
which yields the acoustic fluctuation scale

D ≈ 2

3
√

3

1

(1 + z)3/2

c

H0

√
Ωm

. (18)

Using Ωm ∼ 0.27 , including both baryonic and dark matter, at zrec ∼ 1100
this yields D ∼ 90 kpc. The universe was a much smaller place then!

• This physical scale of fluctuations translates to a volume V ∼ 4πD3/3 . In
this volume, the matter density perturbation might scale with the tempera-
ture fluctuation via δρ/ρ ∼ δT/T ∼ 6× 10−6 . The mean matter density ρ
couples to the present one via ρ = Ωmρc(1 + z)3 . Therefore, the total mass
perturbation within an “overdensity bubble” would be of the order

δM ∼ V δρ ∼ 4π
3
D3 δT

T
Ωmρc

(
1 + zrec

)3 ∼ 9× 1011M� (19)

for zrec ∼ 1100 . In practice, since at recombination, matter is already domi-
nating radiation, then δρ/ρ exceeds δT/T by a factor of ∼ 3/2 . This arises
because matter has a non-relativistic equation of state P ∝ ρ5/3 so that for
cold matter, δT/T = δ(P/ρ)/(P/ρ) = (2/3)δρ/ρ , using pV = NkT . This
modest tweak pushes this mass estimate above 1012M� , yet still on the scale
of masses for large galaxies.

• Now, the angular diameter distance gives a corresponding angular scale

θ =
D
dA

with dA ≡
c

H0(1 + z)

∫ z

0

dz′

E(z′)
(20)

in the approximation that Ω ≈ 1 , so that Sk(Θ) → Θ . The integral is
evaluated using only the Ωm term, since the low z contributions dominate,
yielding approximately 2/

√
Ωm . Combining with Eq. (18), it follows that

θ ≈ 1

3
√

3

1√
1 + zrec

∼ 0.33◦ (21)

is the approximate largest angular scale (fundamental) for acoustic fluctua-
tions in the recombination epoch, i.e. at zrec ∼ 1100 .

• Better angular resolution than COBE affords was required to explore the
principal and harmonics of such fluctuations ⇒ WMAP and Planck.

8



2.2 Baryonic Seed Timescale

A principal implication of the COBE results is that the observed ∆T/T is
too low (i.e. δρ/ρ is too low) for structure formation to be seeded by the
observed baryonic matter under the action of gravity only. Here we identify
this constraint/problem. This adds weight to arguments for the existence of
hot or cold dark matter.

• The gravitational collapse timescale for baryonic matter only is

tg ∼
√

3
8πGρ

, ρ = (1 + z)3ρ0 (22)

with ρ0 = Ωbρc = (3H2
0 )/(8πG) Ωb . Then

tg(z) ∼ 1√
ΩbH2

0

1

(1 + z)3/2 . (23)

Hence gravitational collapse is probable at redshift z if tg(z) < tH(z) ∼
1/[H(z)] . For the purposes of an estimate in a matter-dominated cosmology,

a(t) ∝ t2/3 ⇒ H(z) =
ȧ
a
∝ 1

t
∝ 1

a3/2 ∝ (1 + z)3/2 (24)

Therefore,

H(z) ≈ H0 (1 + z)3/2 ⇒ tg(z)
tH(z)

∼ 1√
Ωb

. (25)

It follows that if Ωb ∼ 0.04 , as is demanded by primordial nucleosynthesis
constraints, tg(z)/tH(z) is clearly greater than unity.

• Hence the observed baryonic matter cannot seed collapse at any z in a
matter-cominated cosmology. This argument applies to other a(t) choices.

∗ Accordingly, the COBE ∆T/T implies the need for the existence of dark
matter of at least the Ωm

>∼ 0.2 level in order for the density perturbations
to grow and form galaxies.
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2.3 WMAP: the Era of Precision Cosmology

The launch of WMAP in June, 2001 ushered in a new era for cosmology,
when much higher angular resolution relative to COBE emerged. This was C & O,

pp. 1267-9immediately obvious from the WMAP skymap of CMB fluctuations, and
enabled precision determination of key cosmological density parameters.

Plot: WMAP Skymap

• Detailed models of CMB fluctuations and their evolution use spherical
harmonics Ylm to describe the departures from uniformity on the sky. The
temperature fluctuations can be written via the series expansion

∆T
T

(θ, φ) ≡ T (θ, φ)− T0

T0
=

∞∑
l=0

m=l∑
m=−l

almYlm(θ, φ) . (26)

where the spherical harmonics are given by

Ylm(θ, φ) =

[
2l + 1

4π
(l − |m|)!
(l + |m|)!

]1/2

Plm(cos θ) eimφ

{
(−1)m , m ≥ 0,

1 , m < 0,
(27)

with Plm(cos θ) being the associated Legendre polynomials. These orthog-
onal eigenfunctions of the angular portion of a ∇2 operator are familiar
because of their application to the Schrödinger equation solution for the hy-
drogen atom, wherein, they capture the angular momentum content.

