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Abstract

A computational method is presented for analyzing free surface flows of polymer solutions with the confor-
mation tensor. It combines methods of computing Newtonian free surface flows [J. Comp. Phys. 99 (1992) 39;
V.F. deAlmeida, Gas—Liquid Counterflow Through Constricted Passages, Ph.D. thesis, University of Minnesota,
Minneapolis, MN, 1995 (Available from UMI, Ann Arbor, MI, order number 9615160); J. Comp. Phys. 125 (1996)
83] and viscoelastic flows [J. Non-Newtonian Fluid Mech. 60 (1995) 27; J. Non-Newtonian Fluid Mech. 59 (1995)
215]. Modifications are introduced to compute a traceless velocity gradient, to impose inflow boundary conditions
on the conformation tensor that are independent of the specific model adopted, and to include traction boundary
conditions at free surfaces and open boundaries.

A new method is presented for deriving and coding the entries of the analytical Jacobian for Newton’s method
by keeping the derivatives of the finite element weighted residual equations with respect to the finite element basis
functions in their natural vector and tensor forms, and then by mapping such vectors and tensors into the elemental
Jacobian matrix. A new definition of extensional and shear flow is presented that is based on projecting the rate of
strain tensor onto the principal basis defined by the conformation tensor.

The method is validated with two benchmark problems: flow around a cylinder in a channel, and flow under
the downstream section of a slot or knife coater. Regions of molecular stretch—determined by monitoring the
eigenvalues of the conformation tensor—and molecular extension and shear rate—determined by projecting the
rate of strain dyadic onto the eigenvectors of the conformation tensor—are shown in the flow around a cylinder of
an Oldroyd-B liquid.

The free surface coating flow between a moving rigid boundary and a parallel static solid boundary from which
a free surface detaches is analyzed with several models of dilute and semidilute solutions of polymer of varying
degree of stiffness based on the conformation tensor approach [J. Non-Newtonian Fluid Mech. 23 (1987) 271; A.N.
Beris, B.J. Edwards, Thermodynamics of Flowing Systems with Internal Microstructure, 1st ed., Oxford University
Press, Oxford, 1994; J. Rheol. 38 (1994) 769; M. Pasquali, Polymer Molecules in Free Surface Coating Flows,
Ph.D. thesis, University of Minnesota, Minneapolis, MN, 2000 (Available from UMI, Ann Arbor, MI, order number
9963019)].
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Although the boundary conditions at the static contact line introduce a singularity, that singularity does not affect
the computation of flows at high Weissenberg number when a recirculation is present under the static boundary. In
this case, a steep layer of molecular stretch develops under the free surface downstream of the stagnation point. Hel
the polymer aligns with its principal stretching axis parallel to the free surface. When the recirculation is absent, the
singularity at the contact line strongly affects the computed velocity gradient, and the computations fail at moderate
Weissenberg number irrespective of the polymer model and of whether the polymer is affecting the flow or not.
© 2002 Elsevier Science B.V. All rights reserved.

Keywords:Free surface flows; Polymer solutions; Conformation tensor; Viscoelastic flows; Flow type classification; Finite
elements

1. Introduction

Free surface flows and free boundary problems arise when one or more layers of liquids flow together,
possibly meeting a gas at one or more interfaces, and possibly interacting with a deformable elastic solid
at other interfaces. Such problems abound in coating (e.qg. slot coating, deformable roll coating), polymer
processing (e.g. extrusion, calendering), cell engineering (e.g. deformation of blood cells), hemodynamics
(blood flow in arteries), and biomechanics and tissue engineering (lubrication flow in articular joints,
carthilage deformation).

The mathematical modeling of free surface flows requires solving free boundary problems, i.e. prob-
lems where the domain of definition of the differential equations describing the flow is unknown and its
location must be part of the solution of the problem. Open flow boundaries are often present where the
liquid enters or exits the flow domain; approximate boundary conditions are imposed there that are not
dictated by the physics of the problem, but by the need of truncating the computational domain, and the
sensitivity of the flow computations to the location of the open boundaries must be assessed and reduce:
to an acceptable level.

The methods used to compute Newtonian free surface flows are also applicable to viscoelastic free
surface flows. Different ways of handling free surface flows are discussed in detail by Kistler and Scriven
[10,11], Christodoulou and Scriveld], Christodouloy12], deAlmeida[2,13] and Sackinger et al3].

Such methods have been extended successfully to elastohydrodynamics problems, where a flowing New
tonian liquid interacts with a deformable elastic solid at common bounddded 6]

Computational methods to solve viscoelastic flows are still an active area of research, and several
methods of solving the partial differential equations of such flows have been proposed in recent years
(sed17]forarecentreview). The method used here is a slight modification of the discrete elastico-viscous
split stress, independent velocity gradient interpolation, streamline upwind Petrov—Galerkin (DEVSS-G/
SUPG)[5], one of the youngest members of the family of methods of weighted residuals with finite element
basis functions that originated in the elastico-viscous split stress (EM8F)The DEVSS-G/SUPG
method and its variants are convergent and accurate at low and moderate values of the Weissenber
number4,5,19-21]

The set of non-linear algebraic equations for the finite element basis functions that arises from applying
the method of weighted residuals to the conservation equations of mass, momentum, and polymer confor
mation, together with the elliptic mesh generation equations and the appropriate boundary conditions, is
solved by Newton’s method with analytical Jacobian and first-order arclength continuation in parameter
spacq22].
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Because the number of scalar differential equations to solve is high (12 or 13 for two-dimensional
flows, 22 for three-dimensional flows), a large number of analytical derivatives must be calculated to
compute the analytical Jacobian. To reduce the number of analytical derivatives, the coefficients of the
finite element basis functions and the residual equations residuals of the elliptic mesh generation are
kept in their natural vector or tensor form. The number of equations and unknowns is thereby reduced
to 5 and the number of analytical derivatives needed drops accordingly, although these derivatives are
tensor-valued.

The residual equations and Jacobian entries depend on the particular constitutive form of the free energy
and the generation terms in the transport equation of conformation. A general method is developed of
writing computer code that reflects the tensorial nature of the equations and unknown basis function
coefficients, and that is independent of the particular constitutive choices, provided that the constitutive
equation belongs to the conformation tensor farfély9], so that only few short user-specified routines
must be changed to solve free surface flows of polymer solutions with different constitutive equations. To
make the method fully general, a new way of imposing inflow boundary conditions on the conformation
tensor (or elastic stress) is introduced that is independent of the choice of constitutive model.

The theory and computational method are applied to analyze coating flows of polymer solutions, for
which there are very few results based on simplified one-dimensional arfaBjsasymptotic expansions
[24], or early attempts at solving the two-dimensional free surface flow problem with the EVSS method
[25]. In coating operations, the degree of stiffness of the polymer molecules dissolved in the coating
liquid ranges from low, as in aqueous solutions of polyethylene oxide, to high, as in solutions of xanthan
[26], and may depend on the type of solvent surrounding the molecules, and on the concentration of
polymer. Polymer concentrations range from few parts per million, as in some specialized precision
coating operations, to almost pure polymer, as in hot-melt coating of low-molecular weight adhesives.
Studying how different types of polymer molecules behave in coating flows in different concentration
regimes is therefore important.

The interaction of flow and polymer microstructure is analyzed in the free surface flow between a
moving rigid boundary and a parallel static solid boundary from which a free surface detkahes}. (

This free surface flow is a prototype coating flow; it is the downstream section, or tail-end, of a slot coater,
if the flow rate through the inflow boundary is fixed, i.e. the flow is premetered; and it is the downstream
section of a knife coater, if the pressure difference between the inflow section and the gas outside the free
surface is fixed and the flow rate is allowed to change, i.e. the flow is self-metering.

The solutions considered are infinitely dilute, dilute, and semidilute in polymer, none of them entangled,
so that their salient microstructural features can be modeled with a single variable, the conformation
dyadic, or second-order tens@9]. The polymer molecules are extensible, semiextensible, and rigid
linear molecules. The simple models used to capture these molecular characteristics in the equation of
change of the conformation dyadic are describe8antion 3below.

2. Elliptic mesh generation/domain deformation

To compute a free surface flow, the unknown flow domain (physical domain) is mapped into a fixed
reference domain (computational domain). Common ways of constructing the mapping are the method
of spines[10,27] the elliptic mesh generation meth¢dl, 12], where the mapping is the solution of
an elliptic differential equation; and the domain deformation metf2p8,13] where the mapping is
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Fig. 1. Mapping of the physical domain into the computational domain.

computed by solving the equilibrium equations of a hypothetical elastic solid whose stress-free state is
the computational domain, and whose deformed state is the physical domain. The version of the elliptic
mesh generation method summarized here is described in detail by de@8ihtos

A complex physical domain is subdivided into quadrangular subdomains, which are mapped into sep-
arate subdomains of the computational domé&iig.(1). Position in the physical domaif? is denoted
by x, and position in the computational domaity by &. The direct mapping (computational domain
— physical domain) is given by the functian= x (¢), and the inverse mapping (physieal computa-
tional domain) is represented by the funct®r= &(x). The mapping must be invertible and must map
boundaries of the computational subdomains into boundaries of the physical subdomains.

In the elliptic mesh generation method, the inverse mapping is taken to satisfy the elliptic differential
equation

V-D-VE=0 (1)
whereV = 3/dx denotes differentiation in physical space, and the dy#tlicontrols the spacing of

the coordinate lineR29]. In the domain deformation method, the inverse mapping is taken to satisfy the
inertialess momentum balance equation of a fictitious solid body:

V-§=0 2
where S is the Cauchy stress of the pseudo-solid; it must be related to the gradient of the deformation
mappingF = dx/d& through a constitutive equation, e.g. a pseudo-Hookean constitutive egigdtion

S =3, ((detF)Y3 — )T + u,(I — F' - F) (3)
more general constitutive equations are discussed by deAlnmitia]. Hereafter, the computational

method is developed in the context of elliptic mesh generation techniques without loss of generality.
The direct mapping = x (&) is built by using finite element basis functiop$(&),

x=x%%E),  xi=x¢%&) 4)
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wherex* is the set of unknown coefficients, and the indebenotes direction in physical space. Einstein’s
summation convention over repeated Greek or italic indices is used hereafter. The subscript on the basis
function denotes the variable that is approximated with that basis function; the Greek index identifies
each basis function in the basis set. The same basis functions are used for the components of the same
variable. The italic subscript or subscripts on the basis function coefficients represent vector or tensor
components in space, and the Greek superscripts identify each coefficient. The physical components of
the approximated value of a variable are identified with italic subscripts and no superscript.

