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Chapter 1

Two-Level-Atom and Semiclassical

Theory

In quantum optics, we are often interested in the dynamics of atoms coupled to an electromagnetic field
(laser). Simple models are required to describe many of the most important features of this dynamics. In
these models, the field may be described either classically or fully quantum mechanically, while the atomic
system is adequately described by a small number of essential states (together with a free-electron continuum

in problems involving ionization). This simplest atomic model is of course the two-level-atom.

1.1 Two-Level-Atom

The level structures of a real atom look anything but two-level. So how can a two-level-atom (TLA) be a
good approximation? The reason lies in two factors: 1) Resonance excitation and 2) Selection rules.

The absorption cross section of an atom absorbing an off-resonant photon is generally of the order of
1A%, But when the frequency of the photon matches with the transition frequency from the initial state to
some final state, the cross section can be enhanced by many orders of magnitude. This is why the intensities
of the lasers used in labs are much less than that required to produce an electric field with one atomic unit
(8.3 x 101°W /cm?).

Under the resonance condition, many levels lying far away from the resonance can be simply ignored.
In addition, the dipole section rules dictates only certain magnetic sublevels are excited. In most cases, the
field therefore only causes transitions between a small number of discrete states, in the simplest of which

only two states are involved.

1.2 Semiclassical Theory

In the semiclassical theory of atom-photon interaction, the atom is quantized (it has quantized level struc-

tures), while the light field is treated classically. The classical treatment of field is valid when the field



contains many photons, hence the quantum mechanical commutation relations are no longer important.

Of course, certain aspects of atom-photon interaction cannot be studied with the semiclassical theory,
e.g., the spontaneous emission of an atom.

By treating the field classically, we neglect the quantum correlations of the atomic operators and the

field.



Chapter 2

Optical Bloch Equations

2.1 operator physics for a two-level atom

The states for a two-level atom: |g) and |e). They are assumed to have opposite parity (hence dipole transition

is allowed) and orthogonal to each other. From these one can construct four independent operators:

9l lg)lel, le)(gl, le)el,
which form a complete basis. Any arbitrary operator, O, can then be expanded onto this basis as
O = 04649+ OgeGge + Ocgbeg + Ocebee
where 7,5 = |i)(j|, and O;; = (i|O|j). In particular, the dipole operator d = ef can be expressed as

d=dg0gc +degbeq

where we have used the property that states |¢g) and |e) have opposite parity such that (g|¢|g) = (e|F|e) = 0.

2.2 Feynman-Bloch Equations

Assume d., = dge = d, the total Hamiltonian under the dipole approximation is:
H = lwybee —d-E = hwybee — d - E(Gge + Gey)

Using
ihO = [0, H],
the equations of motion in Heisenberg picture for o;; = (6;;) are (note that the equations of motion for

operators ¢;; are linear, their respective expectation values o;; obey exactly the same equations.)

thogg = —d-E(oge —0eg) (2.1)
ihtee = d-E(0ge —0cy) (2.2)
thoeg = —hwoOeg —d-E(0ce —0gg) (2.3)
thoge = hwooge +d-E(oee —0gg) (2.4)



From these 4 quantities, we can difine

So = 0gg+ 0ee, probability (2.5)
S1 = 0ge+0ey, dipole moment (2.6)
Sy = i(0ge — 0eg), dipole current (2.7)
S3 = 0ece —0gg, population inversion (2.8)
The equations of motion are
So = 0 (2.9)
S = —wpSs (2.10)
Sy = weSi+ 2d E53 (2.11)
g, — -24-Eg (2.12)
h
Define the Feynman-Bloch vector
S =[S1, S2, Ss]
the last three equations of motion can be combined to give
S=Qp xS (2.13)

where the vector
2d-E

Qopt = [_Tv 07 wO]

For typical parameters, wy > [2d - E/A|, so Qqpy ~ wo3 (designate by 1, 2 and 3 the fixed unit vectors of
the three-dimensional coordinate system). Hence, from Eq. (2.13), the “main motion” of S is then simply
constant precession about axis-3.

Now, for a monochromatic light field,
E(r,t) = Eo (e ™" + c.c.) = Eg coswt

we can decompose gyt as

Qopt = QB Lo L =)

where
Q® = w3 (2.14)
QF) = _R(coswtl+sinwt?) (2.15)

where R = 2d - Ey/# is the so-called Rabi frequency.
We can see that Q(F) rotate in the 1-2 plane in opposite directions. Q(+) rotates in phase (co-rotating)
with the main motion of S, while Q(~) (counter-rotating) rotates in the opposite direction from the main

motion. We expect S to see a very rapidly alternating effect from Q(~) and a persistent effect from Q).



2.3 rotating wave approximation and RWA equations

Taking the hint from the discussion above, let us define a rotating coordinate with rotating axis 3:

e(t) = coswtl+sinwt2 (2.16)
ex(t) = —sinwtl+ coswt? (2.17)
es = 3 (2.18)

Key advantage of rotating frame: automatically separates time scales, allowing more detailed examination
of slow but significant changes.
Now we want to derive the new equation of motion, i.e., the counterpart of Eq. (2.13) in the rotating

frame. First, we decompose S in the new frame as

S=ue;(t) +ves(t) + wes

where
U coswt sinwt 0 S1
v = —sinwt coswt 0 So
w 0 0 1 Ss
Second, we want to decompose (. Using
Q® = wyes (2.19)
Q) = _Re, (2.20)
Q) = _—R(cos2uwte; — sin 2wt ey) (2.21)

As one can see, Q(7) represents terms rotating at frequency 2w. These fast rotating terms average quickly
to zero. This is the reason that we can neglect these double-frequency terms. This is called the Rotating
Wave Approximation (RWA).

Now we seem to be ready to convert Eq. (2.13) into the rotating frame. But before doing so, we should
remind ourselves about the Coriolis effect from classical mechanics: the rate of change of a vector V in a
rotating frame is the rate of change of V in the original fixed frame minus a Coriolis term, which is given
by wa x V, where a is the unit vector in the direction of the axis of rotation and w is the rate of rotation.
Therefore,

(S) - (S) ~WixS=0RWA g (2.22)
rot fixed
where

QRWA = —Re1 - Aeg

with A = w — wy being the laser detuning from atomic transition frequency.

The equations for the components of S in the rotating frame under RWA can be easily extracted:

u 0 A 0 u
v |=] -A 0 R v (2.23)
w 0 —R 0 w



It is also instructive to note that the expectation value of the dipole operator
3 1 . 1 . —iwt
(d) = dgeoge +cc. = idQE(Sl —1iS9) +c.c. = idgE(u —iv)e +c.c.

