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1. Overview

My research interests lie in computational arithmetic geometry. I am especially interested
in the study of solutions to Diophantine equations or equivalently, the study of rational
points on projective algebraic varieties, over finite fields of small cardinality. Much of my
work so far has focused on del Pezzo surfaces of degree 1 and 2 and cubic surfaces. In my
thesis, [ have characterized del Pezzo surfaces of degree 1 with a unique rational point(§3.1),
and del Pezzo surfaces of degree 2 with a unique rational point(§3.2). For cubic surfaces, I
observe that the vanishing of all H' groups govern the birational triviality. But there are
counterexamples of del Pezzo surface of degree 1 and 2 where this criterion fails. Also I show
that there is no minimal dP1 with all vanishing H'’s(§3.3).

These results lead to several other problems in a natural way. Using the explicit methods
I have developed, I intend to give a list of del Pezzo surfaces of degree 1 and degree 2
with exactly 2¢ + 1 rational points over finite field IF,, which naturally improves the Weil
bound(§4.1). More generally, I plan to consider additional section of the universal del Pezzo
surfaces of degree 1 over the moduli space(§4.2). On the geometric side, I plan to finish the
realization problem that is related to our counterexamples of del Pezzo surfaces of degree
1 and 2 to our previous observations(§4.3). I also intend to prove the existence of rational
curves passing through rational points on cubic surfaces over finite fields with fewer than 8
elements(§4.4).

2. Introduction

Let F' be a homogeneous polynomial over F, of degree d in n > d variables; the Chevalley-
Warning theorem says F' has a nontrivial zero. In geometric terms, the set of [ -rational
points X (F,) of the hypersurface X = {F' = 0} has positive cardinality (in fact, | X (F,)| =1
mod q).

In my thesis, I characterize geometrically rational surfaces of low degree for which this
result is sharp, i.e. |X(F,)| = 1. For example, Swinnerton-Dyer and Corti-Kolldr-Smith
[KSCO04] have shown that there is a unique smooth cubic surface in P? with | X (F,)| = 1 and
q = 2. I generalize this to del Pezzo surfaces of smaller degree.

A del Pezzo surface is a smooth projective surface X over a field k£ for which the
anticanonical class —Kx is ample; the degree of X is the integer d = K%. Examples
include X = P? and cubic surface, which is a hypersurface of degree 3 in P3. Geometrically,
a degree d del Pezzo surface is obtained by blowing up 9 — d points in general positions in
P2, So over k, all del Pezzo surfaces admit a birational map to P?2.

From the arithmetic and geometric points of view, the high degree del Pezzo surfaces are

simpler than the low degree ones. For instance, when deg X = 5 the surface X is always
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[F,-rational. Kollar showed that cubic surfaces over finite fields are always unirational. In the
case deg X < 2, no equivalent general theorems are known. In my thesis, I give a complete
list of del Pezzo surfaces of degree 1 and 2 with few rational points over corresponding finite
fields. We expect proving unirationality for these surfaces should be especially challenging.

3. CURRENT WORK

3.1. del Pezzo surfaces of degree 1 with few rational points. Let k£ = I, be a finite
field of characteristic p and let k[x,y, z, w]| be the weighted graded ring where the variables
x,y, z, w have weights 1, 1, 2, 3, respectively. Set P(1,1,2,3) := Proj k[z,y, z,w]. Every del
Pezzo surface of degree 1(dP1) over k is isomorphic to a smooth sextic in P(1,1,2,3), and
conversely [Kol96]. Thus, a dP1 is given by an equation of the form

w® + H(z,y)w + 2° + Q(x,y)2* + G(z,y)z + F(x,y) =0

where G and F are binary homogeneous forms of degrees 4 and 6, respectively. Over fields
of char k # 2 or 3, we may assume that H(z,y) = Q(z,y) = 0.

Every dP1 comes endowed with a [F;-rational point-the base point of the anticanonical
linear system. A natural question arises, “For what ¢ and what del Pezzo surfaces of degree
1 X, is it true that | X (F,)| =177

Blowing up the base point of |—K x|, we obtain an elliptic fibration map p : X --» P
The surface X has a unique I, rational point if and only if every fiber of p contains exactly
one F, point. Using the notation above, the fiber above [m : n] € P! is isomorphic to the
elliptic curve w? 4 2% + G(t,1)z 4+ F(t,1) = 0 where t = 2.

Hasse showed that any elliptic curve E/IF, satisfies

[E(F) = q+1-2Vq

Hence, when ¢ > 5, we have at least two F,-points on each smooth fiber. If the fiber is
singular, it must be a cuspidal or a nodal curve, and thus isomorphic to a compacification of
G, and G,,. Consequently, each singular fiber has ¢ + 1 rational points. In all cases, X will
contain more than 1 points on fibers, hence on the surface. Therefore, | X (F,)| = 1 could
only happen over fields Fy, F3, and Fy.