Boundary conditions used to solizg. (1)are: (1)prescribed anglethe angle between the coordinate
line & and the boundary is assigned; V& = |V§;| cosd, i = 1 or 2; (2)slide over boundarythe
nodes are free to slide on a line whose equatiofi(is) = 0; (3) fixed nodesthe location of the nodes
on the boundary is fixed,* = x*, wherex® is the pre-assigned position of no@g(4) prescribed nodal
distributiort the nodes are distributed on the boundary of the physical domain according to a function
that controls their spacing; = g(s), i = 1 or 2; (5)no-penetratior(kinematig: the liquid cannot cross
a free surfacen - v = 0.

3. Transport equations

The transport equations of mass, momentum, and conformation in a steady, isothermal, incompressible,
non-diffusing flow of a non-entangled polymer solution g

0=V-.v (5)
O=pv-Vv—-V.-T-V6O (6)
DM
O=v-VM - 26| ——M
1M
D:M T 1 2
—¢ M-D+D-M—ZWM -M-W-W -M+X(gol+g1M+g2M) @)

wherev is the liquid’s velocity,p the liquid’'s density,I' the stress tensor (Cauchy, the potential of
the body forces per unit volum@/ the dimensionless conformation dyadi2 the rate of strainW the
vorticity dyadic, and. is the characteristic relaxation time of the polymer. The constitutive fun&titf)
represents the resistance of the polymer segments to stretching along their backkbrrepresents the
resistance of the segments to relative rotation with respect to neighbogs,(ahy g1(M), g2(M) define
the rate of relaxation of the polymer segments. The dimensionless conformation dyadic is used because
the number of polymer segments per unit volume is constant if the polymer solution is not entangled and if
chemical reactions and polymer degradation are absent. The dimensionless conformation dyadic is related
to the dimensional conformation dyadi¢ = ¢, (rr) by the relationM = 3/(c,NI)M = 3/(NP)(rr)
wherec, is the number of polymer molecules per unit magss the number of Kuhn steps per polymer
segmenf30], [ is the length of a Kuhn step,is the end-to-end connector of a segment, andenotes
average over the distribution of orientations of segments. At equilibMims 1.

The stress dyadif is split into isotropic, viscous, and elastic components,

T=-pl+t+0 (8)
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where the pressurg is constitutively indeterminate because the liquid is incompressible, the viscous
stressr obeys Newton'’s law of viscosity,

T =2uD )
and the elastic stressfollows the constitutive relatiof]:
M da da
=2E-0)—M: —+2t(M - — 10
i Y R TV Ry V] (10)

wherea(T, M) is the Helmholtz free energy per unit volume.

A particular form of the constitutive functiogsM), ¢ (M), go(M), g1(M), g2(M), anda (T, M) must
be chosen to compute the flow of a particular polymeric liquid. However, the computational method
and computer programs needed to perform the calculations are independent of the specific choice o
constitutive functions, and they are developed in the general case. The different models of polymer
behavior used to analyze the free surface flow under a static edge are outlined here. These models may t
crude approximations to how real polymer chains behave, but they do capture at least qualitatively some
essential features and differences between polymers of different type.

3.1. Affinely deforming, infinitely extensible molecules (Gaussian)

Two hypotheses enter this model: (1) the molecules follow imposed larger-scale deformations affinely:
& = ¢ = 1, the rate of relaxation of the molecules is a linear function of the distance of the dimensionless
conformation tensoM from its equilibrium valudl: go = —1, g1 = 1, g» = 0. With these hypotheses,
the evolution equation of the dimensionless conformation dyadic is

) 1

Eq. (11)yields the Upper Convected Maxwell model if the Helmholtz free energy per unit volume of the
liquid depends linearly on the trace of the conformation dyadie, (G/2)Tr M, and there is no viscous
stress; it yields the Oldroyd-B model, if the stress has both an elastic and a viscous components.

The ratio of the volume pervaded by the molecules in the flow to the equilibrium value of their pervaded
volume is represented by the square root of the determinant of the conformation dyadic. In this model, it
can change by action of the velocity gradient.

3.2. Affinely deforming, finitely extensible molecules (FENE-P)

The hypothesis of the finitely extensible, non-linearly elastic (FENE) equations are: the molecules
follow imposed deformations affinely:= ¢ = 1; the maximum extension of the molecules is finite, and
their rate of relaxation grows infinitely fast as the average molecular extension approaches its maximum
value:go = —1,g. = (b—1)/(b—Tr M /3), g» = 0. The parametédrcontrols the molecular extensibility,
and is defined as the ratio of the maximum length square of the polymer molecules to their average length
square at equilibrium. The derivative of with respect to the conformation dyadic is needed to derive
the partial derivative entries in the Jacobian matrix needed for Newton’s method:

dgr 1 h—1 5
IMy — 3(b—Tr(M/3)2"

(12)
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The evolution equation of the dimensionless conformation dyadic is

=M IM=VvT MM V-2 b=1 1 (13)
T N A \b—Tr(M/3)
and the Helmholtz free energy is

a=(3/2)G(b — 1)n [ ) ]

b—-Tr(M/3)

The non-linear relaxation term in the FENE-P equation puts a limit on the maximum extension achievable
by the molecules, and is a significant improvement over its linear countefgar{l1) The FENE-P
relaxation function predicts that in a two-dimensional flow the polymer molecules contract in the neutral
direction of the flow[9]. Another variant of the FENE equations, the FENE-GE], does not have this
property because in the FENE-C&,+ g1 = 0.

3.3. Partially retracting semirigid molecules

The hypotheses of the model are: (1) the molecules follow imposed rotations affineht; (2) the
molecules patrtially retract instantaneously if a sudden stretch is imposed along their axis, and the extent
of the retraction is independent of the stretch of the molecéllesconstant< 1; (3) the rate of relaxation
of the molecules is a linear function of the distance of the dimensionless conformationMfison its
equilibrium valuel: go = —1, g1 = 1, g2 = 0. In this case, the evolution equation of the dimensionless
conformation dyadic is

M D:M DM
= v oM =2 M (M- DD - M-2""" M
ar TV S +( + M )

1
MWW M= (M= D) (14)

and the Helmholtz free energyds= (G/2)(Tr M — In detM).

This modelwas introduced by Larsf82,33]and by Marrucci and Grizzui4] to describe the behavior
of entangled polymer segments that do not stretch along their backbone but orient collectively by following
the imposed rotatiof5]. Larson’s model captures some of the salient features of the reptation model,
and like the reptation model describes reasonably well the near-linear behavior of entangled polymer
solutions and melts in shear flqa6].

The partially retracting segment model describes well the behavior of rod-like polymer molecules that
are almost or completely rigi@5]; this is how the model is used here. If the stretching resistanc®,
the retraction of the segments is complete and their length is constgnt;: if, the molecules stretch
with the continuum deformation.

3.4. Boundary conditions on transport equations

Boundary conditions are needed on the momentum and conformation transport equations. The mo-
mentum boundary conditions are:

(1) No-slip and no-penetratiorAt solid, impermeable boundaries, the velocity of the liquid equals that
of the solid,v» = v,,.



370 M. Pasquali, L.E. Scriven/J. Non-Newtonian Fluid Mech. 108 (2002) 363—-409

(2) Force balance at free surfaceshe tangential traction vanishes at a free surface because the shear
stress exerted by the gas on the liquid is negligibie, T = 0; the normal traction inside the
liquid must balance the sum of the pressure in theygasnd the capillary pressure induced by the
curvature of the surfacan: T = —p, + ¢V, - n, wherec is the surface tension of the liquid, and
Vi = (I — nn) - V is the surface gradient; in a two-dimensional flow, the normal stress balance can
also be written asn : T = —p, + ¢n - dt/ds, wheret is the tangent to the free surface, and
arclength along the free surface—in vector form,I = —p,n + ¢dt/ds.

(3) Inflow and outflow conditionsA velocity profile is prescribed at the open boundary= vg(x),
or a pressure datum is specified through the integral of the traetianat the open boundary, or
the fully developed flow condition is imposed, Vv = 0, also through the boundary integral of
the traction. The former two boundary conditions are normally used at inflows, the latter at out-
flows. Of course, the solution of the problem must prove insensitive to the location of the open
boundaries.

(4) SymmetryThe liquid cannot cross a symmetry line or surfacey = 0, and the shear stress vanishes
therejn: T = 0.

The transport equation of conformatiu. (7)is hyperbolic and its characteristics in a steady flow are
the streamlines; therefore boundary conditions are needed only on inflow boundaries. Berdigs a
tensor equation, tensor boundary conditions must be imposed. The only exception is the flow of polymer
solutions whose stress is purely elastic£ 0), where only the normal and tangential components of the
conformation dyadic must be specified at the inflow bound§8es8]

The components of the conformation dyadic at an inflow boundary are not known in general. Com-
monly, in viscoelastic flow computations the inflow boundaries are placed in regions of fully devel-
oped, parallel, and rectilinear flow, where the profile of conformation is known analytically or it
can be computed in advance. Given a fixed inflow velocity profile, the inflow conformation profile
depends on the choice of constitutive functions in the transport equations; therefore the common
procedure of imposing inflow boundary conditions on conformation is not amenable to genera-
lization.

If the flow at the inflow boundary is fully developed, the conformation of the polymer there does not
change along the streamlines, VM = 0, and the algebraic equation

DM DM
O=-2%—M—-¢(M-D+D-M—-2—""M
I M I M
1
—M-W—WT-M+X(goI+g1M—I—g2M2) (15)

holds at the boundarfg. (15)is independent of constitutive assumptions and is enforced strongly as
tensor boundary condition at the inflow portions of open boundaries. Of course, an equivalent equation
applies if elastic stress rather than conformation is used as independent variable.

4. Moadified transport equations

Three modifications to the transport equations are made before the equation set is cast in the weighte:
residual form.
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4.1. Velocity gradient interpolation

As suggested by Szady etf], an additional variablé is introduced to represent the velocity gradient
with a continuous interpolation:

0=L—-Vv (16)

The variableL is calledinterpolated velocity gradienh the following to distinguish it from theaw
velocity gradien®Vv. The rate of strain dyadiD and the vorticity dyadidV in the transport equation of
conformation are computed using the interpolated velocity gradient

D=3L+L", W=23L-L" (17)
4.2. Traceless interpolated velocity gradient

Inincompressible flows the trace of the velocity gradient vanisties,= Tr L = 0. The approximate
velocity field computed with the weighted residual/finite element method is not exactly divergence-free,
and the approximate value of the interpolated velocity gradient is not exactly traceless. If the weighting
functions used irfEgs. (5) and (16are different, the trace of the interpolated velocity gradient becomes
dangerously large in flow regions where the velocity changes abruptly.&10.1y ™® is common on
coarse meshes, and r~ 0.01y™* s typical on more refined meshes (§8gfor details). Hergy™a
is the maximum of the positive eigenvalue of the rate of strain dyadic in the whole flow field.