Hence (u — #v) can be interpreted as the dimensionless part of the dipole moment in the rotating frame.
Furthermore,

W4l +uwr=1

2.4 RWA: an alternative formulation
Consider a two-level atom interacting with a classical laser light whose electric field is written as
E(r, 1) = Eo(r) (e*i[md’(r)] + c.c.) (2.24)
The Hamiltonian that describes the interaction reads
H=Hs+ Har

where the atomic bare Hamiltonian

HA = hwoa'ee
and the atom-field interaction Hamiltonian

Hap = —d-E = SO (Guy + 54e) + 5 (1) (G50 + G1g)

where Q(r) = —2d - Eg(r)e~*¢(") /1i is the Rabi frequency.
Using
ihO = [0, H],

the equations of motion in Heisenberg picture for .y = (0g4e)* and oee =1 — 044 (045 = (635)) are

Q* . 9 )
i0eg = —WoOeq+ %ez‘“t(aee —0g49) + %e‘z”t(aee — 049) (2.25)
Q ) O* )
Z.O.—ee = %efzwt(aeg B Uge) + 2(1‘) ezwt(aeg o Uge) (226)

Define the slowly varying variables (equivalent to changing into a rotating frame)
659 = (596)T = e—iwta_eg’ &ee = Oce, &gg = Ogg

The OBEs become

. Q* Q X
10cg = Abeg+ #(066 —0gg) + %efﬁm(aee — 0gg) (2.27)
Q ) QO* )
ié’ee _ gr) (&eg _ e—z?wta_ge) + Q(r) (ez2wt6_eg _ 5'ge) (228)

Now under RWA, we drop those double-frequency terms and obtain

i&eg = A&eg + #(Uee - Ugg) (229)
iGee = Qgr) Gog — ;r) Ge (2.30)



Equivalently, we can start from the RWA interaction Hamiltonian
HRVVA _ a E= hQ —iwt A hQ* iwt A
arp” = —d-BE=g (r)e Teg T+ 5 (r)e™6e
Instead of oe. and oy, it is sometimes convenient to use the population inversion defined as
W = Oee — Ogg

and it satisfies

W= 20ce = Q(r)Feg — Q¥ (r)0ge

The OBE’s can be solved analytically if Q(r) = Q is a constant. But the general solution is quite
complicated. For the special initial condition that all the populations are in the ground state, i.e., w(0) = —1
and G¢4(0) = G4.(0) = 0, the solution for the population inversion is

A2+ |Q]? cos Ot
w(t) = AT+ |9 cos
02
where Q = \/A2 4 [Q2 is the generalized Rabi frequency. The oscillation amplitude is given by 2|Q[?/Q2.

The effect of increasing |A] is to increase the oscillation frequency, and to decrease the oscillation amplitude.

2.5 relaxation

Relaxation arises from the collection of weak and effectively random perturbations that practically every
atomic oscillator is subject to. These perturbations are conventionally attributed to interaction with the
“environment” or “reservoir”, which means any very large physical system coupled to a single atom in a
weak way over a very wide frequency band. The effect of the atom on each reservoir mode is infinitesimal,
insignificant for the reservoir, but with cumulative phase memory over the modes and in this way the atom
produces a finite back reaction on itself that has a damping effect on its diagonal (population) and off-
diagonal (coherence) atomic dynamics. For example, spontaneous emission of an excited atom arises from
the interaction between the atom with the vacuum EM modes. I think a full account of relaxation is out
of scope for this course. So let us just take it phenomenologically: adding by hand the decay rates of the

excited state population o, and coherence o.4, 04c as:

. r O
iGeg = —isey+ Doy + #(oee — 04) (2.31)
Q0 Q*
i6o. = —ilou + ;r) Geg — 2(1«) Gye (2.32)

I take here the decay rate of coherence half that of population. This is the lower limit for the former.

With the addition of relaxation, the above equations allow steady state solutions. In the steady state,

we have
. Q*(r) 1
eg,s = N 2.33
Tegost 2A —i'1+ s ( )
oot = 1t (2.34)

514—3



where
_200())
O 4A2 412

S

is the saturation parameter.

Finally, with relaxation, the equation of motion for Feynman-Bloch vector in the rotating frame becomes:

i = Av—u/Ty (2.35)
v = —Au+ Rw—v/T; (2.36)
W = —Ro—(1+w)/Ty (2.37)

with 1/T, =T /2 and 1/T} = T. Without the light field (i.e., R = 0), we have
(14+w) = (1+w)e ¥/ (2.38)
(u—iv), = (u—iv)edt /T (2.39)

With relaxation, the length of the vector u? + v? + w? is no longer a constant. Without the light field, it

eventually decreases to zero.



Chapter 3

Light Pressure Force and Doppler

cooling on two-level atom

3.1 Expressions for the force for a two-level atom at rest
Consider a two-level atom interacting with a classical laser light whose electric field is written as
E(r,t) = Eo(r) (e_i[‘”t‘”"p(r” + c.c.) (3.1)
The Hamiltonian that describes the interaction reads
H=Hxs+ Har

where the atomic bare Hamiltonian
)
_p

H
4 2m

+ hewole) (el

and the atom-field interaction Hamiltonian under the rotating wave approximation

. h ) h ;
Hap = —d-E = J0(0) ! |e) (g] + 59" (1)e"“"|g) el

where Q(r) = —2d - Eg(r)e ") /h = Q(r)e~"*®) (4 = —2d - Eo/h is real) is the Rabi frequency.

The force acting on the atomic center of mass is

F(r) = <Cf£> = —g {le){gle ™) V [Q(r)] + c.c.

where we have used

and
[f(r), p] = ihV f(r)

Now (Je){gle™™") = (G.4). Generally, the characteristic time scale for the atomic internal dynamics is of

the order of I'"!, which is much faster than the corresponding time scale for the center-of-mass dynamics.
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If this is the case, the internal state of the atoms can be assumed to be in a quasi-steady state relative to
that of the center of mass. So we can replace (G.4) by its steady state value

~ Q) 1
Tegst T 9N i1+ s

So the force acting on the atom becomes

h
F(r) = —§5eg’stVQ(r) +c.c
Using
vmmv@mwlwggm<jzvo
Q
we have
F(I‘) = Fdissipative(r) + Freactive (I‘) (32)
Al s
Fdissipative(r> = —ijqﬁ(r) (33)
hA s ~
Frcac ive = T =, vQ 3.4
() = g Va0 (3.4

where s(r) = 20%(r)/(4A2 4 T?).

Example 1: travelling wave with wave vector k = kk
E(r, t) = EO (67iwt+ik.r + C.C.)

therefore,
Q(r) = const, ¢(r)=—k-r
Using Egs. (5.11) and (5.12), we have,

hREL s -

Fdissipative(r) = ka7 Freactive(r) =0

Example 2: standing wave
E(r,t) = Egcos(k - 1) (e ™" +c.c.)
therefore,
Q(r) = —(2d - Eg/h) cos(k - ), (r) =0
Using Eqgs. (5.11) and (5.12), we have,

_ hkA sin(2k-r) i
1+ s(r) 4A2 +T2

Fdissipative (I‘) = 07 Freactive (I‘)

3.2 Nature of the force

In general, an arbitrary light field consists of a multiple of plane wave components.
Dissipative force, F gissipative 15 also called radiation pressure force or spontaneous force. It arises from the
momentum kick received from the photon absorbed out of one plane wave component interacting with the

dissipative component of the dipole moment induced by the light. Its direction is determined by the phase
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gradient of the light, and the strength increases with light intensity but will saturate. For a travelling wave,
as the intensity tends to infinity, Fissipative reaches its maximum value AkI'/2.