A systematic, computer-aided search then allows us to determine all dP1s with a unique
F,-point. Our main result is:

Theorem 3.1. Let X be a del Pezzo surface of degree 1 defined over F,. We have:

o Quer Fy, there is a unique del Pezzo surfaces of degree 1 up to projective equivalence
with a unique rational point, and its defining equation is:

w? + 2%+ w(@® + 2%y + v°) + 2(2* + Py +y') + (2 + 2y’ + %) =0

o Quer I3, there is a unique del Pezzo surfaces of degree 1 up to projective equivalence
with a unique rational point, and its defining equation is:

w? + 2% 4+ 220t + 2%y + 2y") + 28 2207t + 0 =0

o Quer F,, where ¢ > 4, del Pezzo surfaces of degree 1 has at least 2q¢ + 1 rational
points. Furthermore, when q > 7, del Pezzo surfaces of degree 1 has at least 3q + 1
rational points.
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3.2. del Pezzo surfaces of degree 2 with few rational points. A del Pezzo surface of
degree 2(dP2) can be realized as a surface in weighted projective space P(1,1, 1,2) given by
an equation of the form

w? + Q(x,y, 2)w + Gy(z,y,2) =0
where Q(z,y, z) and G4(x,y, z) are homogeneous polynomials of degree 2 and 4, respectively.
If char k # 2, we could assume that Q(x,y, z) = 0, and a dP2 is a double cover of P? ramified
over the (smooth) quartic curve G4(z,vy, z) = 0.

Let k be a finite field of g elements. Let X be a smooth projective surface defined over k.
Let T' denote the Galois group Gal(k/k) and F € ' denote the Frobenius k-endomorphism
of k given by

F:z— 21

Since the exceptional curves on X = X ®; k are defined over k and they generate
N(X) =Pic(X ® k), F induces a permutation F* acting on the lines. The number of F,-
points on the surface is given by | X (F,)| = ¢* + ¢TrF* + 1, where TrF* denotes the trace
of F in the representation of Gal(k/k) on the Picard group N(X).

Therefore, a necessary condition for the existence of a dP2 with a unique [F-rational point
is the existence of a conjugacy class o € W (E7) (Weyl group) with Tro = —q (here 0 = F*).

Applying the Urabe’s table [Ura96| for del Pezzo surfaces of degree 2, we get that a unique
[F,-rational point situation could only happen over the fields Fy, F3, and F4. Using the fact
that X is a double cover of P? ramified along a smooth quartic curve, we can show that if
| X (F,)| = 1 then we must have that ¢ = 2 or 3.

A computer-aided search allows us to give all dP2s with unique rational point. Our result
is:

Theorem 3.2. Let X be a del Pezzo surface of degree 2 defined over F,. We have:

o Quer IFy, there is a unique del Pezzo surfaces of degree 2 up to projective equivalence
with a unique rational point, and its defining equation is:

w? + w(z® + oy +y?) + (2* + 2%y + 2%yz Fay +yt) =0
o Quer 3, there is a unique del Pezzo surfaces of degree 2 up to projective equivalence-
with a unique rational point, and its defining equation is:

wr+at + 2032 + 22% Fayir oyt P+ 2 =0
o Quer F,, where ¢ > 4, del Pezzo surfaces of degree 2 has at least 2q¢ + 1 rational
points.

3.3. A Criterion of birational triviality of cubic surfaces. Let X be a nonsingular
cubic surface over a finite field k; it contains precisely 27 lines defined over k. The classes of
the lines generate the group N(X) and the action of the Galois group I' =Gal(k/k) on N(X)
preserves incidence relations. Results in Manin’s book [Man86] shows that the representation
of I" in N(X) is described by a pair consisting of a finite extension of k and the image of I'
in the group Aut(N(X)); this image corresponds to a conjugacy class ¢ in the Weyl group
W (Es). The 25 classes C1, ..., Cys in W(Es) have been enumerated by Frame [Frabl], and
representative elements of each conjugacy class are given by H.P.F Swinnerton-Dyer [SD67].

Since a conjugacy class 0 € W(Es) acting on N(X) is realized as an automorphism of a
cyclic extension K /k, we may consider the corresponding cyclic subgroup G in W (Es) and

the value of the cohomology group H'(G, N(X)). Then our main result is as follows.
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Observation 3.3. Let X be a nonsingular cubic surfaces defined over a finite field k. Then
X is birationally trivially off H'((c™), N(X)) = 0 for each m.