The rate of change along the streamlines of the determinant of the conformation dyadic is directly
related to TrL. The formula of the derivative of the determinant of a dyafB8], p. 26) andeq. (7)lead
to the equation of change of the determinant of the conformation tensor,

D:M
I'M
The determinant of the conformation dyadic must be positive beclusepositive definite. If Ti is
computed inaccurately, d8 could change sign, leading to meaningless computational results. The trace
of L can be computed accurately with the equation

D 1
o In detM = 6(& — ¢) +2TrD — X(goTrM—1 +3g1+ g2 Tr M) (18)

1
O=L—Vv+ﬁ(v-v)l (29)
in place ofEqg. (16) Eq. (19)guarantees that Tt = 0 regardless of the value &8f - v.

4.3. Discrete adaptive viscous stress split

Guénette and Fortif#] wrote the inertialess momentum equation as
V-(=pl+06)+V-n,(Vv+Vo' —=L—-L")=0 (20)
wheren, is a numerical parameter, and showed that the last teenq.ii20)stabilized the computational
method. The assumption of Guénette and Fortin can also be explained by noting that either the raw, or

the interpolated velocity gradient, or a combination of both can be used to compute the viscous stress in
Eg. (9) and that the relation

t=pL+LYY+n(Vv+Vo'—L—L") (21)

together with the momentum transport equation leadsgto(20)
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There is no difference between the interpretatiofizqf (20)given by Guénette and Fortin and that
offered here withEq. (21)if velocity boundary conditions are imposed on the momentum equation on
all boundaries, as is usually done in confined viscoelastic flows. However, the two interpretations lead to
different ways of handling the traction boundary conditions used in free surface flows.

Interpreting the termy, (Vv + Vo' — L — LT) as a stabilizing element in the momentum equation
compels that its boundary integral be accounted for at a free surface; conversely, defining the viscous
stress withEg. (21)yields no contribution other than those of the ambient and capillary pressures to the
boundary integral of the traction at a free surface. The latter approach is taken here. Computations were
made with a constant value gf. Changing the value of,, had little or no effect on the solution of the
flows, provided that), was comparable ta.

5. Weighted residual equations

Multiplying Egs. (1) (57), and(19), by weighting functionsy,, V., ¥m, ¥u, andy, integrating
over the (unknown) physical domail (bounded by™), applying the Gauss—Green—Ostrogradskii theo-
rem to the mesh generation equation and to the momentum equation, and mapping the integrals onto th
(known) computational domaif?, (bounded byip) yields the weighted residual equations:

rx’“zfrn-l//gb-vgwro—/g V. D - VEfd (22)
reY = ; YoV v fds2 (23)
e = A v (,ov-Vv—V@)fd.Qo#—/;? vw;.dego—/rn.¢;Tedro (24)
RL* = /QO U <L — Vo + Fll(v : v)I) £ d2g (25)

RM= / ve (v.ovm—222 My c(m-pip-m—22My
= D - —_ _— — . . [ JE—
o M I'M ¢ I'M

1
-M-W—-W'.M+ (8ol + 1M + g2M2)> f ds2g (26)

n is the outward pointing normal to the bounddry
dar
(= — =detFvn® - K"-K -n°® (27)
dro

is the ratio of the magnitudes of infinitesimal elements of boundary of the physical and computational
domain ;n° is the outward pointing unit normal to the computational domais, (f/£)K - n°;
ds2
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is the Jacobian of the mapping, and represents the ratio of magnitudes of infinitesimal elements of the
physical and computational domains;

9 3x; dgk
<1xz—xz<1(pfx’3, Fijziz<1,-xj =52 (29)
o€ a&; 70§
is the mapping deformation gradiertfienotes the gradient in the computational domtaing the indices
i, j denote direction in physical space.
The gradient in physical spageis related to the gradient in computational spad® the relation
G G
VG=K - , Vi = = Ki—
g <G g ox; ij 8:‘;:]
whereG can be any physical quantity—scalar, vector, dyadic, or tensor componentk—artte inverse
mapping deformation gradient,

& 1 _

o F Ki = ax; (31)

Each independent variable is approximated with a linear combination of finite number of basis functions
x =xPol, p = pPeb,v =gl L = LPyf, andM = MP¢l; to lighten the notation, the same
symbolsx, p, v, L, andM are used to represent the approximate value of the independent variables, as
in Egs. (22H26), and their exact value, aslgs. (1) (5)«7), and(19). The context makes clear whether

the exact or approximate value is referenced.

The basis functions used to represent the independent variables are: Lagrangian biquadratic for position
(¢x) and velocity §,), linear discontinuous for pressurg,), and Lagrangian bilinear for interpolated
velocity gradient ¢;) and conformationd,;). Galerkin weighting functions are used in the residual
equations of mesh generatiopr( = ¢,), continuity (/. = ¢,), momentum ¢, = ¢,), and velocity
gradient interpolationy; = ¢r), whereas streamline upwind Petrov—Galerkin weighting functions
are used in the conformation transport equatigg (= ¢u + h"v - Vou), whereh” is the upwind
parameter—the characteristic size of the smallest element in the mesh.

F

=K< G (30)

K =Vé = o)

6. Newton’smethod with analytical Jacobian

The system of non-linear algebraic equatid@ts. (22H26) is solved with Newton’s method with
analytical Jacobian. The tolerance on the 2-norm of the residual and Newton update was setThd 0
linear system was solved with a frontal solver based on the algorithm of Duff[8t43].

The formulae of the analytical derivativestkds. (22H26) and their boundary conditions with respect
to the basis function coefficients’, p?, v#, L?, and M must be evaluated to compute the entries
of the Jacobian matrixTable 1shows the incidence matrices Bfjs. (22H26) and their boundary
conditions. If each physical component of the residual equations and each component of the unknown
variables is considered a separate scalar, as is commonly done, the equation set has 13 equations in 1
unknowns in a two-dimensional flow, and 22 equations in as many unknowns in a three-dimensional
flow, which leads to approximately 180 and 520 non-zero derivatives in a two- and three-dimensional

1 The symbok was originally used by Hamiltoj#0,41]to represent the gradient of a quaternjég).
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Table 1

Incidence matrices of the residual equations and their boundary conditions

Equation Unknown
Analytical Jacobian residual equations Analytical Jacobian boundary conditions
b p v L M x 4 v L M

Mesh generation v v v

Continuity v v

Momentum transport v v v v v v v v v v

Velocity gradient interpolation v v v

Conformation transport v v v v v v

A checkmark ¢’) in a matrix entry indicates that the equation in the row of the entry depends on the variable in the column of
the entry.

flow respectively—including entries due to boundary conditions. On the other hand, only 24 derivatives
(4 vectors, 7 second-rank tensors, 8 third-rank tensors, and 5 fourth-rank tensor derivatives) are neede
if the equations and unknowns are kept in their vector or dyadic form, regardless of whether a two- or
three-dimensional flow is computed. The latter approach is followed here. The formulae of the derivatives
of the residual equations with respect to the basis function coefficients are repofggandix A The

area and line integrals in the formulae of the weighted residuals and analytical Jacobian are evaluated by
9- and 3-point Gaussian integration, respectively.

The residual vector and Jacobian matrix are assembled by mapping the scalar, vector, and tenso
residuals and derivatives into an algebraic vector and matrix, respectively. Because the residuals of the
transport equation of conformatid?-* are symmetric, the residuaky” " are assembled only for< ;.
BecauseM is symmetric, onlyMj, i < j are necessary as independent variables; the derivatives of the
residual equations with respect to the basis function coefficients of the off-diagonal components of the
conformation dyadic are:

Jady jdo ) = 2
r, ), i = y
e ) JOLMG oMy oM
a=1...,N" y=1,...,N™ ki j=1....n%; j>i (32)

whereid andjd are the mapping pointers (sgg for details).
6.1. Initialization of Newton’s method and parameter continuation strategy

An initial guess for Newton’s method was generated as follows:

(1) The initial shape of the free surfaces was approximated by a straight line or by a combination of
straight lines and arcs of circles. The equations of the inertialess flow of a Newtonian liquid were
solved by treating the free surfaces as perfectly slippery boundaries.

(2) The solution of this linear problem was used as the initial guess to solve the non-linear equations
describing the free surface flow of a Newtonian liquid.

(3) The interpolated velocity gradiehtwas then computed by fixing velocity, pressure, and location of
the free surfaces.
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(4) The polymer conformation dyadM was then computed by fixing velocity, pressure, location of the
free surfaces, and interpolated velocity gradient at a low value of the Weissenberg number, typically
Ws= 0.01, using the initial gues® = I for the polymer conformation dyadid{ = I + 2WsD is
a more accurate initial guess; however the simpler initial g¢#ss I was always inside the radius
of convergence of Newton’s method in the cases examined).

The values of velocity, pressure, location of the free surfaces, interpolated velocity gradient, and polymer
conformation so computed are those that occur in the flow of an infinitely dilute solution of polymer with
a finite relaxation time and infinitely small elastic modulus, where there is no coupling between the
momentum equation and the polymer conformation dyadic. The solution of this last problem provided a
robust initial guess with which to compute the free surface flow of a polymer solution.

Solutions at different values of parameters were then generated with first-order arclength continuation
[22]. The size of the continuation step was doubled automatically if Newton’s method converged in three
iterations or less, and was quartered if Newton’s method converged in more than six iterations, if it failed
to converge, if the mesh folded, or if the conformation dyadic lost positive definiteness anywhere in the
flow domain.

7. Indicatorsof local molecular and flow behavior
7.1. Molecular stretch and orientation

The solutions of equations of viscoelastic flow are often reported by showing the distributions of
Cartesian components of the elastic stress dyadic. These distributions are difficult to interpret because
the relationship between the Cartesian components of the stress dyadic and the microstructural state of
the polymer is not immediately apparent.

The invariants of the conformation dyadic are immediately accessible measures of the microstructural
state of the polymer in various regions of the flow. They are excellent means of displaying the results of
viscoelastic flow calculations.

The orthonormal eigenvectons; of the conformation dyadic represent the three mutually orthogonal
directions along which molecules are oriented and stretched, or contracted—the principal directions of
the second moment of the distribution of stretch and orientation. The eigenvaluggresent the square
of the principal stretch ratios of flowing ensembles of polymer segments, i.e. the average length square of
polymer segments along the principal directions of stretch divided by the length square of the segments
at equilibrium. The square root of the determinantMfis the ratio of the volume pervaded by the
flowing molecules to the volume pervaded by the molecules at equilibrium. The eigenvaltesref
always real and positive becaukkis symmetric and positive definite. Hereafter, the convention is used
m1 < my < mg to order the eigenvalues of conformation.