• The azimuthal index m can be summed over so that there is a distinct
correlation between angle θ and the harmonic index l ,

θ ∼ π
l

; (28)

high harmonics l correspond to perturbations on small angular scales. The
orthogonality relation for the Ylm quickly yields the identity

alm =

∫
∆T
T

(θ, φ)Y ∗lm dΩ . (29)

For random phases φ , corresponding to so-called Gaussian fluctuations
(which are consistent with the random phase assumptions of vanilla versions
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WMAP Skymap

• Improved WMAP angular resolution over COBE yielded a change 
(reduction) in the fundamental angular scale of CMB fluctuations!



of inflation), the power spectrum about each point in the sky is circularly
symmetric and can be described by the coefficient

Cl =
1

2l + 1

∑
m

alma
∗
lm = 〈|alm|2〉 . (30)

This is the standard for model depiction and data interpretation.

Plot: CMB Power Spectrum for Inflationary ΛCDM Cosmology

N.B. Non-Gaussian features such as abrupt temperature discontinuities, in-
tense hot spots and linear structures are predicted in theories where large
scale structures are seeded by topological defects or cosmic strings. There is
presently some evidence for non-Gaussianity in the CMB fluctuations.

• The power spectrum of density fluctuations can be expressed in the form

P (k) =

∣∣∣∣δρ(k)
ρ

∣∣∣∣2 ∝ kn ∝ 1
λn

(31)

when it is scale invariant. Here, k = 2π/λ is the wavenumber. For a
Harrison-Zeldovich spectrum of initial density perturbations with n = 1 ,
which corresponds to equal power on all lengthscales, it can be shown that
Cl ∝ [l(l+ 1)]−1 . Hence, the power spectrum data from WMAP and Planck
is usually represented by plotting l(l + 1)Cl versus l .

• The detailed shape of the power spectrum depends critically on the cos-
mological parameters Ωm , Ωb , ΩΛ , etc. For example, more baryonic mat-
ter provides greater potential for gravitational clumping, and so enhances
fluctuations on smaller angular scales, i.e. at higher harmonic number l .
Accordingly, the strength of the third peak is sensitive to Ωb .

This sensitivity enables precision cosmology by WMAP, which can probe a
range of angular scales >∼ 0.1◦ scales.

Plot: Power Spectrum (Unpolarized) from WMAP

Details of the WMAP results and images can be found at the WMAP Web
page at http://map.gsfc.nasa.gov. The values of key parameters are well
constrained just by the unpolarized power spectrum.

Plot: Cosmological Parameters extracted from WMAP Power Spectrum
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Sensitivity of CMB Power Spectra 
to Ωb and H0

• Variation of power spectrum with Ωb (left panel) and H0 (right panel) for adiabatic 
Harrison-Zeldovich models (n=1) of perturbation development.  Increasing Ωb increases 
asymmetry between odd and even peaks.  Decreasing H0 for fixed Ω0 renders the Universe 
older, allowing more time for perturbations to grow larger by the recombination epoch.

• From Wu (1996, Lecture Notes in Physics 470, 207), [arXiv/astro-ph: 951113]

l(l
+
1)
C
l

older

younger



CMB Power Spectrum in WMAP Era

• CMB power spectrum from WMAP and other experiments, exhibiting clearly the 
principal peak at 0.8o and higher “harmonics” that constrain cosmological parameters.

• WMAP data is 5 year release.  Plot due to Ned Wright.

TT



WMAP 
Parameters

• Minimal modeling 
case: parameters 
change slightly with 
extension and 
tweaking of models.

ΛCDM



• A striking feature of the WMAP CMB power spectrum is that it peaks at
` ∼ 200 , i.e. an angular scale of ∼ 0.9◦ . This is substantially smaller than
COBE could resolve, highlighting how the next generation facility was needed
to deliver precision cosmology. The peak is fairly close to the expected scale
of 0.33◦ for acoustic fluctuations in the recombination epoch.

The power spectrum drops off dramatically above l >∼ 103 . This is due to
Silk damping, where efficient diffusion of photons (and associated energy
transport) out of localized, deeper gravitational potential wells smears out
structure in the CMB. This arises because the recombination era is prior to
the redshift of last scattering. Yet, we note that the sensitivity of WMAP is
insufficient to accurately probe this damping scale; Planck is a bit better. C & O,

pp. 1270-3
• WMAP also measured the polarization content of the CMB to a limited
extent. Polarization arises due to Thomson scattering by free electrons. The
electric field direction of an E/M wave that is radiated by an electron that
is jostled by a linearly-polarized incoming E/M wave is dependent on the
outgoing direction of the radiated wave. [sketch a diagram]. Backscatterings
generate more polarization than forward ones.

For a truly isotropic radiation field in an electron’s rest frame, the net polar-
ization in Thomson scatterings is zero. In the fluctuating densities/thermal
motions associated with the recombination era, the photons and electrons
are slightly anisotropic. Head-on eγ collisions are more frequent than tail-on
ones, and so the net polarization is at around the 1% level. Planck improved
upon WMAP, yielding precision polarization measurements.

Plot: Planck CMB Power Spectra and Polarizations

∗ Anisotropies are greatest for photons transiting under-dense regions, so
the polarization signal (EE) is anti-correlated with the intensity power (TT).

∗ Polarization can also be generated by primordial gravitational radiation
(e.g. from the inflationary era) with more subtle quadrupolar signatures, so-
called B-modes; detecting these is the focus of next generation CMB facilities
such as CMB S-4 at the South Pole and in Chile [https://cmb-s4.org].
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Planck CMB Power Spectra

• Planck 2015 data release CMB 
power spectra.

• Above: TT temperature fluctuations.
• Top right: TE spectrum
• Right: EE polarization spectrum

Planck PLA 2015 Wiki web page

TT
TE

EE
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