma, i.e. electrons,
ions, and positrons all move together.

*x Rotating field configurations such as for spinning stars induce such
drift velocities, as do Lorentz boosts between inertial frames.

The velocity equations can easily be integrated, and if we choose for the
charge to be initially at the origin, then we obtain

Ve . c E Ve
r = w—(smwBt—l—v—cfwBt) , Yy = —(COSWBt—1> . (77)

B Wy

This class of curves for the cross section of the trajectory in the plane orthog-
onal to B is known as a set of trochoids. Their shape is determined by the
parameter A = v.B/cE : see the Figure. In the special case of A = %1,

T = E(siant:I:wBt) , Yy = &<cosw3t—1> ) (78)

wB WB
and the trochoid reduces to a cycloid.

Trochoid sections for charges moving in oblique E and B fields.
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Trochoid Sections for Trajectories

of Charges in Oblique E and B Fields

Y N NSH

\

\\, / \, ,/
D v - v S
5 15

10

Representative trochoid cross sections of the trajectories of a charge in
oblique E and B fields, given by the parametric mathematical form

x = 17—Asint , y = 1—cosT

These sections are in the plane orthogonal to B. Here 7 = wgt, and the
parameter A = v.B/(cE,) takes on values 0.25,0.5,1,2 and 4. The A =1
case defines a cycloid with its characteristic cusps, and when A > 1, the
paths exhibit retrograde motion; for A < 1 they are quasi-sinusoidal.