7.2. Molecular extension and shear rate
The classical definitions of shear and extension rdteH,(p.155, p. 162) are based on the Cartesian

components of the velocity gradient referred to conveniently chosen spatially uniform orthonormal basis
vectors; they cannot be applied to flow where the velocity gradient is not homogeneous.
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The invariants of the rate of strain cannot serve as indicators of the type of flow because they do not carry
any information on whether polymer molecules are being strained persistently along the same axes—the
essence of extensional flow—or are rotating with respect to the principal axes of the rate of strain, so that
each molecule is alternatively elongated and contracted by the rate of strain—the essence of shear flow
The vorticity depends on the choice of frame of reference, and by itself cannot provide indications on
the local type of flow, although relative rotation rates defined as the difference between the vorticity and
other rates of rotation have been used to index the flow 6] The invariants of the conformation
dyadic (or elastic stress) cannot be used to index the local flow type because they contain information on
the whole upstream history of deformation and because they are affected by the intensity of the straining
as well as the type of deformation.

The chief difference between extensional and shear flows is that in extension polymer molecules are
being stretched along the preferred direction(s) of stretch and orientation, and are being contracted along
the direction(s) where they are already contracted and least likely to be oriented, whereas in a shear flow
the principal directions of stretching do not coincide with the principal directions of molecular stretch and
orientation. This important physical difference suggests defining a mean ensemble molecular extensior
rate as the rate of strain along the eigenvestgassociated with the largest eigenvaluéWbf

&y =msms3 . D (33)

The molecular extension ratgy is independent of choice of frame of reference. Whigye- 0, polymer

segments are being stretched along their direction of preferred stretch and orientation and the flow is

working against the molecular relaxation processes; whgre 0, the flow and the relaxation processes

work together towards restoring the equilibrium length of the polymer segments, i.e. the liquid is recoiling.
The molecular shear rate is defined as the rate of strain akgraf molecules aligned witim:

Ym = |mim3 : D| (34)

becausd is symmetricy,, is also the rate of strain alomgs of molecules aligned withz;. The absolute

value appearsifq. (34)becausen,, —m1, ms3, and—ms are unit eigenvectors of the conformation dyadic,

but the definition of;; must be independent of the signmf andms. A largey,, indicates that the rate

of strain is deforming molecules aligned along one of the principal directions of the conformation tensor
in a direction orthogonal to their orientation; it is stretching or contracting along their axes the molecules
that are aligned at 45with respect to the principal directions of the conformation tensor.

In two-dimensional, incompressible flows there is only one independent molecular extension rate and
one independent molecular shear rate, whereas in three-dimensional flows there are two independer
molecular extension rates and three independent molecular shear rates; they coincide, respectively witl
the diagonal and off-diagonal entries of the matrix of component® afi a curvilinear orthogonal
coordinate system whose basis coincides locally with the eigenvectdsevkerywhere in the flow.

The molecular extension and shear rates can be used to define extensional and shear flow indices:

o= LM T 2M T M = Yiom T Y23 m V31,M7 ets—=1 (35)
=2l p —llp
In two-dimensional flowskzq. (35)simplifies to
22 52
€ Y
e= d_]g’ s = d_]g (36)

whered is the positive eigenvalue d.
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The extension and shear flow indicators definedEly (35)are always well-defined becausdlif,
vanishes, the whole rate of strain dyadic must vanish too.

When applied to homogeneous extensional flow, the flow indicators signal that the flow is purely
extensionald = 1, s = 0). However, in simple shear flow their values depend on both the choice
of model and the Weissenberg number because these determine the orientation of the eigenvectors of
the conformation dyadic. At low Weissenberg numlzeapproaches unity whereasearly vanishes
becausd? ~ I +2WsD and thus the eigenvectors @ and D coincide. At high Weissenberg number
the eigenvectors a¥f tend to align with the velocityss) and the gradient1); thuse — 0 ands — 1.

Although the flow indicator€;g. (35) do not classify shear flows according to the traditional definitions
(i.e. independent of model and Weissenberg number), they give more faithful information on the coupling
of flow and polymer behavior than the traditional definitions. The linearized versi&uyof7)at low
Weissenberg number is

WY—v-VM + Vo' -M+M-Vo)y— (M —1)=0
settingM = I + €M, wheree is a small parameter, yields

2WsD — eM + eWS—v- VM +D -M+M -D+W' -M+M-W)=0 (37)

first order second order

i.e. the vorticity enters the equation of changeMfat second order. In physical terms, at [9Msthe
polymer is nearly undistorted and thus it does not feel the vorticity and behaves as if it were in extensional
flow.

8. Comparison with published studies on confined viscoelastic flows
and Newtonian free surface flows

The equations of the theory were programmed in a Fortran 90 computational cod8](gzede-
tails). The correctness of the computer code was checked by comparing the analytical Jacobian to a
centered-difference numerical Jacobian; by monitoring the quadratic convergence 2-norm of the residual
vector in the terminal Newton iterations; by compiling the code on seven different computer systems and
solving the same problem; and by solving a number of problems whose solution could be checked against
independently obtained solutions.

Some computations in the early stages of development of the code were made with the numerical
Jacobian in place of the analytical Jacobian. The time to compute the numerical Jacobian was large;
moreover, loss of quadratic convergence at moderate values of the Weissenberg number was observec
when a numerical Jacobian was used (8¢dor details).

8.1. Flow around a cylinder between parallel fixed planes

The flow of a Newtonian liquid and an Oldroyd-B liquid around a cylinder between parallel fixed planes
was analyzed, and the drag force on the cylinder was calculated and compared to the analytical solution
of Faxén[47], and to the finite element solution of Sun et[aL].

The flow domain, meshes, and boundary conditions are shoWwigi 2 and 3The ratio of cylinder
diameterto slitwidth was setto 1/8, ag2i]. The location of the inflow and outflow boundaries coincides
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Fig. 2. Flow domain and boundary conditions used to analyze the flow of a Newtonian liquid and an Oldroyd-B liquid around a
cylinder. The top drawing is not to scale.

with that chosen by Sun et al., who showed that the flow is insensitive to further displacement of the open
boundaries in the range of Weissenberg numbers examined.
The drag force per unit length of the cylinder was computed as

fa= —Z/Seln :TdS (38)

wheresS is the surface of the half-cylinder; the horizontal unit vector, anis the unit normal pointing

from the liquid into the cylinder. The integral was computed with 3-point Gaussian quadrature. In the
inertialess Newtonian case, the drag force computed on the three different meshes agreed with the value
calculated with Faxen’s formula and reported by Sun et al. to within 0.05%{séar details).

8.1.1. Imposed flow rate, Oldroyd-B liquid

The flow of an Oldroyd-B liquid was analyzed and the drag force exerted by the liquid on the cylinder
was computed as a function of the Weissenberg numfseee Q) /hR The ratio of solvent viscosity to
total viscosity

= woo_ K
w+n, wn+Gi

was used in all calculations, wheyg = G2 is the polymer contribution and is the solvent contribution
to the viscosity of the liquid.

The value of the drag force computed on three different meshes with the three different values of
adaptive viscosity and the drag force reported by Sun gRa].are all in excellent agreement up to
Ws= 2, as displayed ifrig. 4. At Ws= 2.2 the difference between the computed drag and that reported
by Sun et al. is approximately 1%.

To ensure that the solutions had converged, the maximum values of the unknowns computed on Mesh!?
and Mesh3 were computed. Ws= 1, the maximum values of the velocity components, the pressure,

— 0.59 (39)
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Fig. 3. Detail of the finite element meshes: Mesh1, Mesh2, and Mesh3 used to study flow around a cylinder. Mesh2 has the same
refinement of Mesh1 upstream of the cylinder, and the same refinement Mesh3 downstream of the cylinder.
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Fig. 4. Drag forcef, exerted by an Oldroyd-B liquid on a stationary cylinder in a channel, as a function of the Weissenberg
number. The values are shown of the drag force computed on three different meshes and with different values of the adaptive
viscosityn,. The results of Sun et gR1] (Fig. 9) are reported for comparison.

and the interpolated velocity gradient components computed on Mesh1 and Mesh3 agreed to within 0.1%,
the maximum values of the conformation components agreed to within 0.7¥sAt 2, the maximum

values of the basis function coefficients agreed to within 3%, except for the maximum values of the
streamwise normal conformation components, which differed by 7.7%. The maximum and minimum
values of velocity, pressure, and elastic stres$vat= 2 reported by Sun et al[q1], Fig. 11) are
compared to those computed on Mesh3able 2 The agreement between the computational results
reported here and those reported by Sun et al. is excellent, except for the 54% difference between the
maximum values of the streamwise normal elastic si¢S% in the wake of the cylinder, which can be
attributed to insufficient refinement downstream the cylinder in Mesh3.

Table 2
Comparison between the maximum value of the components of velocity, of pressure, and of the Cartesian components of elastic
stress atWs= 2 reported by Sun et g21] and computed on Mesh3 wittf = 0.01, , =1

Field Sun et al[21] Mesh3 Amax Amin Amax(%0) Amin(%0)
Maximum Minimum Maximum Minimum
vy 1.6475 0.0000 1.6484 0.0000 —0.0009 0.0000 —0.05 0.00
U2 0.4523 —0.4363 0.4525 —0.4396 —0.0002 0.0033 —0.05 -0.76
p 10.4290 0.0000 10.4050 0.0003 0.0240 —0.0003 0.23 0.00
o11 9.8994 —0.1304 17.2733 —0.1283 —7.3739 —-0.0021 —54.27 1.63
o12 3.0102 —-2.1824 3.0381 —-2.2120 —0.0279 0.0296 -0.92 -1.35
022 5.7430 —-0.1326 5.7617 -0.1324 —-0.0187 —0.0002 -0.33 0.14

gj = (n,/M) (M — &). The agreement of all values is excellent, except for the maximum value of the streamwise normal elastic
stressry; in the wake of the cylinder, which differs by 54%.
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8.1.2. Portraits of flow characteristics and molecular properties at\i

At Ws= 2 the streamlines differ only slightly from the Newtonian pattern. The highest rate of strain
is attained at the waist of the cylinder, where the distance between the cylinder and the channel wall
is smallestFig. 5 (top) shows contours of molecular extension and shear rate, defirigetction 7.2
The molecular extension rate is the highest near the upstream stagnation point on the cylinder, where
the molecules orient perpendicular to the stagnation streamline and stretch across and contract along
the upstream stagnation streamline; and in the wake of the cylinder by the downstream stagnation point,
where the molecules stretch and orient along and contract across the stagnation streamline. The moleculal
shear rate is the highest at the waist of the cylinder, where the rate of strain is the highest.

