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a b s t r a c t
Fundamental understanding of the formation and pinch-off of viscoelastic ﬁlaments is important in applications involving production of drops (e.g., ink-jet printing, micro-arraying, and atomization). In addition
to delaying pinch-off, in some cases, viscoelasticity is known to cause the so-called beads-on-string structure, i.e., a number of small droplets interconnected by thin ﬁlaments. In a recent publication [H. Matallah,
M.J. Banaai, K.S. Sujatha, M.F. Webster, J. Non-Newtonian Fluid Mech. 134 (2006) 77–104], it was shown
that the simulation of an elongating ﬁlament modeled by the Phan-Thien/Tanner (PTT) equation with the
Gordon–Schowalter (GS) convected derivative, which allows non-afﬁne motion of polymer molecules in
the continuum, results in the formation of the beads-on-string structure. On the other hand, such bead
formation is not reported in calculations with other viscoelastic models that are also strain-hardening
like the PTT model but do not have the GS convected derivative (see, e.g., [M. Yao, S.H. Spiegelberg, G.H.
McKinley, J. Non-Newtonian Fluid Mech. 89 (2000) 1–43]). This starkly different behavior of the PTT equation with the GS convected derivative is investigated here. During the elongation of the ﬁlament, regions
of shear form inside the ﬁlament due to its initially curved surface. Because of the presence of the GS
convected derivative in the PTT equation – which is known to cause unphysical oscillations in stress in
simple step shear ﬂow – the shear stress within the PTT ﬁlament exhibits temporal oscillations. The onset
of these oscillations coincides with the symmetrical migration of the location of the single maximum in
the axial component of the rate-of-strain tensor from the center of the ﬁlament to two other locations, one
in each half of the ﬁlament. This is followed by a similar movement of the location of the maximum in the
axial elastic stress inside the ﬁlament. These two events eventually lead to the formation of a bead-like
structure. The occurrence of the bead is also shown to depend on the extent of the polymer contribution
to the total viscosity compared to that of the solvent.
© 2008 Elsevier B.V. All rights reserved.

1. Introduction
Formation and breakup of liquid ﬁlaments into drops is important in widely practiced applications such as ink-jet printing [1] and
atomization [2], and in more recent applications such as microarraying of DNA [3] and printing of biological cells [4]. All these
applications involve the thinning and the eventual rupture of liquid
ﬁlaments. Because of the presence of macromolecules such as polymers (as additives in, e.g., inks, or as ﬁnal products, e.g., DNA in DNA
micro-arraying), liquids used in these applications are viscoelastic in nature. Thus, incorporation of viscoelasticity is important in
the analysis and better design of these processes. The presence of
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polymers, even in small amounts, results in the delayed breakup
of ﬁlaments [5], and in some cases, the breakup of ﬁlaments is
preceded by the formation of what is called the beads-on-string
structure, i.e., a structure that has a number of droplets interconnected by small ﬁlaments [6]. These features are not seen in the
breakup of Newtonian ﬁlaments [7].
Thinning of ﬁlaments is also exploited in extensional rheometry. For example, in the ﬁlament stretching extensional rheometer
(FISER), a vertical column of liquid held between two plates or a liquid bridge is stretched by separating the plates [8,9]. The mid-plane
diameter of the thinning ﬁlament is recorded, and this data is then
used to calculate the elongational viscosity of the liquid. Because of
the similarity between the ﬁlament breakup in such experiments to
that in the formation of drops, the stretching bridge is also used as
a model system to study the dynamics of pinch-off [10–13]. A slight
modiﬁcation of this system, which consists of deforming bubbles
inside ﬁlaments, is used to model the behavior of tacky materials
that are subjected to stretching [14,15].
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It has always been of interest to see if the occurrence of beadson-string feature seen in ﬁlament thinning experiments [16] can
be captured using numerical calculations. However, numerical
analyses of elongating ﬁlaments reported in [11,17–19] do not
show formation of such beads. In these papers, strain-hardening
models such as the Giesekus [20], the FENE-P [21], the FENE-CR
[22], and the Phan-Thien/Tanner (PTT) [23] model without the
Gordon–Schowalter (GS) convected derivative [24] have been used.
Exceptions to this observation were published recently by Matallah
et al. [19,25]. These authors have shown the occurrence of beadlike structures in simulations with the PTT equation that has the
GS derivative. This characteristically different behavior of the PTT
model is closely examined in this paper. First, a brief description of
the GS convected derivative and its criticism are given.
Some viscoelastic constitutive models with non-afﬁne motion
of polymer molecules, such as the Johnson–Segalman equation [26]
and the PTT equation, use the GS convected derivative of the elastic
stress tensor , which is
˚ =