Reactive force, Freactive is also called the dipole force or stimulated force. It arises from the momentum
kick received from the photon absorbed out of one plane wave component interacting with the reactive
component of the dipole moment induced by the light. Reactive interaction is a stimulated effect, involving
absorbing one photon from one plane wave component then stimulated emission into another component.
Obviously, reactive effects requires more than one plane wave components. From Eq. (5.12), one can see
that Fleactive can be written as the gradient of a “optical dipole potential”

hA hA 202(r)
Uopt = 711’1(]."‘8) = 711’1 <1+4A2—FFQ>

and Freactive = —VUopt. Ugpt can therefore regarded as the interaction potential between the light and the
induce atomic dipole moment. Note that Fyeactive is sensitive to the sign of A. For red detuning (A < 0), the
induced dipole moment and the light field are in-phase, and the minima of U,p; coincide with the maxima
of light intensity, the atom is thus “strong field seeking”; for blue detuning (A > 0), the atom is “weak field
seeking”.

For far off resonance light, |A| > T, Q,

hQ2 (r)

Uopt ~
The spontaneous emission rate, given by oe. I' = sI'/2, in the mean time, is proportional to QQ/AQ. So it
is always possible to increase both the laser intensity and detuning such that the spontaneous emission is

minimized while the dipole potential depth is kept fixed.

3.3 Doppler Cooling

For simplicity, we confine our discussion in 1D.
Consider two counter-propagating travelling light fields with wave vector +k and Rabi frequency €.
Neglect the interference between them (e.g., they have orthogonal polarizations). We will also assume low
intensity, i.e., @ < A, T'. An two-level atom at rest will feel no force since the radiation pressure force from
the two beams cancel each other. Now consider the atom has a small velocity, v. What will happen then?
We can calculate the forces each light field exerted onto the atom. Due to the doppler effect, the effective
detuning of the beam co-propagating with the atom will become A; = A — kv, while that of the beam
counter-propagating with the atom will be Ay = A + kv. Other than that, the force still has the same
expression as Fyissipative il Example 1. So we have
hkT 02/2
2 A?4+T2/4+402)2
hkT 02/2
2 AZ4T2/4402)2

F, = (3.5)

F, = (3.6)
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The total force is then F' = F} + F5. For small velocity such that kv < A, we can expand the force as power
series of v. Keep only the linear term, we have:

hkPTQ2A
INEROOES

(3.7)

Therefore, we have a damping or cooling force for red detuning A < 0.

From Eq. (3.7), we know the cooling rate (when A < 0) is given by
(dE/dt)coo) = Fv

However, at each moment, the atom can absorb a photon from either beam with equal probability (neglecting
the small Doppler effect). For the low intensity limit we are considering here, each absorption event is
independent from each other. Following each absorption, there is a spontaneous emission which is also
random in nature. If we neglect spontaneous emission pattern, and assume that the ith emitted photon has
momentum k; which can take values k or —k with equal probability, then the momentum change for the

atom after an N absorption-emission cycle is

N
Ap = (Ny = Np)hk =Y _ hk;
=1
or
N
(Ap)® = (N? + N3 — 2N1No)B2k? — 2(Ny — No)BPk Y ki + WPKPN + 0% kik;
i=1 i#j

where N7 and N3 are number of photons absorbed from beam 1 and 2 respectively. Now NN 2 obey Poisson

statistics since the absorption events are independent:
(N1) = (N2) = N/2, (N1N2) = (Ni){No) = N?/4, (N7) = (N1)® + (N1) = N?/4+ N/2 = (N3)
For the spontaneously emitted photon, we have
<Z ki) =0
i
Therefore, the total kinetic energy change due to the random nature of light absorption and emission is
(ABE)neas = ((Ap)*)/(2m) = 2NK*k? /(2m)
So the corresponding heating rate is
(dE/dt)near = (B?k*/m)dN/dt

Here dN/dt is the absorption rate and is give by T'oee o =~ I's/2 = TQ?/(4A2 +T2). So the heating rate
(under the small velocity, low intensity limit) is

R2E2C Q2

(dE/dt)heat = 4m AQ + F2/4

In the steady state, cooling and heating reaches an equilibrium. so (dE/dt)coo1 + (dE/dt)heat = 0, or

BEPTO2A  ,  R2RT QP

aerreae Y T am Argrea
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or

hA?+T?/4
kBT = va = 7Z+T/

The minimum temperature is obtained when A = —I'/2,
kBTDoppler = hr/4

This temperature is called the Doppler limit. A more sophisticated calculation including higher dimension-
ality and spontaneous emission pattern shows that the Doppler limit is a factor of 2 higher than the above

expression, i.e. kgTpoppler = PI'/2.



14

Chapter 4

Density Matrix

4.1 A state vector is not enough

A quantum state can be described by a state vector. However, in many situations, we don’t have a full
knowledge about the state of the system. Such situations arise, for example, when the system is coupled to
a reservoir and we can no longer keep track of all the degrees of freedom.

Let us try to gain some insight from the following example. Given a particle with a state described by

state vector |1). The probability density to find the particle at x is

P(x) = [(z|v)|* = (aly) (¥|z) = (alplz)

where we have introduced the hermitian operator

p= 1)

This operator is called the density operator since we can use it to calculate probability densities.

Suppose the state |1)) is expanded onto a complete basis {|m)} as

) =3 elm)

then the density operator reads:

p= cmenlm)(nl = ppnlm)(n|
m,n m,n

The complex-valued numbers pp,, = ¢nc}, form a matrix consisting of products made out of the expansion
coefficients ¢,,. The matrix formed by p,, is called the density matrix.
Now suppose we don’t have good knowledge about the state. We only know that the system has proba-

bility P, = |em|? to be in state |m), but no information on phase is gained. In other words, we have
cm =V Pnm eid)m

where ¢,, is a random phase. Then we need to average over these phases in order to calculate any expectation

values. The density matrix element p,,, averaged over the phase becomes

Pmn = CmCZ — \/Pmpnei(¢m*¢n — Pm(smn
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and the density operator becomes

p=">_ Pulm)(m|
m

In conclusion, we have two kinds of averages: The first one results from quantum mechanics and the fact
that a quantum state can only provide a statistical description. The second average is a classical one. It
reflects the fact that we don not have complete information about the system (in the example above, we
don’t know the phases of the probability amplitudes): We do not know in which quantum state the system
is.