Fig. 5 (bottom) shows the eigenvalues of the conformation dyadic—the squared molecular stretches.
On the upstream stagnation streamline, the molecules contract in the streamwise direction and stretch
in the cross-stream direction. The molecules are most distorted in the wake downstream of the cylinder;
the highest molecular distortion is 14.66 and occurs 0.912 cylinder radii downstream of the cylinder.
The molecules shrink firstin the cross-stream direction, then elongate in the streamwise direction as they
depart the downstream stagnation point and traverse the wake of the cylinder. The high values of molecular
distortion computed are partly due to the extreme molecular compliance builtinto the Oldroyd-B equation.
The Oldroyd-B equation yields a degenerate behavior in uniaxial as well as planar steady extensional
flow, where it predicts infinite stresses at finite value of the Weissenberg niiber,1/2 ((36], p. 26);
in the computation aVs= 2 on the finest mesh, the flow at the midplane in the cylinder's wake is planar
extensional, and the local Weissenberg numbler, exceeds the critical value 1/2 in the third element
downstream of the cylinder{ ~ 1.033R), where the convective term is smadh (~ 0.00490Q/ k) and
thus the behavior of the equation approaches that of steady flow.

The Oldroyd-B model is built by assuming that polymer molecules follow sudden imposed strains
and relax at a rate which is linearly proportional to their stretch: these hypotheses approximate poorly
the behavior of strongly stretched and oriented molecules, and the computed distributions of molecular
stretch shown iifrig. Slikely overpredict the distributions of stretch that a real solution of flexible polymer
coils would attain.

8.2. Downstream section of a slot coater

The equation system describing the flow of a Newtonian liquid in the downstream section of a slot
coater was solved to test the correctness of the mesh generation equations and the free surface boundar
conditions. The Galerkin/finite element solution was computed as the flow of a polymer solution with
no elasticity, i.eEqQs. (22X24) were solved with the constitutivieqg. (8) of the total stresq,10) of the
elastic stress, together with= 0, and(21) of the viscous stress, wit}), = u = 1.Fig. 6shows the flow
domain and the boundary conditions used.

Four test cases were chosen to compare the results with those of Sij#glafl) O = 0.3, Re=
0,Ca=01;(2)0Q0 =05 Re=0,Ca=o0;(3)Q =05 Re=10,Ca=o0; (4) Q0 = 0.7,Re=
0, Ca = oo; whereRe= pvlL/u is the Reynolds numbeGa = v/ is the capillary number, an@ is
the flow rate per unit width of the slot. The unit of velocityis the web speed, and the unit of lendth
is the height of the gap between the slot die and the web.

The sensitivity of the flow to location of the open boundaries upstream and downstream was assessed
by doubling the upstream and downstream length of the flow domain. The solutions computed on the
two domains agreed to within 0.04%; therefore, all subsequent solutions were computed on the shorter
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Fig. 5. Top to bottom: Molecular extension rétg, shear rate’,,, smallest eigenvalue, and largest eigenvalue of the confor-
mation dyadic. 11 equally spaced contour lines are plotted; lighter shades of gray denote lower values of the variables. Mesh3,
Ws=2,h" =0.01, n, = 1.
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Fig. 6. Flow domain and boundary conditions used in analyzing the flow of a Newtonian liquid in the downstream section of a
slot coater.

computational domain. The meshes had 792 elements and 15,580 degrees of freedom. The test cast
0 = 0.5,Re= 0, Ca = oo was also run on a refined mesh with 2736 elements and 52,948 degrees of
freedom. Spot checks of local values of pressure and free surface shape revealed differences of less that
10~% between the two meshes.

Fig. 7 compares the computed shapes of the free surfaces and pressure profiles along the moving web
to those reported by Sillimaf48], Fig. F10). The difference between the profiles is approximately equal
to the accuracy achieved in reading Silliman’s Fig. F10 (1% of the full scale).

The computed pressure at the inflow plane under the slot is lower than the pressure outside the free
surface by 1.5506 viscous units whén= 0.5, Re= 0, andCa = oc. In these conditions, the lubrication
approximation predicts that the pressure under the slot should match that outside the free surface. It is
not so because the free surface is stretching just downstream of the static contact line; because the liquid
is incompressible, the velocity gradient along the free surface induces a velocity gradient normal to the
free surface, which in turn generates a small but non-zero viscous normal stress and lowers the pressure
under the free surface close to the contact line. The pressure gradient vanishes under the slot, and the
pressure starts rising towards the ambient pressure approximately 0.5 gapwidths upstream of the static
contact line.

Conversely, if the same pressure value is specified at the inflow boundary and outside the free surface—
and consequently the flow rate is not fixed, as in a knife coater—the film thickpessceeds the half-gap
atRe= 0, andCa = oco. The computed value df,,/L = 0.5065 depends on the distance of the inflow
boundary from the static contact line, which sets the magnitude of the pressure gradient.

Solving the lubrication equations yields coarser approximations to the flow field than solving the
Navier—Stokes system; thus, the predictions of the lubrication equations cannot be used as stringent tests
of the correctness of Petrov—Galerkin/finite element solution procedures, although they are useful when
comparing approximate trends.

9. Premetered dot coating flow with recirculation, infinitely dilute solutions

The flow of an ultra-dilute {, ~ 0) polymer solution in the downstream section of a slot coater
was computed by setting = pc,kT = 0 in the expression of the free energy; in this situation the
evolution equation of conformation decouples from the mass and momentum balances. The shape of
the flow domain and the boundary conditions are showrign 6. The inflow boundary was placed 20
gapwidthsh upstream of the static contact line; spot checks showed that placing the inflow boundary
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Fig. 7. Comparison of free surface shapes (top) and pressure profiles on the web (bottom) in the downstream end of a slot coate!
The solid lines were computed; the symbols were read from Fig. F10 of Silla@&nvith datathief (NIKHEF-K).

only 15 gapwidths upstream of the contact line yielded the same flow and distributions of conformation
were not affected.

Premetered flows were computed by impaosing a fully developed velocity profile. No-slip was imposed
at solid boundaries, and the web speed was used as characteristic velocity. No-penetration and the capillar
force balance were imposed at the free surface. The flow was taken to be fully developed at the outflow
boundary & - Vv = 0). The position of the static contact line was fixed.
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-0.25
the downstream section of a slot coater with a recirculation (top) and without a recirculation (bottom).

The dimensionless numbers wape= 0.3, atCa = 0.1 andRe= 0. The finite element tessellation
had 3456 elements strongly concentrated under the free surface to capture the layer of conformation that

arise there at high Weissenberg number (tofrig. 8 and %nd Table 3. Analyzing the flow of an
ultra-dilute solution is interesting because it allows a direct comparison of different models of polymer

behavior under the same non-trivial kinematics; such flows are expected to occur, for example, in flows

of ultra-dilute DNA solutions (e.d9,49,50).
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Fig. 9. From top to bottom: detail of the finite element tessellation, streamlines and of the positive eigenvalue of the rate of strain.
Downstream section of a slot coater with a recirculation. The stagnation point on the free surface is marked with a small circle
in the streamline plot. Imposed flow rafe= 0.3, Reynolds numbdRe= 0, capillary numbeCa = 0.1.

9.1. Flow kinematics

The computed streamlines are showrig. 9, a stagnation point is present on the free surface, and
the separating streamline is shown that divides the liquid caught in the recirculation from that entrained
by the moving web.

Fig. 9 also shows the contours the scalar rate of strain—the positive eigenvalue of the rate of strain
dyadic. L is exactly traceless everywhere in the flow; the maximum value df Gomputed with the
usual equatiotvv — L = 0 in place ofEq. (19)was 0.0035. The highest scalar rate of strain is 1.1908
v/ h; itoccurs on the web 0.406 gapwidths downstream the static contact line. According to Richardson’s
analysis[51], the velocity gradient grows without bound as the static contact line is approached. The
components of the interpolated velocity gradigntilong the die wall display small undershoots and
overshoots in the proximity of the contact line—up to 0.63% on the die wall approximately 16x

Table 3
Elements and unknown basis function coefficients of the finite element meshes used to analyze the downstream section of a slc
coater with (TailQ.03) and without (TailQO0.6) recirculation

Mesh Elements Unknown basis function coefficients

x v p L M Total

TailQ0.3 3456 28,178 28,178 10,368 14,356 14,356 94,436
TailQ0.6 4320 35,114 35,114 12,960 17,836 17,836 118,860
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upstream of the static contact line; the overshoot grows larger and occurs on a smaller length scale as the
mesh is refined close to the contact line, as observed by Salamo[b&{ &bo. However, the overshoot is

small because the velocity gradient vanishes at the stagnation point on the free surface and the stagnatior
line is close to the contact line; such a small overshoalpfioes not affect the computation of the
polymer conformation. This is not the case when the recirculation under the wall is absent, as discussed
in Section 1(below.

The distributions of polymer conformation in the flow were computed by solving the transport equa-
tion of M with the Oldroyd-B (affinely deforming), FENE-P with = 100 (extensible) anéd = 10
(semiextensible), and Larson semirigkd<£ 0.1) and rigid € = 0) models.

Fig. 10shows the largest (top), smallest in-plane (middle), and smallest out-of-plane (bottom) eigen-
values of the conformation dyadic in the flow. Ws < 1, the affinely stretching Gaussian segments and
the extensible and semiextensible FENE-P segments are stretched and oriented to a comparable degree
whereas the semirigid and rigid segments are much less stretched. The effects of the finite extensibility of
the semiextensible segments become importaWitst 1, those of the extensible segment§\s~ 2.

Because none of the models used here sets a non-zero lower bound on it, the smallest eigenvalue
of conformation becomes dangerously close to vanishing in regions of extensional flow. The minimum
out-of-plane eigenvalu@; of the rigid and semirigid molecules departs from its equilibrium value at very
low Weissenberg number because the rate of siagmters the equation of changef directly through
the partially stretching derivative. If the molecules are extensible or semiextensible, the out-of-plane
eigenvalue is close to its equilibrium value at higher Weissenberg number becaigsencoupled from
the in-plane rate of strain, and is driven out of equilibrium by a transversal molecular contraction due to
the finite extensibility of the molecules. At finite concentration, such transversal molecular contraction
would induce additional spanwise compressive stresses, which could affect the stability of the flow to
spanwise perturbations. The curves terminate where there appeared to be no solution with a positive
definite conformation everywhere in the flowaple 4.

9.2. Portraits of molecular conformation

The computed distributions of polymer stretch are reported heVésat 3. Fig. 11 shows contour
lines of the eigenvalues of the conformation dyadic in the flow.