∂
+ v · ∇  − (∇ v)T ·  −  · ∇ v + (D ·  +  · D)
∂t

(1)
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where W = [∇ v − (∇ v)T ]/2 is the vorticity tensor,  is the characteristic relaxation time of the polymer, tr M is the trace of M, and 
and  are the parameters of the PTT model. Here, the function in the
PTT model that depends on the trace of the elastic stress (function
Y in Eq. 13 of Phan-Thien [34]) is linear in that quantity (same as in
[19]).
The elastic stress tensor  is obtained from the conformation tensor M as [35]  = 2(M − I) · (∂a/∂M), where a(M) is the
Helmholtz free energy per unit volume and  is a function that represents the resistance of the polymer molecules to rotation. For the
PTT model,  = (1 − ) and a(M) = (G/2) tr M, where G = p / is
the elastic modulus and p is the polymer contribution to the total
viscosity 0 (= s + p ).
As the transport equations are solved simultaneously with the
equations governing the mesh used in the numerical analysis and
the equations that arise due to the type of discretization chosen (see
below), the governing boundary and initial conditions are given in
Section 2.3.
2.2. Numerical method

2. Equations and numerical analysis

The numerical method used here is the same as in Bhat et al.
[11]. Only a brief account of the method is presented here; for more
details, see [11].
Elliptic mapping method of de Santos [36] is used to determine
the location of the mesh points. It involves the solution of the elliptic
differential equation ∇ · (D · ∇ ς) = 0 where ς is the mapping of
the position in the computational domain to that in the physical
domain and the dyadic D controls the spacing of the coordinate
lines. The position in the physical domain, x, is obtained from the
inverse mapping function x = x(ς).
The DEVSS-TG/SUPG ﬁnite element method [29,37,38] is used to
discretize the mapping and transport equations. It involves interpolation of the velocity gradient and the new variable so obtained,
the interpolated velocity gradient, is then introduced into the transport equations by modifying them accordingly. (See [29] for more
details.)
Finally, a fully implicit predictor-corrector scheme with adaptive
stepping is used for time integration [39]. The resulting algebraic
equations are solved using Newton’s method with an analytical
Jacobian matrix. The linear algebra solver is based on the frontal
algorithm of Duff et al. [40].

2.1. Transport equations

2.3. Problem setup

In an incompressible and isothermal system, in the absence of
body forces, the dynamics of ﬁlament pinch-off is governed by the
continuity equation ∇ · v = 0 and the momentum balance equation
(∂v/∂t) + v · ∇ v − ∇ · T = 0, where  is the density of the liquid,
and T is the Cauchy stress tensor. The stress tensor T is split into an
isotropic part, a viscous part, and an elastic part as T = −pI +  + ,
where p is the pressure, I is the identity tensor, and  is the viscous
stress tensor. The viscous stress tensor  is deﬁned by the Newton’s
law of viscosity  = 2s D, where s is the solvent viscosity.
The polymer contribution to the Cauchy stress in a PTT ﬂuid is
modeled by the conformation tensor based constitutive equation
[29], where the microstructural features of polymer solutions is
represented by a single variable, the conformation tensor (for more
details, see [30–33]). The transport equation for the dimensionless
conformation tensor M in an isothermal ﬂow neglecting diffusion
is