The proof uses a concrete calculation of all the powers of all 25 conjugate classes C1, ..., Cos,
and the corresponding H', which gives explicit information of the number of skew lines and
their configurations. These allow us to show that cubic surfaces corresponding to 9 classes
Cs,Cy, Chp, Ch1, Chg, Cog, Cha, Ci3, Ch4 are not birationally trivial, and all the other 16 classes
are rational.

When we move on to lower degree del Pezzo surfaces, this is not true as we have examples
of minimal dP2 and dP1 with all of their first cohomology groups to all the powers vanish.
But an interesting thing is there are no minimal dP1’s with all H! vanishing. Maps between
minimal del Pezzo surfaces are studied by Iskovskih [Isk79].

Example 3.4. (Counterexample of minimal del Pezzo surface of degree 2 to our criterion)

Let V' be the del Pezzo surface of degree 2 represented by Carter symbol as (4A1)', which
is the first conjugacy class enumerated by Urabe [Ura96|. V' is a minimal dP2, so V is
irrational. But the H' groups of all powers of its conjugacy class in the Weyl group W (Ey)
vanish.

Example 3.5. (Counterezample of a non-minimal del Pezzo surface of degree 1 to our
criterion) Let V' be the minimal dP2 given in Ezample 3.4, and V' be the blow up of V.
Thus V' is a non-minimal del Pezzo surface of degree 1 with all H* groups vanish, since H*
is a birational invariant. And V' is irrational since V' is. Therefore, V' is a counterexample
of dP1 to our criterion.

Observation 3.6. There is no minimal del Pezzo surface of degree 1 with all H' groups
vanishing.

These examples show that the rationality of cubic surface is totally determined by H*
groups, but the rationality of dP1’s and dP2’s are not. We also expect that proving ratio-
nality of dP1 and dP2 should be relatively hard.

4. Future Work

4.1. Improve Weil’s bound of |X(F,)| where ¢ > 4. In my thesis, I give a list of del
Pezzo surfaces of degree 1 and 2 with a unique rational point over some finite field F,.
Excluding these ¢’s, the Weil estimate [Weib6|of | X (F,)| only gives 1 + ¢ as a lower bound.
I have showed that for ¢ > 5, they always have at least 2¢q + 1 rational points. I intend to
keep improving on this lower bound of | X (F,)|, and I conjecture that the lower bound should
be 3¢+ 1 when g > 5. As a first step, I am working on the special equations of explicit fibers
when all of the fibers with exactly 2¢ + 1 points. This could only happen in two cases:

e When one and only one of the fibers is singular and all the others are smooth but
defined over some field extension of F,.
e All fibers are smooth with one IF, point besides the origin.

Do such del Pezzo surfaces of degree 1 and 2 with exactly 2¢ 41 rational points exist? Using
the strategy mentioned above I could also determine the dP1’s and dP2’s with | X (F,)| =
3q + 1. Can they be enumerated up to k-isomorphism? These could be a very good source

of examples to a variety of arithmetic problems.
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Furthermore, for some small n = 1(mod ¢) that satisfies Weil’s bound, I hope to construct
examples of del Pezzo surfaces with | X(F;)| = n. I intend to do this by generalizing the
method of constructing proper fibers with a given number of rational points.

4.2. Can |X;| = 1 when £ is not a finite field? We have given the list of dP1’s with
few rational points over the finite field IF,. But over a more general field &, there are results
showing that we often have more rational points.

Let X be a del Pezzo surface of degree 1. Let k = C(B8), where B is a curve. A theorem of
Kollar, Miyaoka, and Mori [KMM92] shows that if X /k is rationally connected and X (k) # (),
which holds by a result of Graber Harris and Starr [GHMS05|, then X (k) is dense. Could
we generalize the argument of the existence and the density of rational points when the base
field is a function field in two variables ¢, t5 over the complex number? In other words, when
consider the universal del Pezzo surface of degree 1 over the moduli space, we have a section
which is a dP1 fibration. When do we have another section over Spec C(ty,%2)?

4.3. Realizations of the special dP1’s and dP2 in our counterexamples. I have given
some counterexamples in dP1’s and minimal dP2 to the criterion of birational triviality. As
the minimal dP2 surface V' in the counterexample is represented by its Frame Symbol, how
to realize it in explicit equations? Furthermore, for the counterexample of dP1 surface V’,
we only know it exists. How to compute its defining equation and orbit decompostion?

4.4. Finding Rational curves on cubic surfaces. Swinnerton-Dyer has already proved
that only one degree 3 del Pezzo surface has a unique rational point. So instead of looking
for rational points, we can look for rational curves. A classical question could be asked:
which cubic surfaces contain many rational curves?