At Ws = 3, the Gaussian, extensible, and semiextensible molecules, are mainly extended under the
stretching section of the free surface, immediately downstream of the region of the highest molecular

Table 4

Downstream section of a slot coater, flow with recirculation

Model Wgnax my® min min

Affine Gaussian 3.551 854.9 B x 102 -
FENE-P,b = 100 6.331 258.8 B3x 102 1.66x 107!
FENE-Pb = 10 9.789 27.46 B4 x 1072 9.47 x 1072
Retractingé = 0.1 22.78 13.36 D7 x 102 4.41 x 1072
Rigid,&§ =0 76.53 2.982 D3 x 1073 1.20x 102

Maximum Weissenberg number attaindg", maximum in-plane conformation eigenvaug®, and minimum in-plane: "
and out-of-planen]" conformation eigenvalues predicted with different models of polymer beha®ier.0.3, Re= 0, Ca=
0.1.
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Fig. 10. Maximum in-plane eigenvalue:§®), minimum in-plane ") and minimum out-of-planen(}'") eigenvalues of
conformation vs. Weissenberg numb&s= Av/h in the flow in the downstream section of a slot coater with a recirculation,
predicted with different models of polymer behavior. The turning point in the continuation path computed with the semirigid,
partially retracting segments model coincides with the failure of the mesh to capture the steep conformation layer which is arising
under the free surface ¥i{s~ 20. 0 = 0.3, Re= 0, Ca=0.1.
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Fig. 12. Largestrfi3) and smallest4;) in-plane and out-of-plane, eigenvalues of the conformation dyadic at the free surface
of the downstream section of a slot coater with a recirculation, predicted with different models of polymer behavior: affine
Gaussian segments (Oldroyd-B); FENE-P extensible=(100) and semiextensiblé (= 10) segments; semirigid, partially
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extension rateKig. 14). The layer of conformation is steepest in the flow of Gaussian molecules. The
semirigid and rigid molecules are stretched under the free suffégel(l, left), where the scalar rate of
strain is lower Fig. 9) but the straining is persisterfi). 14 because the rate of strain dyadic and the
conformation dyadic rotate together, and at the web, where the scalar rate of strain is the Righ@st (
but the polymer segments are not aligned with the rate of strain dyadic.

Atlower Weissenberg number, the molecular stretglsomputed with all models of molecular behavior
is highest at the web; the stretch computed with the semirigid and rigid models becomes highest at the
free surface at higher Weissenberg number.

The eigenvalues of conformation along the free surface are showig.iri2, together with the free
surface profile. The highest molecular stretch along the free surface predicted by the affine Gaussian
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Fig. 13. Trace and determinant of the conformation dyadic at the free surface of the downstream section of a slot coater with a
recirculation, predicted with different models of polymer behavior: affine Gaussian segments (Oldroyd-B); FENE-P extensible
(b = 100) and semiextensiblé (= 10) segments; semirigid, partially retracting£ 0.1) segments; and rigid (= 0) rods.

0 =03 Re=0,Ca=0.1, Ws= 3.
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segments model is over 100 times larger than that predicted by the rigid rod model. The behavior of the
smallest eigenvalue parallels that of the largest eigenvalue, although it is more difficult to capture the value
of the smallest eigenvalue than it is to approximate the value of the largest eigenvalue of conformation
(se€]9] for details).

Fig. 13 shows the trace and the determinant of the conformation dyadic along the free surface.
If the molecules are extensible or semiextensible, the trace of the conformation is dominated by its
largest eigenvalue and parallels closely its trend. As expected, the trace of the conformation dyadic
is constant everywhere if the molecules are rigid. The determinant of the conformation dyadic of
the affine Gaussian segments grows steadily on the free surface. If the molecules are finitely exten-
sible a dip appears in the profiles of @dt although the flowing molecules are effectively larger
than at equilibrium (deM > 1) under the free surface in this case. Conversely, the semirigid and
rigid molecules are effectively smaller during the flow because they orient without stretching
appreciably.

9.3. Distributions of molecular extension and shear rates

Fig. 14shows the contour lines of the distributions of molecular extensiort jatiefined byEq. (33)
and molecular shear ratg, defined byEqg. (34) The molecular extension rate is highest at the free
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Fig. 14. Detail of the contours of the molecular extension Eatgleft) and shear ratg;, (right) in the downstream section

of a slot coater with a recirculation, predicted with different models of polymer behavior. From top to bottom: affine Gaussian
segments; FENE-P flexiblé (= 100) and semiflexiblel{= 10) segments; semirigid, partially retractirig£ 0.1) segments;

and rigid € = 0) rods. Although the scalar rate of strain, i.e. the positive eigenvallik & highest at the welbi-(g. 9bottom),

the molecular extension rate is highest and the molecular shear rate vanishes under the free surface, where the eigenvectors
the conformation dyadic are aligned with those of rate of sti@ie= 0.3, Re= 0, Ca= 0.1, Ws= 3.
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surface even though the rate of strain is lower there than at therighd|. At Ws= 3, the extensional
character of the flow is stronger in the flows of the extensible and semiextensible molecules than in the
flows of the semirigid molecules; overall, the predictions of flow type computed with the different models
of polymer behavior are very similar.

The distributions of molecular stretch and molecular extension and shear rates show that at low Weis-
senberg number the molecules stretch predominantly near the web under the accelerating free sur-
face (bottom ofFig. 14 where the rate of strain is highest (bottomFa§. 9), even though the flow
is dominated by shear ther€ig. 14 right). At high Weissenberg number, the molecules stretch un-
der the free surface (top dfig. 11), where the rate of strain is lower than in the web region, but
the straining is persistenfig. 14 left). The transition from mild stretching induced by the shear
flow at the web to the strong stretching induced by the extensional flow under the accelerating free
surface occurs at lower Weissenberg number for flexible molecules, and at Nigfer the rigid
ones.

10. Premetered slot coating flow without recirculation, infinitely dilute solutions

The recirculation-free flow of a Newtonian liquid in the downstream section of a slot coater was
computed at a dimensionless flow rgle= 0.6, atCa = 0.1 andRe= 0. The finite element tessellation
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Fig. 15. From top to bottom: detail of finite element tessellation, streamlines, and of the contours of the positive eigenvalue of
the rate of strain. Downstream section of a slot coater without a recirculation. Imposed flo@ £at8.6, Reynolds number
Re= 0, capillary numbe€a = 0.1.
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had 4320 elements strongly concentrated near the static contact line to capture the high velocity gradien
and the layer of conformation that arises théfig¢. 8 and 1=mndTable 3.

10.1. Flow kinematics

The computed streamlines are showrFig. 15 the flow is recirculation-free, as expected because
the coated layer thickness exceeds one-third of the lgap.15also displays the scalar rate of strain.
As in the recirculating flow, TL = 0 everywhere. The highest scalar rate of strain.6844v/ h; it
occurs exactly at the static contact line. Richardson’s analgdispredicts that the velocity gradient
grows without bound as the static contact line is approached. Unlike in the flow with a recirculation under
the die lip Section 9, here the components of the interpolated velocity gradieatong the die wall
display large undershoots and overshoots in the proximity of the contacHigel©, which become
more pronounced as the mesh is refined (not shown), as observed also by Salamf2eb4]. The
large, rapidly varying components of the velocity gradient affect strongly the computation of the polymer
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Table 5

Downstream section of a slot coater, recirculation-free flow

Model Wgnax my mT‘” mg‘i”

Affine Gaussian 0.143 16.16 0.103 -
FENE-P,b = 100 0.150 16.77 85x 1072 0.955
FENE-Pb = 10 0.530 27.03 £20x 10 0.182
Retractingg = 0.1 1.159 5.623 22x 103 4.88 x 102
Rigid,& =0 1.442 2.966 F3x 10 3.31x 102

Maximum Weissenberg numb&v$"®, maximum in-plane conformation eigenvalug®, and minimum in-planex"™" and
out-of-planen]'™™ conformation eigenvalues predicted with different models of polymer beha®ier.0.6, Re= 0, Ca= 0.1.

conformation near and at the contact line, severely limiting the maximum Weissenberg number at which
a physically meaningful solution can be computed.

10.2. The high Weissenberg number limit

The distributions of polymer conformation were computed by solving the transport equation of confor-
mation atQ = 0.6 and different Weissenberg numbeFable 5reports the highest Weissenberg number
at which a solution could be computed with a positive definite conformation tensor; the computations
failed to converge to such a solution at much lower Weissenberg number than in the case of the flow
with a recirculation under the die lip. The conformation tensor always lost its positive definiteness at the
contact line.

Fig. 17 shows the contours of the minimum eigenvatugand maximum eigenvaluas of the con-
formation tensor computed with the affinely stretching Gaussian segments maidskatd.143—the
highest Weissenberg number at which an acceptable solution was found with this model. Each of the
in-plane eigenvalues of the conformation dyadic is close to its equilibrium value in the whole flow
domain, except for a narrow region near the contact line and beneath the free surface immediately down-
stream the contact line. The layer of conformation at the contact line cannot be resolved by refining the
mesh further because doing so leads to larger overshoots and undershoots of the velocity gradient at the
contact line. The distributions of conformation computed with the other four models of polymer behavior
closely parallel the behavior displayedriy. 17 therefore they are not reported here.

Computing physically meaningful solutions of the equations of the flow of polymeric liquids when
contact lines are present is challenging even when the polymer does not affect the behavior of the flow.
The computational difficulty arises because the boundary condition on the momentum equation at the
contact line is inappropriate, even though it does apply at a macroscopic scale if the flow is Newtonian.
Changing the model of polymer behavior, i.e. the constitutive equation, merely shifts the computational
problems to a different Weissenberg number dependent on the model of choice.

11. Self-metering knife coating flow with and without recirculation, dilute and semidilute
solutions

The flow of dilute and semidilute solutions of affinely stretching Gaussian segments was studied by
solving the coupled set of equations of the Oldroyd-B model. Although the Oldroyd-B model does not
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Fig. 17. Detail of the contours of the smallest in-plane eigenvalué¢top) and of the largest eigenvalug (bottom) of the
conformation dyadic in the downstream section of a slot coater without a recirculation, predicted with the affine Gaussian
segments model. The insets show the region near the contact line. The conformation dyadic is nearly undistorted in the whole
flow domain, except at the contact lin@.= 0.6, Re= 0, Ca= 0.1, Ws= 0.143.

represent adequately the non-linear behavior of any liquid, it was chosen because it predicts the mos
intense layers of conformation, taxing the mesh and the computational method. The results reported in
this section were all computed by setting/ i = 0.909. The upwind parameter was set t0TB7Hh—
approximately twice the size of the smallest element in the tessellation.