Fig. 1 shows a schematic of an axisymmetric liquid bridge being
stretched between moving top and bottom plates with equal radii

where v is velocity, ∇ ≡ ∂/∂x is the usual spatial gradient, ∂/∂t is
the partial time derivative, D = [∇ v + (∇ v)T ]/2 is the rate-of-strain
tensor, and  is an empirical coefﬁcient that is associated with the
“slippage” of polymer strands in the continuum. In the absence of
any slippage,  = 0 and the motion of the polymer molecules is said
to be afﬁne. The motion is non-afﬁne otherwise (i.e., for  =
/ 0).
When  = 0, the above equation reduces to the upper-convected
derivative of . Constitutive equations that have the GS derivative
are known to (1) disobey the Lodge-Meissner relationship [27] and
(2) show unphysical oscillations in step and start-up steady shear
ﬂows [28]. With this background, it is interesting to note that Matallah et al. [19] report formation of bead-like structures in simulations
of stretching PTT ﬁlaments for non-zero values of . Investigation of
this striking feature of the PTT model is the main goal of this paper.
The present paper is organized in the following manner. Section
2 presents the governing equations and the numerical method used.
A detailed discussion of the results is taken up in Section 3, and key
observations of the present analysis are summarized in Section 4.

∂M
= −v · ∇ M + (1 − )(M · D + D · M) + M · W + WT · M
∂t
1
− [1 + (tr M − 3)](M − I)


(2)

Fig. 1. Left: a schematic of a liquid bridge between moving top and bottom plates. L
is the length of the bridge, R is the radius of the plates,  is the density of the liquid,
0 is its viscosity, and is the surface tension. Right: computational ﬂow domain
and its boundaries.
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R. The plates are separated exponentially with a constant stretch
rate ε̇. The resulting Hencky strain is ε = ε̇t.
The boundary conditions on the transport equations and the
mesh equation are as follows.
• Along the top and the bottom plate, ∂ t and ∂ b : No slip and
no penetration, i.e., vz = vz (t), and vr = 0, where vz is the axial (z)
and vr is the radial (r) component of the velocity in a cylindrical
coordinate system (r, z) with its origin located along the axis of
symmetry half way between the two plates. vz (t) = ±ε̇(L0 /2)eε̇t
(positive sign at the top plate; negative, at the bottom plate),
where L0 is the initial length of the ﬁlament. The axial positions
of the mesh points are given the same translation as the plates
and their radial positions are held ﬁxed. This also ensures that
the contact lines at the edges of the two plates are held ﬁxed.
• Along the axis of symmetry, ∂ s : No penetration, i.e., n · v = 0,
and vanishing shear stress, i.e., tn : T = 0, where n is the unit normal, and t is the unit tangent to the boundary. The radial positions
of the mesh points are held ﬁxed (r = 0) and the axial positions
are adjusted such that the coordinate lines are orthogonal to one
another.
• Along the free surface, ∂ f : The force balance across the interface
is applied through the traction boundary condition [41,42], n · T =
−pa n + (2H )n, where pa is the ambient pressure (i.e., in the gas
phase), is the surface tension of the liquid–gas interface, and
H is the mean curvature. The component of the mesh equation
that aligns with the normal to the free surface is subjected to
the kinematic boundary condition n · (v − vs ) = 0 [42], where vs
is the velocity of the nodes at the free surface; the component
that aligns with the tangent to the free surface is subjected to a
boundary condition that is given by a function which makes the
spacing of the nodes uniform.
The initial condition for computations is that of a cylindrical
liquid column at rest with no extra stresses, i.e., v = 0, p = 0, and
 = 0.
The dynamics of stretching viscoelastic ﬁlaments is governed
by the following dimensionless numbers: Reynolds number, Re =
ε̇R2 /0 ; capillary number, Ca = 0 ε̇R/ ; viscosity ratio, ˇ =
s /0 ; Deborah number, De = ε̇; and the initial aspect ratio of the
ﬁlament, 0 = L0 /R. Re represents the ratio of inertial to viscous

Fig. 2. Variation of the mid-ﬁlament radius Rmid /R with Hencky strain ε for different
models. Here, 0 = 0.54, Re = 0, Ca = 18.26, De = 1.89, ˇ = 0.262,  = 0.035 (PTT),
and ˛ = 0.32 (Giesekus).