4.2 Definition and properties

For a set of states [¢,,) (m =0,1,2,...), the density operator is defined as
p= mewm)(qu‘

where P, is the classical probability with which state |¢,,) appears. Note that in the definition, the states
|tr) don’t have to form an orthonormal set, but the density operator is most conveniently defined if they

do. So we’ll take such an assumption. Under this condition, we have
<7/Jm|ﬁ|wm> =Py
Since P, are probabilities, they have to add up to unity, hence
Trp = Z<¢m|ﬁ|¢m> = me =1
m m
Let us take this opportunity to say a few words about the trace of operator.

e The definition of the trace of the operator O reads
TeO = (Y Olthm)
where [¢,,,) is a complete set of states. Hence
1= [¢m)(ml
m

Therefore,

O = 101 = Z ‘me><wm|é|"/}n><¢n| = Z Omn|wm><wn|
with Oy, = <¢m|OA|1/)n>. And the trace of O is indeed the sum over the diagonal elements O,,,,.

e Trace is independent of representation To show this, let us consider a different complete set of
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orthonormal states |¢,) and 1 =" |¢,)(¢n|. Then

TO = 3 (Yml101gm) = D (mldn)(énlOldr)(d11$m)

m m,n,l

= D (o <Z|wm><wm|> 60 (3|0|61)

n,l

= Y u(¢alOln)

n,l

= 3(6al0l6n)

n

o Tr[AB] = Tr[BA]

e Expectation value is the Trace The trace operation allows us to calculate expectation values of

operators. First, the expectation value of operator O is defined as

<O> = Z PM<¢m‘O|¢m>

It can be easily shown that

(0) = (0]
Using the above property, we have the following properties for density operator:

e (p) < 1since (p) =Tr[pp| =>_, P2 <> P, = 1. The equal sign occurs if and only if there is one
single state |¢);) contributing to the sum, i.e., P, = 0j;,. In this case, the quantum system is described

by a single state, and is therefore a pure state. Otherwise, the state is call a mixed state.
e The matrix elements of the density matrix in any basis {|i,)} is given by
Prm = (Unlpltm) = prn
and are constrained by the inequality
PrmPmn < PrnPmm (4.1)
where the equal sign holds for pure state.
The proof of the inequality goes as follows: Define two states as
[61) = P2 [n), 16) = 5V tom)
then we have

<¢1|¢2> = Pnm, <¢1‘¢1> = Pnn, <¢2|¢2> = Pmm

and the inequality (4.1) follows from the Cauchy-Schwarz inequality

(1] ¢2)]? < (D1]¢1) (2] b2)
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To show that the equal sign holds in (4.1) for a pure state, we realize that the operator p/? can be written

as
PAl/Q = Z Vn|An) (An|

where {|)\,)} is a set of basis states where the density matrix is diagonal, i.e., p = >, on|An)(An|. For a
pure state, one and only one of the o,’s will be equal to 1 and all the other will be zero. Let’s say o,, = 0,1,
then we have

[91) = Malvn) A1), [d2) = (Aaltpm)| A1)
i.e., |¢1) and |¢2) correspond to the same state with a c-number constant factor. Thus, the equal sign holds

for the Cauchy-Schwarz inequality, hence also for (4.1).

4.3 Time evolution of the density operator

The density matrix operator, introduced as a device to represent our knowledge of the initial state of the
quantum system under study, is frequently employed for time-dependent purposes. How can a bookkeeping
statement about the system at ¢ = 0 acquire dynamic properties? The answer is, by switching from the

Heisenberg picture to the Schrédinger picture. To see this, consider the expectation value of O:
(O(t)) = Tr[pO] = Tx[pU ~(£,0)0(0)U (¢, 0)] = Tr[U(£,0)pU " (t,0)0(0)] = Tr[(t)O(0)]
where
pt) = U(t,0)pU(t,0)
and U(t,0) is the time evolution operator which satisfies

0
ihgU(t,0) = HU(t,0)

Note that j(t) and p are not related in the same way as any Heisenberg operators O(t) and O(0) are related,
since

Ot) = U™ (t,0)0(0)U(t,0)

The consequence of this difference is that 5(t) obeys an equation of motion:
ihp(t) = [H, f]

which is sometimes called the quantum Liouville equation.

4.4 Application to two-level atom

The Hilbert space is spanned by states |g) and |e). So the density operator can be represented by a 2 x 2
matrix whose elements are given by p;; = (i|plj) (¢,j = g,e). Let us find the relationship between p;; and
6,5 we encountered earlier. To do so, let us check that
71 (t) = (63;(t)) = Tr[p(t)d3;(0)] = Tr[p(®)|) (i) = D (Kla@)|i)(ilk) = (Gla0)|i) = pji(t)
k=g,e

The optical Bloch equations can be also written in terms of p;;.
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Chapter 5

Sisyphus cooling

5.1 OBEs for Arbitrary J, < J. dipole transition

A dipole allowed transition requires J; — J. = 0, £1. The ground state has N, = 2J, + 1 magnetic
sublevels with my = —J,, —Jy + 1,..., J4, similarly, the excited manifold has N, = 2J, 4 1 sublevels with

me = —Je, —Je + 1, ..., J.. Define projection operators

Jg
Py = Z | Jg, mg)(Jg, my]
mg=—Jg
Je
Pe = Z |Jeame><Je7me|
Mme=—4J¢

which satisfy:
1=PFP,+P., PPj= P

The density operator can be decomposed as
P = Pgg + Pge + Peg + Pee

Note that p;; is an operator itself, not a density matrix element.

An arbitrary light field is given by
E(r,t) = E®P)(r)e ! 4+ E()(r)e?

with E(H) = [E(7)]*. We can further decompose E(*) into a spherical basis of olarization vectors
£ = F

g = JR—

REERRVG

corresponding, respectively, to the o+ and m polarizations, such that E(t) = Zqul,().l E4é,.

BEig), & =2

The atomic dipole operator is given by D = Dd = DA™ + DA where D is the reduced dipole matrix
and is assumed to be real, the dimensionless operators
d® = p.dp, (5.1)

d-) = P,dP, (5.2)
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The Wigner-Echart theorem applied to the dipole operator gives
<Jeme|éq 'a(+)“]gmg> = <Jeme|ngmgq>

where the right hand side is nothing but the Clebsch-Gordon coefficient.

The interaction Hamiltonian under the RWA is
Hap =-D-E=-Dd®) . EMe @t 4 p e (5.3)

Now we can derive the equations of motion as before:

ip;eg = (_A - ZF/2)ﬁeg — QH)ng + peeQ(+) (54)
ige = (A —il/2)pge + pggQT) = QFp,, (5.5)
Z‘p.ee - *Z‘Fpee + ﬁegQ(i) - Q(+),598 (56)
ipgg = i(pgg)sr) + ﬁgeQ(+) - Q(7)[7eg (5.7)

where we have defined as before the slowly varying operators

~ _ iwt ~ _ —iwt
Peg = Peg€ s  Pge = Pge €

and

Q) =pd® . ED/p, ) =pd) - EC) /R

and

(hadoo =T > (&34 pec (2,-dH)) (5.8)

g=-1,0,1

represents the effect of spontaneous emission on the ground manifold.

5.2 Force under the low intensity low velocity limit

Under the low velocity limit, the atomic center-of-mass motion follows its internal dynamics. So to calculate
the light pressure force, we can first calculate the steady state solutions of OBEs.