The flow was studied as a self-metering knife coating flow by imposing a fixed pressure difference
between the inflow boundary and the free surface; therefore the inflow flow rate and final film thickness
were computed as part of the solution of the equations of the flow. The inflow boundary was set 15.75
gapwidths upstream of the contact line; the outflow, 15.75 gapwidths downstream of the contact line.
Displacing further the inflow and outflow boundaries yielded no appreciable differences in the solution
in the range of parameters investigated here. The pressure at the inflow wag;set+b7.7(uv)/ h to
have a large recirculation under the die lip in the case of Newtonian liquid, and the prpssuais set
to zero outside the free surface.

In a real coating operation, changing the concentration or the molecular weight of the polymer can
alter the polymer contribution to the viscosity, the liquids’ elastic modulus, its relaxation time, or all three
properties, which are related hy = G . These three properties of the liquid enter several dimensionless
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Fig. 18. Effect of polymer viscosity on the streamlines in a knife coating flow with parallel gap, as shown in the insets. The
polymer viscosity appears in the definition of capillary nun®aws= 0.08; Ca’ = 0.055 Ap°® = —57.7; n,/u = 0.909, 8 =
Ca/Ca. The vertical scale is enlarged in the streamline plots.

numbers; therefore if one of them is changed to mimic a varying concentration or molecular weight of
the liquid, one or more dimensionless numbers change. Which dimensionless numbers were constant and
which changed is discussed along with each case reported in the following.

11.1. Effect of polymer viscosity on flow microstructure at low Weissenberg number

The polymer viscosity was changed at low, constant Weissenberg number to investigate the effect
of small amounts of elasticity on the flow structure. The polymer viscosity enters the ratio of solvent
viscosity to total viscosityd = u/(u + 1), the capillary numbe€a= (1 + n,)v/s = Ca%/B, where
Ca is the capillary number defined in terms of the Newtonian viscosity alone, and the dimensionless
pressure dropAp = (pi — pa)h/ [(n + n,)v] = Ap°B, whereAp® is the dimensionless pressure drop
in terms of the Newtonian viscosity alone® = (p; — p.)h/(uv).

Fig. 18shows how flow structure and coated layer thickness change as polymer viscosity rises at fixed
reference dimensionless pressug® and reference capillary numb€e®. At low capillary number, a
small recirculation is present under the die lip. As the viscosity of the polymer grows, the thickness of the
coated layer increases, and the recirculation under the die lip disappears. As expected, the recirculation
disappears when the dimensionless coated layer thickness exceeds one-third, as in Newtonian liquids.

Fig. 19 shows how polymer viscosity affects the coated layer thickness at different values of the
relaxation time. The results at low Weissenberg number show that the final coated thickness is lower than
that of a Newtonian liquid with equivalent capillary number if the Weissenberg number is lower than
approximately 1. At higher Weissenberg number, the computations converged to inadmissible solutions,
i.e. the conformation tensor had a negative eigenvalue. The reason for this failure is that as the capillary
number grows, the recirculation at the contact line disappears, and computing physically meaningful
solutions is possible only if the Weissenberg number is low.
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Fig. 19. Effect of polymer viscosity on thickness of coated layer delivered by a fixed pressure difference across a parallel gap
knife coater at different values of polymer relaxation ti6e® = 0.055 Ap® = —57.7; n, /i = 0.909, 8 = Ca’/Ca

The curves at low Weissenberg number do not approach the Newtonian limit because the viscoelastic
stress does not vanish at equilibrium £ GI) in the model chosen here; thus, the total normal stress
on the liquid at the inflow boundary depends on the elastic modulus of the liquid and changes with the
Weissenberg number—at the outflow boundary the total normal stress is set by the value of the pressure
in the gas. Because the moduliis= 7, /A of the liquids with the lower relaxation time is higher than the

modulus of the liquids with high relaxation time, there is an excess tensile normal thé’lel dx,

on the liquid at the inflow boundary, which induces a thinner final layer. If the total normal force were
fixed, the calculations at low Weissenberg number would tend to the Newtonian limit, as expected from
results obtained by perturbation theory in related problg@#ak

11.2. Effect of polymer relaxation time, flow at constant viscosity

The viscosity of a polymer solution depends on the product of mass concentgtanmd polymer
molecular weightV/,, according to the Mark—Houwink relatidb5] n, ~ p, M, wherea is a semiem-
pirical exponent that depends on the quality of the solvent. The relaxation time of dilute, flexible polymer
chains is proportional to the polymer’s molecular weighty M1t A continuation path in which the
polymer relaxation time grows while the viscosity of the polymer is fixed can be visualized on Graessley’s
diagram[56] by using the dependence of the polymer viscosity and relaxation time on polymer concen-
tration and molecular weight (s¢@] for details). According to Graessl¢§6], the boundary between
the dilute region and the semidilute region is a line of constant viscosity; therefore the continuation path
of a sequence of cases at constant viscosity and changing molecular weight is parallel to the boundary
between the dilute and semidilute regions.

In this continuation the pressure drop between the inflow section and outside the free surface was
kept fixed, Ap® = —57.7; and the polymer relaxation time was raised while its modulu§ was
simultaneously lowered to keep the polymer viscosgjty= G constant. Because the giajand the web
velocity v were held fixed too, the Weissenberg numWés= Av/h rose with the polymer relaxation
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Fig. 20. Detail of the smallest (left) and largest (right) eigenvalue of the conformation dyadic at the free surface. Self-metering
knife coating flow, continuation at constant polymer viscoiig.= 0.06; Ap® = —57.7; 5,/u = 0.909 8 = 0.917.

time, whereas the capillary numb€a = (u + 1,)v/¢ and the ratio of Newtonian viscosity to total
viscositys = u/(u + n,) stayed constant. He@a = 0.06, 8 = 0.917.

Fig. 20shows the distribution of the smallest and largest eigenvalues of the conformation dyadic in the
drawdown region of the flow where the layer is narrowing and the liquid near the free surface is suffering
extensional strain. The shape of the free surface is almost unaffected by the Weissenberg number. At low
Weissenberg number, the polymer is almost unstretched, and the highest stretch and contraction are at
the moving web, where the rate of strain is the highest. As the Weissenberg number grows, the region
of the highest polymer stretch and contraction moves towards the free surface, until a very steep layer of
conformation arises beneath the free surfad&/'si- 3.

Small wiggles in the distribution of smallest eigenvalue appedsat 3.918, but are absent from the
distribution of the largest eigenvalue; they appear theY¥sat 4.509; at higher Weissenberg number of
the computed eigenvalues of the conformation dyadic became negative near the contact line.

11.3. Effect of polymer relaxation time, flow at constant elastic modulus

The elastic modulu& of dilute and semidilute—not entangled, flexible polymer chains is proportional
to the polymer’s molecular weight and inversely proportional to its mass concentr&tionM,,/p,.
Hence, a continuation path with constant elastic modulus corresponds to a line with slope of unity on
Graessley’s diagrari®6].
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Table 6
Weissenberg numb&/s= iv/h, capillary numbeCa = (u+n,)v/c, and ratio of Newtonian to total viscosify= ./ (11+n,)
in the continuation at fixed polymer elastic modulus describegkiction 11.3

Ws Ca B pmax mg™ m'{"”

0.083 0.060 0.913 9.18 1.233 0.841
0.226 0.069 0.793 8.48 1.767 0.695
0.805 0.106 0.518 7.15 5.302 0.511
0.866 0.110 0.500 7.07 5.778 0.480
0.911 0.113 0.487 7.02 6.143 0.495
0.993 0.118 0.466 6.93 8.513 0.423

Also shown are the maximum of the positive eigenvghi&* of the rate of strairD; maximum of the largest and minimum of
the smallest eigenvaluef® of conformation in the flow domain.

In this continuation the reference pressure drop between the inflow section and outside the free surface
was kept fixedAp® = —57.7; and the polymer relaxation time was raised while its modulus was kept
constant; therefore the polymer contribution to the total viscosity rose with the relaxation time. Because
the gap and the web velocity were held fixed too, the Weissenberg nWgzard the capillary number
rose with the polymer relaxation time, whereas the ratio of Newtonian viscosity to total viscosity dropped
(Table 6.

Ws =0.083

Ws =0.226

Ws = 0.805

Ws = 0.805

Ws = 0.866

Ws = 0.866

Ws =0.911 Ws =0.911

Ws =0.993 Ws =0.993

Fig. 21. Detail of the smallest (left) and largest (right) eigenvalue of the conformation dyadic at the free surface. Self-metering
knife coating flow, continuation at constant polymer elastic modulys’. = —57.7; The capillary number and the ratio of
Newtonian to total viscosity corresponding to the Weissenberg numbers shown here are repi@itdel
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Fig. 21shows the distributions of the smallest and the largest eigenvalue of conformation at the free
surface. Because the viscosity is changing during the continuation, the free surface moves outwards
at high Weissenberg number, the coated layer grows thicker, and the stagnation point on the free sur-
face moves upstream until it meets the static contact lin&/at~ 0.22. The region of the highest
polymer stretch moves from the web to the free surface as the Weissenberg number grows. Because
the stagnation point shifts upstream, the region of the highest coil deformation moves closer to the
contact line at high Weissenberg number, whereas in the continuation at constant polymer viscosity
(Fig. 2]) the region of the most intense stretching is one to two gapwidths downstream of the contact
line. The smallest eigenvalue of conformation close to the contact line is already dangerously small
at Ws = 0.866 (Fig. 21, left), and a very steep layer of stretching is developing at the contact line
(Fig. 21, right); wiggles appear in the distribution of largest eigenvalue at the corner. No physically
acceptable solution, i.e. no solution with a positive definite conformation tensor everywhere in the
flow domain, was found atVs > 1, almost five times lower than the limit found in the flow with no
recirculation.

12. Conclusions

A computational method has been described for computing free surface flows of polymer solutions
with the conformation dyadic, a variable that tracks the local average stretch and orientation of ensembles
of polymer molecules. The method solves the general equations of change of confoifBeipwhich
include most well-known rate-type constitutive equations previously used in theoretical modeling of flows
of polymeric liquids.

The computational method combines previously published methods of computing Newtonian free
surface flowg1-3,12,13,28hnd viscoelastic flows with rate-type constitutive equatidns,18,21]

Modifications are introduced to insure that the interpolated velocity gradient is traceless, to include trac-
tion boundary conditions at free surfaces and open boundaries, and to impose inflow boundary conditions
on the conformation tensor that are independent of the specific choice of constitutive model.

A new way is introduced of writing computational code that is independent of the number and type of
microstructural variables, and of the particular choice of the mechanisms of change of conformation, yet
retains the advantages of a full analytical Jacobian and of first-order arclength continuation in parameter
space.