Fig. 3. Variation of the interface height, h/R, along the length of the ﬁlament, and
the variation of the axial component of the rate-of-strain tensor Dzz normalized
with ε̇ and that of the conformation tensor Mzz along the axis of symmetry (r = 0) at
Hencky strain ε = 3.6. The viscoelastic model is the PTT model and the parameters
are 0 = 0.54, Re = 0, Ca = 18.26, De = 1.89, ˇ = 0.262,  = 0.035, and  = 0.13.

forces, Ca represents the ratio of viscous to surface tension forces,
ˇ gives the solvent contribution to the total viscosity, De represents
the ratio of polymer relaxation time to the characteristic ﬂow time,
and 0 represents the initial slenderness of the ﬁlament (the higher
the 0 , the slender the ﬁlament). In addition to these dimensionless numbers, the PTT model parameters,  and , also affect the
dynamics.
3. Dynamics of PTT ﬁlaments
First, we report results of simulations for a PTT ﬁlament with
parameters whose values are the same as in [19] and at which these
authors observed formation of a bead-like structure on the ﬁlament. The parameters are 0 = 0.54, Re = 0, Ca = 18.26, De = 1.89,

Fig. 4. Variation of the mid-ﬁlament radius Rmid /R with Hencky strain ε at different
0 . Here, Re = 0, Ca = 9.86, De = 1.89, ˇ = 0.262, and  = 0.035. The insets show
ﬁlament proﬁles at different strains.
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ˇ = 0.262,  = 0.035, and  = 0.13. Fig. 2 shows the comparison
of the mid-ﬁlament radius, Rmid /R, obtained from our calculations
with those from [19]. Our results are mesh and time-step converged.
(See Bhat et al. [11] for a detailed study of the mesh and time-step
convergence characteristics of the numerical method used here.)
The data from [19] were obtained by tracing the plot of Rmid /R vs. ε
in Fig. 4 of [19] using the datathief (NIKHEF-K) tracing program.
It can be inferred from the two results that a bead-like structure
has formed at the center of the ﬁlament at higher strains – evident from the fact that Rmid increases with ε at these values of
the strain. Although bead formation is evinced in both calculations,
the results do not match. We see the onset of bead formation at
a strain higher than what is reported in [19], and there are differences in the Rmid values from the two calculations at intermediate
strains as well. These differences between the results are explained
later in this section. It is important to note that bead formation
occurs only for non-zero values of , and it is absent when  = 0.
Fig. 2 also shows Rmid results for the PTT model with  = 0 and
the Giesekus model – another strain-hardening model like the PTT

Fig. 6. Top: variation of the mid-ﬁlament radius Rmid /R with Hencky strain ε at different ˇ. The insets show ﬁlament proﬁles at different strains for ˇ = 0.262 and 0.75.
Bottom: variation of the axial component of the rate-of-strain tensor Dzz normalized
with ε̇ along the free surface at ˇ = 0.75 and different strains. Here, 0 = 0.334,
Re = 0, Ca = 9.86, De = 1.89,  = 0.26, and  = 0.035.

Fig. 5. Variation of the axial component of the rate-of-strain tensor Dzz normalized
with ε̇ (top) and that of the conformation tensor Mzz (bottom) along the free surface
at different strains. Here, 0 = 0.334, Re = 0, Ca = 9.86, De = 1.89, ˇ = 0.262,  =
0.26, and  = 0.035.