Under the low intensity limit, we can adiabatically eliminate the excited state population p.. and the
ground-excited coherence p., and pg.. This is because in such a limit, the characteristic times for the
evolution of the ground state become much longer than those of the excited state. Hence pgyq is a slow
variable compared to pee, feg and pge. After a short transient regime, last for a time on the order of 1/T,

Pee “slaves” the other variables by imposing its slow rate of variation, so that one can write

|pee] < Tpee, ‘59&96' < F'ﬁge»96| (5.9)

It is then possible to put the left hand side of Egs. (5.5), (5.4) and (5.6) into zero in comparison with the
damping terms at the right hand side. Remark: For a moving atom with velocity v, one must not forget
that the time derivative p;; are actually total time derivatives d/dt = 0/0t + v - V, so that one must also
consider the order of magnitude of the term v - Vp;; =~ kvp;;. For the ultracold system we are interested in,

the velocity is very small such that kv < T', so that condition (10.14) is satisfied.



20

After this procedure, Egs. (5.5) and (5.4) yield

B pggQ(_) _ Q(+)pgg

— _ 1
Poe =N —irj20 P9 T TAYIT)2 (5.10)

where we have neglected the contribution of pe. which is small.

Now let us obtain the expression for the force

F = —(VHap)
D Z (cZEJr))VEZH) e ™+ ce.

i=x,y,z

and

(dF) = Tr[Pod; Pyp) = Trldipye]

Therefore,
F = Z Tr[cziﬁge]VEi(Jr) +c.c
1=x,y,z
Using (5.10), we have

F= Tridipg, Q2 VET

S A—il)2

Now let us take a look at the trace
Tr[dipggﬂ(i)} = TT[Q(i)dipgg] = Tr[Q(i)(Pe + Pg)dinPgPAPg] = TT[Q(i)dAz(‘-Hpgg] = <Q(7)d5+)>

where we have used (X) = Tr[Xpy,]. Hence

A R R
op———o{COL /o (OIS
A—z’I‘/2< \Y ) +c.c

Decompose the force into the dissipative part and the reactive part, we have
ihl'/2
Fdissipative = T A2 2
A2 4+T2/4
hA
Freactive = —m

[@(—)VQ(H) — (VOO (5.11)

<V(Q<—>Q<+>)> (5.12)

5.3 Equation of motion of the ground state density matrix

From Egs. (5.6) and (5.10), we have

1
Pee = A2 T2/4

So we have
A e SR pyas) o (wﬁ(—)) A(+) A(—)(A .A(+))
Pgg = [AHF/QQ Q% pgg + hec. +A2+F2/4q:§:01 g -d ) QP p Q) (4, -d

iA r/2

_ - A _
A2+F2/4[Q e ’pgg} AZT2/4

+ﬁf"/4 3 (g; .a<—)) O+, ) (éq . a<+>)
q

(Q(—)Q(+)pgg n pggQ(—)Q(H)

=-1,0,1
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Then we have
A Q A A Q ~
() = 20 (ap) . 4 (=) = 250 (ax(p). =)
Q 2(E(r)d ), Q 2<s(r)d )
with Qo(r) = DEy(r)/k. Further define the Hermitian, semi-positive and dimensionless operator
Alr) = (é*(r) : a<—>) (é(r) .a<+>)

Then the equation for p,, can be written as

o = A, pgg] — L AE)ogy + g A(F)]
+I'(r 2. d)) (e(r) - d)) pgg (67(x) -d ) (&, - A (5.13)
5 (50 (04 s (- (-0)
where
B, )/
A=A ey U0 =Tx oy

Let us take a closer look at the three terms at the right hand side of Eq. (5.13).
The first term can be written as (—i/h)[Heg, pgq], with the effective Hamiltonian Heg = RA'(r)A(r).
Denote |gq(r)) and Ay (r) to be the eigenstates and corresponding eigenvalues of A(r). Since A(r) is Hermitian

and semi-positive, then we have

A(r)|ga(r)) = Aa(r)|ga(r)),  Aa(r) =0

Each eigenstate |g,(r)) gets a well-defined energy shift §E, = hA’)\, which is called the light shift or AC
Stark Shift. §F, is proportional to 2, hence the light intensity. All the 6E, have the same sign, which
is the sign of laser detuning A. The light shift can be considered as the polarization energy of the induced
atomic dipole moment in the driving laser field.

The second term of (5.13) represents a loss term for the ground state atom and describes how the atomic
ground state is emptied by the absorption process. The contribution of this term to the rate of variation of

the population in eigenstate |g,) of A can be easily calculated as

—T" Ao <ng>

Note that A, > 0, so the above term indeed represents a loss. When A, = 0, then the corresponding state
is a trap state of dark state.

The atoms which have left the ground state by photon absorption fall back in the ground state by
spontaneous emission. Such an effect is described by the last term of (5.13). Now let us show that the
trace of the second term cancels exactly that of the third term, a fact means that there are as many atoms
leaving the ground state per unit time as atoms falling back in it, i.e., the population of the ground state is

conserved. The proof goes like this:
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Let’s find out the trace of the third term (neglecting the factor I').

T l > (5-a9) (2w -aD) pyy () - (& .am)]

q=-1,0,1

= 33 il (2 - A )|Zme el (&(r) <+>)|Zm mloaal 3 )
(m] (&) A0 ) 132 ) (i (- 490 ) )

=§D;ZZWW61WWM(&ﬂmazgmwmmﬁw>
<wwwwwmﬂﬂm> .

= 2000 S mel (20) A ) g gl | (2() - A ) )

Me m m” g
where we have used the orthomormality condition for C-G coefficient: The quantity in the square bracket of

the second to last equality gives d,,, m/. And finally we can easily identify the last equality is just opposite
of the trace of the second term in (5.13).

5.4 application to a 1/2 < 3/2 transition

The ground manifold has two sublevels with m, = —1/2 and 1/2. Take the light field to be the so-called 1D

Lin!Lin configuration:

1 _ .
E(Jr)(Z) _ 5EO (iezkz _ Z-yefzk‘z)

Decompose it into the spherical basis, we have E(*)(z) = %8 £(2) where & = v2E; and
E(z) =é_1coskz —iéyysinkz
Then the matrix for (é*(r) . (Al(*)> and (é(r) . El(+)) are given by

(A*( ) a(_)) cos kz 0 —i\/gsink‘z 0
E*(r) - =
0 \/gcos kz 0 —isinkz

coskz 0

. . - 0 \ﬁcos kz
(6(1‘) . d(ﬂ) B z'\/gsin kz 3 0

0 isinkz

Therefore, A(z) = (é*(r) ~€1<—>) (é(r) -&(+)) takes a diagonal form

cos? kz + Lsin® kz 0 1— 2sinkz 0
A(z) = 3 _ :

0 % cos? kz + sin® kz 0 1-— % cos? kz
This means that the bare atomic ground state mg = £1/2 are the eigenstates of Heg, with lights shifts given
by

E_y1)5(2) = f% + Uy sin® kz, Eijs(z) = f% + Up cos? kz (5.14)
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with Uy = —%hA’.
From Eq. (5.11) we immediately see that Fyissipative = 0. Now let us calculate Freactive. From Eq. (5.12)
we have

Freactive = —(VHegt) = —11_1oVE_y /5 — 115V E) 2
where I14, /5 is the population for ground state sublevel m, = £1/2, and it’s easy to see that
Freactive(2) = F(2) = kUp sin(2kz) M(2) 2
where
M(2) =y 2(2) — 1 /2(2)

is the steady state population difference between the two ground state sublevels, which is z-dependent.