Let X € P*™! be a smooth cubic hypersurface over F,. Assume that n > 2 and ¢ > 8. Janos
Kollar|[Kol08] showed that for cubic hypersurfaces, that every map of set ¢ : P*(F,) — X (F,)
can be extended to a map of F -varieties ® : P! — X.

How about the case where ¢ < 77 We know for sure that |X(F,) > 1 + ¢ when ¢ # 2,
but are there any rational curves passing through these rational points? How many rational
curves are there up to projective equivalence?

REFERENCES

[SDO5] Peter Swinnerton-Dyer, Counting points on cubic surfaces. II, Geometric methods in algebra and
number theory, Progr. Math., vol. 235, Birkhaduser Boston, Boston, MA, 2005, pp. 303-309. MR
2166089 (2006e:11088) 1

[Kol96] Jénos Kollar, Rational curves on algebraic varieties, Ergebnisse der Mathematik und ihrer Gren-
zgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and
Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics], vol. 32, Springer-Verlag,
Berlin, 1996. MR 1440180 (98c:14001)

[Man86]  Yu. I. Manin, Cubic forms, 2nd ed., North-Holland Mathematical Library, vol. 4, North-Holland
Publishing Co., Amsterdam, 1986. Algebra, geometry, arithmetic; Translated from the Russian
by M. Hazewinkel. MR, 833513 (87d:11037) 1[3.3

[Kol0g] Janos Kollar, Looking for rational curves on cubic hypersurfaces, Higher-dimensional geometry
over finite fields, NATO Sci. Peace Secur. Ser. D Inf. Commun. Secur., vol. 16, IOS, Amsterdam,
2008, pp. 92-122. Notes by Ulrich Derenthal. MR 2484078 (2009k:14047) 1l4.4

[KMM92] Janos Kollar, Yoichi Miyaoka, and Shigefumi Mori, Rationally connected varieties, J. Algebraic
Geom. 1 (1992), no. 3, 429-448. MR 1158625 (93i:14014)

5



[KSC04]

[Wei56]

[SD67]
[Fra51]
[Seg42]

[Ura96)

[1sk79]

[GHMS05]

Janos Kollar, Karen E. Smith, and Alessio Corti, Rational and nearly rational varieties, Cam-
bridge Studies in Advanced Mathematics, vol. 92, Cambridge University Press, Cambridge, 2004.
MR 2062787 (2005i:14063)

André Weil, Abstract versus classical algebraic geometry, Proceedings of the International Con-
gress of Mathematicians, 1954, Amsterdam, vol. ITI, Erven P. Noordhoff N.V., Groningen, 1956,
pp. 550-558. MR 0092196 (19,1078a)

H. P. F. Swinnerton-Dyer, The zeta function of a cubic surface over a finite field, Proc. Cambridge
Philos. Soc. 63 (1967), 55-71. MR 0204414 (34 #4256) 13.3

J. S. Frame, The classes and representations of the groups of 27 lines and 28 bitangents, Ann.
Mat. Pura Appl. (4) 32 (1951), 83-119. MR 0047038 (13,8171)

B. Segre, The Non-singular Cubic Surfaces, Oxford University Press, Oxford, 1942. MR 0008171
(4,254b) 7

Tohsuke Urabe, Calculation of Manin’s invariant for Del Pezzo surfaces, Math. Comp. 65 (1996),
no. 213, 247-258, S15-523, DOI 10.1090/50025-5718-96-00681-3. MR, 1322894 (96£:14047)
B4

V. A. Iskovskih, Minimal models of rational surfaces over arbitrary fields, Izv. Akad. Nauk SSSR
Ser. Mat. 43 (1979), no. 1, 1943, 237 (Russian). MR 525940 (80m:14021)

Tom Graber, Joe Harris, Barry Mazur, and Jason Starr, Rational connectivity and sections of
families over curves, Ann. Sci. Ecole Norm. Sup. (4) 38 (2005), no. 5, 671-692 (English, with
English and French summaries). MR 2195256 (2006j:14044)



	1.  Overview
	2. Introduction
	3. Current work
	3.1. del Pezzo surfaces of degree 1 with few rational points
	3.2.  del Pezzo surfaces of degree 2 with few rational points
	3.3. A Criterion of birational triviality of cubic surfaces

	4.  Future Work
	4.1. Improve Weil's bound of |X(Fq)| where q 4
	4.2. Can |Xk|=1 when k is not a finite field?
	4.3. Realizations of the special dP1's and dP2 in our counterexamples
	4.4. Finding Rational curves on cubic surfaces

	References