model but without the GS convected derivative (see Appendix A) –
for a particular value of the mobility parameter ˛. The ﬁgure makes
it plain that bead formation is not seen in the case of these two
models.
Matallah et al. [19] report the development of asymmetry in the
computed values of the physical variables about the z = 0 plane.
(See, e.g., Fig. 5 of [19].) This is counter-intuitive, because, in the
calculations, both plates are being separated at the same speed and
gravity is absent. In our computations, however, we do not see any
asymmetry developing in the ﬁeld variables about the z = 0 plane.
Fig. 3 shows the variation of the height of the free surface, i.e., the
local value of the bridge radius, h, normalized with the plate radius
R along the length of the ﬁlament at the strain of 3.6. Although a
bead can be seen at the center of the ﬁlament, the ﬁlament proﬁle
is symmetric about z = 0. The ﬁgure also shows the variation of the
axial component of the rate-of-strain tensor, Dzz , and that of the
conformation tensor, Mzz , along the axis of symmetry (r = 0) at the
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strain of ε = 3.6. It can be seen that the proﬁles show two identical
peaks resembling “double humps” but with no asymmetry about
the z = 0 plane. The two maxima, one each in the two halves of
the ﬁlament, have equal values. We do not see asymmetry at other
radial locations as well (not shown).
The results shown earlier make it plain that a bead-like structure
appears only in the presence of the GS convected derivative in the
PTT equation ( =
/ 0). The effect of changing  on bead formation
is studied next. The evolution of the mid-ﬁlament radius Rmid with
strain ε at  = 0.13 and 0.26 for 0 = 0.54 and Ca = 9.86 is shown
in Fig. 4. It can be seen that increasing  to 0.26 still results in the
formation of a bead, but the onset of bead formation occurs early, at
a lower strain, when compared to that in the case of  = 0.13.  is set
as 0.26 and Ca as 9.86 in all the subsequent calculations presented
in this paper.
The development of radial gradients in physical variables inside
the ﬁlament is affected by its initial aspect ratio [43]. Filaments
that are shorter initially give rise to more inhomogeneous proﬁles
with regions of shear inside the ﬁlament. The effect of the initial
aspect ratio, 0 , on the dynamics of bead formation is analyzed
next. Fig. 4 also shows results for initial aspect ratios of 1 and 0.334.
Filaments with smaller initial aspect ratios show earlier onset of
bead formation. With an initial aspect ratio of 0.334, a bead forms
at a strain of about 2.5. In all our subsequent analyses, we set 0 =
0.334.
Fig. 5 shows the variation of the axial component of the rate-ofstrain tensor, Dzz , along the free surface at strains of 1.16, 1.84, 2.02,
and 2.58. The double hump feature appears at a strain of 1.84 and
precedes the onset of bead formation which occurs around a strain
of 2.5 (see Fig. 4). The double hump feature becomes more and more
prominent at higher strains. The ﬁgure also shows the variation of
the axial component of the conformation tensor, Mzz , along the free
surface at different values of strain. A split in the maximum is also
seen in the Mzz proﬁles but at a higher value of strain than that for
Dzz . The double hump feature in the Mzz proﬁle does not develop
until a strain of 2.02, after the split in the maximum in the Dzz
proﬁle has already occurred. Thus, the split in the maximum of Dzz
precedes the split in the maximum of Mzz and the formation of the
bead.
The viscosity ratio, ˇ, determines the coupling of the Cauchy
momentum equation with the transport equation for the conformation tensor. The higher the value of ˇ, the weaker is the coupling. As
Fig. 8. Radial variation of the axial velocity vz normalized with its value at the axis
of symmetry (r = 0) for different strains at z/L = 0.05 (top) and z/L = 0.1 (bottom).
h is the height of the free surface at these axial locations. Here, 0 = 0.334, Re = 0,
Ca = 9.86, De = 1.89, ˇ = 0.262,  = 0.035, and  = 0.26.

Fig. 7. Variation of the mid-ﬁlament radius Rmid /R and that of the transient Trouton
ratio, Tr, with Hencky strain ε at ˇ = 0.262 and 0.39. Here, 0 = 0.334, Re = 0, Ca =
9.86, De = 1.89,  = 0.26, and  = 0.035.