Now we need to obtain I ;.

5.5 Optical pumping rates

Using Eq. (5.13), we can easily obtain the equations of motion for ground state populations. The first term
of (5.13) gives rise to an energy shift and hence does not contribute to the population dynamics. Also, due
to the lack of m-polarized light, population only couples to populations, not to ground state coherence. After

some algebra, we may obtain

1LLI/2 = T4l g+ Il (5.15)

My = T (I yp—T Ty =—I4, (5.16)
where the pumping rates are given by
2 ) 2 / 2
;= §I‘ sin“kz, I'yj,_ = §F cos” kz (5.17)

According to Egs. (5.14) and (5.17), the maxima pumping rate out of state my = —1/2) (I'__,;) coincides
with those of the light shift for the state (E_; /), provided that A <0, i.e., Uy > 0. And the same is true
for state |mgy = 1/2).

5.6 sisyphus cooling mechanism

Consider an atom moving with velocity v along z-axis in the bi-potential £ /5. Suppose initially the kinetic
energy of the atom is larger than U so that the atom is not trapped in one of the potential wells. Also
assume that

I'< kv

so that, on the one hand, the atom travels over several wavelengths before being optically pumped from
one sublevel to the other; on the other hand, the atom travels over a distance very small compared to

the wavelength during the duration 1/T" of a fluorescence cycle, hence each optical-pumping cycle can be
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considered as occurring instantaneously in a given spatial point. kv < I is also required for the adiabatic
elimination of fast variables.

Suppose that initially the atom is in the sublevel |my = —1/2). As long as it remains in this sublevel, its
total energy is conserved. We neglect for the moment the recoil due to the absorbed and re-emitted photons
in the fluorescence cycles. Because of the spatial dependence of the optical pumping rate, the transfer by
optical pumping from [mg = —1/2) to |my = 1/2) will occur preferentially near the maxima of E_; /5, and
the atom will jump suddenly from a point near the top of one hill of E_;,5 to a point near the bottom of
one valley of Fy/5. The corresponding change of its potential energy U will, therefore, be negative and on
the order of Uy. If we neglect photon recoil, then the total energy of atom will decrease by dU.

From there, the same sequence can be repeated. On the average, the atom is running up the hills more
than down (hence the name “Sisyphus”) and its total energy decreases by a series of discontinuous steps
until its kinetic energy becomes on the order of or smaller than Uy. So the cooling limit of this mechanism
(for |A] >T) is )

h?
kT ~ Uy ~ W
It seems from above that one can cool down the atom indefinitely by decreasing Uy. However, the above

discussion neglects photon recoil. When Uy becomes a few Er = h%k?/(2m), the Sisyphus effect is no longer

sufficient to overcome the heating due to the recoil. So Sisyphus cooling is “recoil-limited”.
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Chapter 6

Subrecoil Cooling

6.1 Single-photon recoil limit

All cooling mechanisms described so far (Doppler and Sisyphus) are based on a friction force which damps
the atomic velocity. Spontaneous emission processes play a basic role for dissipating the energy removed
from the external degrees of freedom of the atom. Therefore, it is impossible to avoid the random recoil due

to spontaneously emitted photons and the corresponding single-photon recoil energy

The temperature Tg is called the recoil limit and appears as a fundamental limit for any cooling process

using spontaneous emission. The corresponding velocity
VR — hk/m

and frequency wr = Er/h are the recoil velocity and recoil frequency, respectively.

In order to get temperatures lower than Tk, we must somehow stop the spontaneous emission precesses
for those atoms we want to cool down. For this purpose, we just need to select those cold atoms and put
them into the ground state and somehow persuade them not to absorb photon anymore. How can we achieve

this?

6.2 Velocity-Selective Coherent Population Trapping

So here is our goal: We want to construct a “trap” in velocity space with width dv. Because of the momentum
transferred to the atom by absorbed photon and the momentum carried away by the fluorescence photon,
there a random change of atomic momentum after each fluorescence cycle. We want an atom with v > v
to undergo such a cycle and end up with v < dv. Once this is done, the atom falls into the trap and stops
interacting with light. The cooling mechanism radically differs from the other ones since it is not based on

a friction force but on a combination of momentum diffusion and VSCPT.
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To anticipate the ultra-low velocity this can achieve, we don’t want to use the semi-classical treatment
used earlier where we treat the atom as a point particle which valid when the atomic de Broglie wavelength
< laser wavelength. But for atomic velocities lower than the recoil velocity, this assumption is no longer

valid. Hence, a fully quantum treatment of all degrees of freedom is required.

6.3 VSCPT for a1 < 1 transition

We consider a J; =1 < J. = 1 atomic dipole transition with a o+ — o~ laser field configuration (we again

restrict our discussion in 1D z-direction and the two laser fields have equal detuning A):
E(r,t) = EM(2) e @t 4 E()(2) !

and

1 . .
E(+)(Z) — 5EIO (é+1elkz + é_lelecz)

Such a field decouples the atomic system into two uncoupled sub-systems: a V-type composed of |e_1), |e41)
and |go) and a A-type composed of |g_1), |g+1) and |eg). Due to zero C-G coefficient between transition eqg
and gg, spontaneous emission will optically pump the population out of V-system into A. Therefore, we can
neglect the V altogether and the atomic system reduces to a A-type three-level transition.

In the rotating frame, the interaction Hamiltonian under RWA can then be written as

hQ . .
Hap = ——— (e*%|eg) (g_1| + e e + h.c.
AF 2\/5( leo) (g1l leo){(g1])
with Q = —DEy/h. Since e*?*# are translation operators in momentum space, we have
hQ)

H _1, = ———|eg,p+ hk

AF|g-1,D) 2\/5\ 0, P )

hQ)

Harlg+1,p) = ——=leo,p — hk)

2v2
where we have labelled the atomic states by its internal state and the momentum. This suggests to introduce

the states
1
=—(lg_1,p — hk) + ,p+ hk
lvne(p) \@(Ig 1D ) t19+1,p )

which are not coupled to the laser light since

Harhbre(®) = "5 (~leo,p) +leo,p)) = 0

In other words, the two absorption amplitudes starting respectively from states |g_1, p—hk) and |g+1, p+hk),
and ending both in the same final state |eg, p), interfere destructively.

The state

e (p) = % (—lg1.p — HE) + |g,p + HE))

is orthogonal to |¢)x¢) and coupled to |eq, p):

hQ
Hur|ve(p)) = 7\607@
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Therefore the three states

F(p) = {leo,p), |9—1,p — hk), |g+1,p + hk)} = {leo, p), [c(p)), [¥nc(p))}

form a closed family when spontaneous emission is ignored. This fact does not change when the bare
Hamiltonian considered below is taken into account.