The suitability of the method and the correctness of the computational code are demonstrated by
comparing computational results with independently obtained solutions of the equations of Newto-
nian and viscoelastic flows. A study of the flow of an Oldroyd-B liquid around a cylinder in a chan-
nel confirms that achieving computational results that are both mesh-independent and computational
parameter-independent is very difficult at high Weissenberg number. A criterion is suggested for monitor-
ing whether the computational results are admissible by checking that the eigenvalues of the conformation
dyadic are positive at each continuation step.

The theory, computational method, and computer code prove to be very general; further work in progress
has shown that the equations of the theory include a description of the behavior of elasto-viscoplastic
materials based on the material’'s current configuration, which is particularly advantageous over the
classical description based on a variable stress-free state in solving steady-state problems with open
inflows and outflow$57].
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The computational method was used to analyze the premetered flow of infinitely dilute solutions of
polymer of varying degree of stiffness under the downstream section of a slot coater was analyzed both
with and without a recirculation under the die wall, as well as the self-metering pressure-driven flow of
dilute and semidilute solutions—represented by the Oldroyd-B model—beneath the downstream section
of a knife coater, where the transition between recirculating and recirculation-free flow was investigated.

The solutions of the governing equations show that if a recirculation is present, the approximate value
of the velocity gradient field is low in the small region between the static contact line and the stagnation
point on the free surface even when the mesh is refined, although a mathematical singularity is presen
at the contact line. Small overshoots and undershoots of the velocity gradient are present, which do not
prevent the solution of the equations of the flow at high Weissenberg nuiMser @).

Once the recirculation is absent, the singularity at the contact line strongly affects locally the velocity
gradient, which in turn affects the value of the molecular conformation dyadic there; the solutions at
moderate Weissenberg numb&Vg ~ 0.15) are unacceptable because one of the eigenvalues of the
conformation dyadic is negative atthe contactline, irrespective of the type of polymer model and regardless
of whether the polymer is affecting the flow or not.

The equation set yields unacceptable solutions near the contact line because the boundary condition
there (no slip on the solid wall, no shear stress on the free surface) are inappropriate; these boundar
conditions hold on a macroscopic scale if the flow is Newtonian. More research is needed on appropriate
boundary conditions at contact lines in the flow of polymeric liquids, possibly including in the theory
the migration of polymer molecules away from regions of highly stretched conformation (or high elastic
stress).

When a recirculation was present under the die, the solution of the equations at high Weissenberg
number lost meaning because the smallest eigenvalue of conformation became negative. None of th
models of polymer dynamics known to the authors sets a non-zero lower bound on the eigenvalues of
conformation. If an eigenvalug; associated with an eigenvectar; vanishes, then all polymer seg-
ments must be oriented perpendiculamip Whether such a perfect alignment can be approached, or
if a non-zero lower bound should exist on the eigenvalues of the conformation dyadic, is simply not
known.

New indicators of molecular extensional rate and molecular shear rate have been introduced. They
are independent of frame of reference and coordinate systems, and they are rooted in the molecula
interpretation of the conformation dyadic as representative of the local average state of stretch and
orientation of the molecules in the flow. These flow-type indicators indicate that the stretching at high
Weissenberg number occurs under the free surface, where the straining is persistent and the molecule
conformation dyadic is aligned with the rate of strain, i.e. the flow is extensional, even though the strain
rate is lower there than at the web. At low Weissenberg number, the molecules stretch little, and do so
near the web in the region of the highest strain rate.

Some models of polymer behavior used here predict a contraction of the conformation tensor in the
spanwise direction in a two-dimensional flow which induce spanwise compressive elastic stresses tha
may effect the stability of the flow. If the molecules are extensible or semiextensible, this contraction
occurs after the molecules stretch in the in-plane direction, and is a consequence of their finite extensi-
bility. If they are rigid, the contraction occurs at lower Weissenberg number because it is caused by flow
rather than molecular relaxation. Because current experimental evidence is incorf@lixéy&9] it will
take further experiments to answer the question of whether or not the molecular conformation tensor
contracts.
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Appendix A. Formulae of the analytical Jacobian

The derivatives of the residual equations with respect to the unknown basis function coefficients are
reported here together with a number of useful recurring formulae.
o Derivatives of the Jacobian of the mappiyigvith respect to position basis functions coefficierfts

af
8xj.‘

= fVpy (A.1)

e Derivatives of the direct mapping deformation gradightvith respect to position basis functions
coefficientsry:
3 Fj dpy
o« = %
ax; 9&;
e Derivatives of the inverse mapping deformation gradiEnivith respect to position basis functions
coefficientsr?:
0Ky

o
8xj

(A.2)

= — K Vigpy (A-3)

e Derivatives of the gradient of a scalar, vector component, or tensor comgbwéhtrespect to position
basis functions coefficienbsj?‘ :
oVig w
Ay = —(V;9) Ve (A.4)
J
¢ Derivatives of component; of a vectora with respect to component; of the vector itself, with$; as
the Kronecker deltaj(component of the idemfactd):
8a,-

dai _ o A5
5a, O (A5)

¢ Derivatives of componem;; of a tensor with respect to componehy of the tensor itself:

3Aij
—— = ik A.6
aAkI ikOjl ( )

e Derivatives of the invariants of a dyadic with respect to the component of the dyadic itself (not neces-
sarily symmetric):
aly

A= A7
aa; =0 (A7)
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BIIA 10 2 2

= Tr A)* — Tr (A%)] = 148 — Aj
A 294y [ar4) @=L =4
alll

A = ApAwi — T Aji + 11485 = A
aAij

wherel, =TrA=1: A, andlll 4, = detA4;
e Derivatives of the stresE with respect to position basis functions coefficierfts
0 Txi
8x;’.‘

= =14 [(V;u) Ve + (Vv Vipd ]

e Derivatives of the stresE with respect to velocity basis functions coefficienfs

0Tk

()[ =
avj

na (8 Viwy + 8y Vil)

e Derivatives of the elastic stresswith respect to conformation:

@_2<as 8§)M:AM' , £—¢

My “\oMy oMy ) I:M " “(I:M)?

A . M M, i

A 0
+2§—;I <Aijli + Mpqa qun +M: A8,|5k|> + 2 ‘ MlpApl

0Api
2¢ (81 Ak + Mip——
+ C(n ki + IpaMJk)

whereA is the derivative of the free energy with respect to conformation,

_ 0Oa
M

da  da dly n da 8|IM+ da dlll y
oMy oIy OMy ~ dlly 0My 91l O My

_ da 4 da 5 da M; +1i da ML
“\ony ol )N By, Mo,

Aj =

Egs. (A.1) and (A.14hold in two- and three-dimensional flows.
A.1l. Derivatives of the elliptic mesh generation equation

A.1.1. Derivatives with respect to position basis functions coefficients

ar’Y 9
: =/ (kaﬂ V¥! DuKii f — Vi DuKiVig® f — V! DyKji 8){“) ds2g
20 J

o
8xj

+ boundary terms

(A.8)

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)
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A.2. Derivatives of the continuity equation

A.2.1. Derivatives with respect to position basis functions coefficients

arer a
T / /24 f —V.v— fV;y;Ves | d§2g (A.16)
ij 20 8 ¢
A.2.2. Derivatives with respect to velocity basis functions coefficients
dre
L= f WY V,0% f dS2 (A.17)
8U;¥ 20

A.3. Derivatives of the momentum transport equation

A.3.1. Derivatives with respect to position basis functions coefficients

ar"” f . y
Errainll B a[l/f p(v- Vv, — V;0) + Vi) T
p

+f{ Wl ov - Vi V,v; — Vol Vg Ti aT"'” d2o
+ boundary terms (A.18)
A.3.2. Derivatives with respect to velocity basis functions coefficients
% — /Qo |:1V,0(‘va v + 8jv - Vo) + Vi) 5 7} f d§20 + boundary terms (A.19)

A.3.3. Derivatives with respect to pressure basis functions coefficients
Brim’y

ap®

= —/ Vv, f df20 + boundary terms (A.20)
$20
A.3.4. Derivatives with respect to interpolated velocity gradient basis functions coefficients

armY
— =f o7 | (= 1) (V¥) 86 + Vi 8iy) + Vﬂﬂ,’,/,—(vzvz Li + Vv — Ly) | fd$2o

+ boundary terms (A.21)

A.3.5. Derivatives with respect to conformation basis functions coefficients

o™ = / FAYLY24 ALl Li+V )+ 9o £d
— L+ Vi g9l
3Mﬁ‘( 2 P ViVm aA/[jk li ; — Li aM]k 0

+ boundary terms (A.22)
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A.4. Derivatives of the velocity gradient interpolation equation

A.4.1. Derivatives with respect to position basis functions coefficients

8RijL’°‘ af 1
= lﬂL a Lij—V,-vj—i-ﬁV-vSij

0x;

y 1
+ f | Vigl Vikv; — 1 VoY Vv, | | dS2o
A.4.2. Derivatives with respect to velocity basis functions coefficients

aR”L’a—/ 0o (—8uVig? + Ve8| £ de
av}: —_— 2 L ]k l(pu -I- I k(pv 1) 0

(A.23)

(A.24)

A.4.3. Derivatives with respect to interpolated velocity gradient basis functions coefficients

L.,a
Ry _ VeSS0l f d$2
v LOoikoj @ 0
8Lkl 20

A.5. Derivatives of the conformation transport equation

A.5.1. Derivatives with respect to position basis functions coefficients

L e
Bx,‘f 20

1
x <v - VMj + Pj + X&j) — [¥uv - Voy VkMu} ds2o

—hv-Ve} Vk<pM>i|

where
D:M D:M
Py = =26 —— - My — | M Dy + Dy My — 2—— - Mij | — My Wiy — Wi M
Sij = godij + g1Mij + g2M; M;
A.5.2. Derivatives with respect to velocity basis functions coefficients

aRi]J'W’y Y o« o Y 1
8—“ = l//M(pv VkMij + h(pv kaM V- VMij + Pij + _Sij fd‘QO
Xk 20 A

(A.25)

(A.26)

(A.27)

(A.28)

(A.29)

A.5.3. Derivatives with respect to interpolated velocity gradient basis functions coefficients

My + Mlk

IR
= wmz[—@—o T

8Lokll 20

1
- E(Mikfsjl — M; S + 8 Myj — SikMIj)j| fd2

§(M|k5j| + M by + Sk M + &t M)

(A.30)
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A.5.4. Derivatives with respect to conformation basis functions coefficients

oR; " 06 ot \D:M
— |yl v Vel sus + ot | -2 - j
Dy DM D: M
—-2¢-10) mMij — ———= %M + m&k(sﬂ

¢
- _kI(Miprj + DipMp;j) — ¢ (8ik Djj + Dikdj)

oM
1/ dgo 9g1 082
5 <_3Mk| 8ij + M Mij + g18idy + M Mip Mpj + 828k My + Midy) ) | ¢ f dS20

(A.31)
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