demonstrated earlier, the split in the maximum of Dzz is followed
by the formation of a bead. Because the computation of velocity
(and hence D) is affected by the coupling of the momentum and
the conformation transport equations, the effect of increasing ˇ
on the dynamics of PTT ﬁlaments is studied next. Fig. 6 shows the
evolution of the mid-ﬁlament radius for ˇ = 0.262, 0.39, 0.5, and
0.75. As with the case of varying , varying ˇ results in changing the onset of bead formation. As ˇ increases and the coupling
between the momentum and the conformation transport equation becomes weak, the onset of bead formation is delayed. For
example, while bead formation starts around a strain of 2.5 when
ˇ = 0.262, a bead does not form until after a strain of 3.4 in the case
of ˇ = 0.5. No bead is observed to form for ˇ = 0.75 at all strains
until ε = 4.13, which is the limit of our calculations for this particular case. Fig. 6 also shows the variation of Dzz along the free
surface for ˇ = 0.75 at different strains. Clearly, the double hump
feature seen in the case of ˇ = 0.262 (see Fig. 5) is absent when
ˇ = 0.75.
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The resistance to the thinning of ﬁlaments is quantiﬁed by the
Trouton ratio Tr = (Tzz − Trr )/0 ε̇. In the case of PTT ﬁlaments with
a non-zero , the transient Trouton ratio shows a maximum around
the strain value at which a bulge appears at the center of the ﬁlament. This can be seen in Fig. 7 which shows the variation of Tr
with Hencky strain ε at ˇ = 0.262 and 0.39. Here, Tr is computed
using the Type IB formula of Yao et al. [44]. The maximum in Tr
appears, however, after the split in the maximum of Dzz occurs. For
example, when ˇ = 0.262, the split in the maximum of Dzz occurs
at a strain of 1.84 (see Fig. 5) whereas the maximum in Tr occurs at
ε > 2. This suggests that the maximum in Tr is an effect of, rather
than a cause for, the formation of the bulge at the center which disrupts the extensional ﬂow inside the ﬁlament and thus lowers the
Trouton ratio.
Fig. 8 shows the variation of the axial velocity, vz , across axial
cross-sections at z/L = 0.1 and 0.05 near the mid-ﬁlament region
for strains of 1.16, 1.84, 2.02, and 2.58. Clearly, the axial velocity
varies in the radial direction at these locations (i.e., ∂vz /∂r =
/ 0). In

Fig. 10. Variation of the derivative of the shear stress Trz /G with respect to z/L along
the free surface in one half of the ﬁlament (0 ≤ z/L ≤ 0.5) for ˇ = 0.262 (top) and ˇ =
0.75 (bottom) at different strains. Here, 0 = 0.334, Re = 0, Ca = 9.86, De = 1.89,
 = 0.035, and  = 0.26.

Fig. 9. Variation of the shear stress Trz /G along the free surface in one half of the ﬁlament (0 ≤ z/L ≤ 0.5) for ˇ = 0.262 (top) and ˇ = 0.75 (bottom) at different strains.
The inset in the top ﬁgure shows the variation of the shear stress with strain ε at
z/L = 0.1. Here, 0 = 0.334, Re = 0, Ca = 9.86, De = 1.89,  = 0.035, and  = 0.26.

other words, the ﬂow at these locations has a shear component in
it. In step and transient shear ﬂows, equations with the GS convected derivative are known to exhibit oscillations in stress (for an
illustration, see Appendix B). Fig. 9 shows the variation of the shear
stress Trz /G along the free surface at different strains for ˇ = 0.262
and 0.75. The results are plotted for only one half of the ﬁlament
(0 ≤ z/L ≤ 0.5); the results for the other half are the same in absolute value but have the opposite sign as the shear stress is an odd
function of z/L. Whereas the shear stress when ˇ = 0.75 increases
monotonically with z/L until the end-effects are seen (due to the
curved interface near the rigid plates) at all strains, it oscillates with
strain (time) along the free surface when ˇ = 0.262. (The inset in
the ﬁgure shows details of the ﬂuctuations in Trz /G at z/L = 0.1 and
ˇ = 0.262 for different values of strain.) Thus, increasing ˇ dampens
the oscillations in the shear stress inside the ﬁlament. The resulting negative shear near the mid-ﬁlament at strain values greater
than 2.5 when ˇ = 0.262 drives the ﬂow toward the center of the
ﬁlament. The same phenomenon occurs in the other half of the ﬁlament; as a consequence, a bead starts forming at the center of the
ﬁlament.
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Fig. 10 shows the variation of the derivative of the shear stress
with respect to the axial position, (L/G) ∂Trz /∂z, along the free
surface at different strains. The derivative is calculated from the
data in Fig. 9 using centered differences. At small strains, for ˇ =
0.262, this derived quantity is constant near the center of the ﬁlament and then decreases along the length of the free surface until
end-effects become important. At strains greater than or equal
to 1.84 – the strain at which the split in the maximum of Dzz is
ﬁrst seen (see Fig. 5) – this derived quantity increases ﬁrst with
z/L before the end-effects are seen. Thus, the occurrence of the
split in the maximum of Dzz coincides with the change in the
slope of the (L/G) ∂Trz /∂z vs. z/L curve. When ˇ is increased to
0.75, (L/G) ∂Trz /∂z remains constant in the mid-ﬁlament region
for all values of strain computed. As a consequence, the location
of the maximum in Dzz does not migrate from the center of the
ﬁlament (see the bottom plot in Fig. 6) and no bead forms. It
is to be noted that at the limit of our computations (ε = 4.13),
we do not see when ˇ = 0.75 any indication of bead formation
either: that is, we do not observe the slope of (L/G) ∂Trz /∂z changing in the mid-ﬁlament region or a split in the maximum of
Dzz .
The unusual behavior of the PTT model in step shear could also
explain the difference between the present calculations and that of
Matallah et al. [19] as they use a different numerical method in their
computations. By contrast, when  = 0, the ﬂow inside the ﬁlament
is nearly plug-ﬂow, i.e., ∂vz /∂r = 0 (not shown).