Now we need to consider the bare atomic Hamiltonian

2
Hy= ;im — hAleo) (el
Using
2
Halg+1,p £ hk) = (pj;ihk)mihp + hk)
m
we have
2 hk
Halose@) = (&-+ En) Woxe() + 1w ()
2 hk
Halwe®)) = (2 + Br) [oc) + "2 inc(p)

Such a result shows that H 4 shifts the two states |¢c(p)) and |[thnc(p)) by the same amount p?/(2m) + Er

and introduces a motional coupling between these two states

(o ) Ealtne(p) = 2

Therefore, the non-coupling state |¢¥nc(p)) is not truly “dark” unless p = 0.

6.4 Effect of spontaneous emission

When spontaneous emission is ignored, an atomic state which initially belongs to F(p), cannot leave F(p).
Spontaneous emission gives a width I to the excited state. To account for this effect, we can add an imaginary
part —ihl'/2 to the energy of |eg,p). The effective Hamiltonian matrix, written in the rotating frame and

under the basis of |eg, p), [¥c(p)) and |¥nc(p)), reads

“A—iT/2 Q2 0
Heg =h Q/2 0  kp/m
0 kp/m 0

where A = w — wg + wgr. As a result of coupling, the three basis states are not the eigenstates of Heg.
However, under the limit of low light intensity (Q < /A2 +T2/4) and low velocity (specified later), these
three states are still approzimately eigenstates of Heg.

Consider first the case p = 0. In this case |¢)nc(p = 0)) is completely isolated from the other two states

which are described by Hamiltonian matrix

~A—iT/2 Q)2
Q/2 0

h
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Under the low light intensity limit, a second order perturbation calculation gives that the energy of |c(p =

0)) is

(h2/2)? ‘
Eo=——1% _ _ p(Aq—ilc/2
T WA +ir/2) (Ao —iTc/2)
with
s 02 s 02
€= 3 ANZ L2 O T 90 T 4AT T2

which means that under the effect of laser light, the state |[¢)c(p = 0)) is light shifted by iA¢ and gets a
finite width I'c.

Now suppose p is nonzero but sufficiently small, such that

Klpl/m < \/AZ +T2%/4

then we can treat the motional coupling between |1c(p)) and |[¢nc(p)) as a small perturbation. The results

obtained above for |¢c(p)) are still valid, but the state |¥nc(p)) has an energy under the second order

calculation:
Ekp/m)? .
Enc = % = (Anc — iT'ne/2)
—Lic
with
4k2p2 4k2p2
Anc 202 A, TI'nc 3 b

Therefore, the departure rate I'yc out of the dark state is very small when p is small, and vanishes for p = 0.
An atom put in the dark state at ¢ = 0 can remain there for a time on the order of 1/I'nc(p). Conversely,
for a given interaction time ©, we can find a range of dp of values of p around p = 0 such that, if |p| < dp, an
atom in dark state [¥)nc(p)) will have a high probability to remain trapped in that state during the whole

interaction time ©. The corresponding value of dp is given by the condition I'yg(dp)© < 1 or

P= S5vT Vo

which can be as small as we want.

6.5 spontaneous transfers between different families

After a spontaneous emission process, the atom can move into a new family. This diffusion in momentum
space is essential for transferring atoms into the trapping states with |p| < dp.

Let us again stick to the 1D situation. A spontaneous emission process give the atom a momentum kick
hk along a random direction. Its projection along the z-axis, u = hk,, takes a value anywhere between
—hk and hk. Assume just before the spontaneous emission, the atom is in state |eg, p) which belongs to the
family F(p). Just after the spontaneous emission, the atom is in a linear superposition of |gt1,p + u) and
lg—1,p + u) (i.e., an entangled state with photon polarization). If we do not care about the polarization of
the emitted photon, we can trace over that degree of freedom. This yields the atom to be in a statistical
mixture of |g11,p + u) and |g_1,p + u), which belongs to the families F(p — ik + «) and F(p + hk + u),
respectively. Since —hk < u < Rk, the spontaneous process can transfer atoms between families F(p) and

F(p') with p — 2hk < p’ < p+ 2hk.
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Chapter 7

Second Quantization

7.1 Fock state and Fock space

Second quantization is just a clever way of bookkeeping. Single particle quantum formalism is powerful
in study of a single particle. But often times, we need to deal with a system consisted of a macroscopic
number of particles. To write explicitly the wave function for such a many-body system, is as impossible as
to determine the momentary position and velocity of each particle in its classical counterpart. In classical
statistical mechanics, the problem is avoided by introducing distribution functions, giving probabilities of,
e.g., finding a particle with velocity v at point ri, and another with velocity vy at point ry, and so on. The
distribution functions give information on how many particles occupy each unit of phase space.

There is of course a whole hierarchy of them, including one-, two-, ... N-particle distribution functions,
and together they contain exactly the same amount of information as the record of velocities and positions
of all particles in the system. The enormous advantage is that we usually need only the few first functions
of this hierarchy.

In quantum statistics, we have to operate with the wave function of the N-body system as a whole,
D(&1,8&, ..., EN), with & denoting the parameter(s) characterizing the ith particle. In quantum mechanics,
identical particles cannot be distinguished in principle. This indistinguishability requires that if we exchange

two particles, the wave function can only acquire an overall phase factor:

(b(ghé?u "'7§i7 5]7 7§N) = eiX®(£17£27 "'7€ja gla 7§N)

After making the second permutation of the same pair of particles, we have

(I)(£17§2a "'a§i7 é-]a ,€N) = eiQX(I)(é.l’gQa "'7£i7 €j7 7£N)

so that X =1 or e = +1, and we are left with two choices:

+®(&1,&2, ..., ..&, ..., En) Bose — Einstein statistics

(&1, 82, & &gy s EN) = R - (7.1)
—®(&1,62,..,&,...&, ..., &n)  Fermi — Dirac statistics
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The N-particle wave function can be expanded over a complete set of functions, which are provided by

the eigenfunctions of some one-particle Hamiltonian H;:

D(£1,82, - EN) = Y Cpyparopw Gp1 (€) 8 (62) -+ b ()
{pi}

where H1¢;(§) = €,¢,(€), p; labels the one-particle state and the summation is performed over all possible
permutations. For homogeneous systems, we often choose for ¢;(§) plane waves.
The condition of (7.1) means that we can use only properly symmetrized products of one-particle func-

tions. For bosons, we have

| l.o..
DN (61, €)= N1, Vo = || SRS 60 (606 (€2) By (6)

{p:}
Here the non-negative integer number N; shows how many times the ¢th one-particle eigenfunction ¢; enters
the product and is called the occupation number of state ¢;. The occupation number are subject to the

condition
IR

For fermions, we use Slater’s determinants

¢P1 (51) ¢P1 (52) e ¢P1 (SN)

@?1’N2""(§17€2,...,€N):\N1,N2,...>p:\/% Bpy (1) Dpa(2) o Dp(EN)

¢10N (gl) ¢pN (62) o d)pN (&V)