4. Concluding remarks
The breakup of viscoelastic ﬁlaments in ﬁlament stretching
experiments is preceded by the formation of the beads-on-string
morphology in some cases. Computationally, such an event was
not reproduced with strain-hardening models until recently [19].
Bead-like structures on ﬁlaments were reported in calculations
with the PTT model that has the Gordon–Schowalter (GS) convected derivative. This starkly different behavior of the PTT model
with the GS convected derivative has been further examined in this
paper.
The occurrence of a bead is found to be preceded ﬁrst by
the split in the maximum of the axial component of the rate-ofstrain tensor inside the ﬁlament and next by a similar split in
the maximum of the axial elastic stress. Regions of shear form
inside the ﬁlament during initial elongation due to the presence
of a curved interface. This change happens quickly. As a consequence, the shear stress developed shows temporal oscillations,
which is expected of a constitutive equation with the GS convected
derivative [28]. The resulting shear stress in the mid-ﬁlament
region, equal but with opposite signs in the two halves of the
ﬁlament, drives the ﬂow toward the center of the ﬁlament causing the formation of a bead there. Such oscillations in stress are
dampened when ˇ is increased and absent when  is set equal to
zero.
Although we report bead formation in PTT ﬁlaments as has been
done earlier by Matallah et al. [19], we see no asymmetry developing in physical variables about the z = 0 plane as claimed in [19].
This ﬁnding accords with the symmetric conditions imposed on the
problem. Further, the occurrence of the bead is attributed here to
the presence of GS convected derivative in the PTT equation unlike
[19] where it is said to be an effect of strain-hardening. A different numerical scheme is adopted in [19] which gives qualitatively
the same (formation of a bead) but quantitatively different (disagreements in Fig. 2) results from our calculations. This observation
highlights the need for a further investigation into the stability
of the dynamical system that consists of the PTT equation with a
non-zero .
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Appendix A. The Giesekus constitutive equation
The transport equation for the conformation tensor in the
Giesekus model [20] is
∂M
1
= −v · ∇ M + (M · D + D · M) + M · W + WT · M − [(˛ − 1)I

∂t
+ (1 − 2˛)M + ˛M2 ]

(A.1)

where  = 1 and ˛ is a model parameter (called the mobility parameter). The elastic stress  is obtained from the conformation tensor
M as  = G(M − I).
Appendix B. Response of the PTT constitutive equation to
step shear
Equations with the GS convected derivative are known to show
unphysical oscillations in stress when a step change is applied to the
strain rate in transient shear ﬂows [28]. Fig. B.1 shows this behavior
in the case of the PTT equation for  = 0.26. The shear stress, xy /G,
is computed by solving Eq. (2) for transient shear ﬂows. The dimensionless shear rate  ˙ is instantaneously changed from one value to
another. The computations are started with the steady shear value
that corresponds to the strain-rate at time t/ = 0. Fig. B.1 also
shows the stress behavior for the afﬁne case ( = 0). While the stress
oscillates before reaching a steady value when  =
/ 0, it reaches the
same with an overshoot and no oscillations in the afﬁne case (which
is expected of a viscoelastic liquid and hence physical). Note that
the steady shear value for  = 0 is higher than that for  = 0.26.
This is because the PTT model shows increased shear thinning as 
increases.

Fig. B.1. Development of the shear stress xy /G with time t/ when the dimensionless shear rate  ˙ is subjected to step changes in the PTT model with ( = 0.26) and
without ( = 0) the GS convected derivative. Here  = 0.035.
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