The properties of determinants guarantee the necessary antisymmetry of the wave function. Indeed, a
transmutation of two particles in this case corresponds to transmutation of two rows in the determinant,
which by definition changes its sign. Then, if two rows are equivalent (e.g., p; = p;), the determinant equals
zero. Physically this means that two fermions cannot occupy the same quantum state (Pauli Principle).
The states |Ni, Na,...)p r have definite numbers in each single particle state and are called the Fock
states. The Hilbert space spanned by the Fock states is called Fock space, and it is in Fock space that
second-quantized operators act. The state vectors here are defined by the corresponding set of occupation
numbers, and the second-quantized operators change these numbers. Thus, any operator can be represented

by some combination of basic creation and annihilation operators, which act as follows:
Cj|...,Nj > 0.8 |...,Nj—1,...>
Al Ny, ) o [ Nj+ 1,00

Evidently, any Fock state can be obtained by the repeated action of creation operators on the vacuum state
|0) =10,0,0,...):
AN N
[Ny, Na,...) o <01> (62) .-+ |0)

and the vacuum state is annihilated by any annihilation operator

Cj|0> =0
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We have to keep in mind that while in the representation of second quantization we explicitly deal with
occupation numbers only, our calculations make sense only as long as we can point out the correct one-particle

basis functions.

7.2 bosons

Let us first focus on the bosons.

7.2.1 one-particle operators

Consider a one-particle operator

O = Z 01(5)
j
, where 01(¢;) is an operator acting on a one-particle state ¢(§;) and the summation is over all N particles.
[Example: kinetic energy operator K = — 3 (h*V73)/(2m)]

Let us take a matrix element of O; between two N-particle boson states, (Pg/|O1|®p). Since O; is a
one-particle operator, after its action, there two possibilities: 1) It does not change the state of particle it
acted on. Then the only non-zero elements are diagonal ones with |®p) = |®p/). 2) It transfers the particle
from its initial state |i) = ¢;(£) to some final state |f) = ¢¢(§). Then the non-zero elements are off-diagonal
ones between the states |®p) = |... Ny, ) and |Ppr) = [...,N; —1,..., Ny +1,...).

Let us now calculate the matrix elements. First we notice that since the system consists of NV identical

particles, we have

(@p/|01|®p) = (Pp| 201(§j)|‘1’3> = N(®p|o1(£1)|®PB)

that is, we can just pick an arbitrary particle (say particle 1), calculate its matrix element and times N.

For the diagonal matrix, we have

(®plo1(&1)|®B) = <N1‘N2 >// /dfld&

D o (€0, (€2) -+ by (En) 01(61) By (€0)Pps (€2) - -+ B (€N)
{pi}.Api}

and p}, = p;. Suppose now particle 1 occupy state |k) (k will be summed over at the end), we can take the

diagonal matrix element of 01(&;1) as

(kloa k) = / 4y 1(€0)01 (61)du(€1)

The other integrals over the remain N — 1 particles (which are equal to one due to orthonormality) can be

symmetrically rearranged in (N — 1)!/[N1!Nao!- - (N — 1)!-- -] ways. Therefore

k

Therefore

(@]01|®p) =D Ni(kloi|k)
p



32

For the off-diagonal matrix, there will be one extra ¢}(£) on the left side and one extra ¢;({) on the

right side of 01, we have

Ni—l)!---(Nf+1)!--~>1/2 (Nll-uNi!-uNf!---)l/Q

(@prlor(1)|®5) = (N”'”( N1 NI

[ ] da dader S0 ai@o )05 (€3) 01(6) 0 €0)6m(E) -+ Gy ()
{pi}.Ap;}

These unmatched functions must be integrated with the operator to yield

(Flosli) = / dy 85(61)0n (E2)64(61)

while the rest can be rearranged in (N — 1)!/[N1!Ny!--- (N; — 1)!--- Ny!- -] Putting all these together, we

have
(@p|O1|@p) = N(®plo1(61)PB)
Nyleoo (N; = D)1 (N + 1)1\ M2
_ sz( ! i ! )

Nyl Nyl Nplo o\ 2 (N —1)! _
x<1 s ) T (Floals)

N N;— 1)l Nyl

!
= 3 N+ (Sl
if

Now we are in a position to employ the creation/annihilation operators introduced earlier which we will

denote as a' and a here. We define them with the following:
aj|...,Nj,...> = \/Nj|...,Nj,...>
oo Njy ) = N+ 1Ny, L)

Since a;aj IN;) = Nj|N;), Nj = a;aj is called the number operator for particle j. The creation/annihilation

a

operators thus defined obey the boson commutation relations
T Tt —
[aj, a;] = 0k, [aj’ak] = laj,ar] =0
Returning to the one-particle operator O1 = > 01, we see that it can be expressed as

O1 =Y (floli) ala; (7.2)
i f

Intuitively, this expression looks evident: a particle is being “scattered” from state i to f (note that ¢ and f

can be the same).

7.2.2 Dboson field operators

Equation (7.2) suggests that we rewrite it as

0, = / de B (€) o1 B(€)
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where

36 = e ar, (€)= ¢i(¢)a]
k k

are the so-called field operators. The operator a,t creates a particle with a wave function ¢ (¢’), the field

operator &T(f) therefore creates a particle with wave function
Y i©en(€) =066~ ¢)
k

where we have used the completeness of the basis of one-particle states. That is, the field operator creates

(or annihilates) a particle at a given point. The operator
p(&) = 61(©)9(6) = D lon(©)Pafar = lon(©)P N
k k

evidently gives the density of particles at point £, and therefore is called the density operator.

The commutation relations for field operators follow those for creation/annihilation operators:

[B(&,1), 81(€, 0] = (6 =€), 8, 1), 86, 0)] = [67(&,1), 67 (¢, )] = 0

Note that time dependence of the field operators arise through the operators af, a (Heisenberg picture), or
through the basis functions ¢y (€) (Schrédinger picture), or both (interaction picture). What is important is
that definite commutation relations exist only between field operators taken at the same moment of time.
The definition of the field operators is reminiscent of the expansion of an arbitrary single-particle wave
function under some basis states ¥(§) = >, ¢r(§)ck. That is why the method is called second quan-
tization: It looks as if we quantize the quantum wave function one more time, transforming it into an

operator!

7.2.3 two-particle operators

Consider now a two-particle operator

1
O = b 202(51‘»@')
i#]
(Example: scalar two-body collision interaction potential) The non-zero matrix elements occurs between two

N-body states that differ at most in two single-particle states. So the non-zero elements are:
o Niyoo]Os...; Ny, .., (affecting no particle)

o Ny =1, Ny +1,...|O2]...; N;, ..., Ng, ...), (affecting only one particle)

(

(

( yNi =2, Ny +2,..|Oa]..; N, ooy Ny, )

( uNi=2, s Np+1,.,Ny+1,..| O]y Niy ooy Nj, oo Ny, )
( uNi=1,.;Nf = 1,....,Ny 4 2|Os]...; Niy .., Np, .., Ny, ..
(

Ny =1, N; =1, . Ny +1,.., Ny + 1|Os]...; Niy ooy Ny ooy Ny ooy Ny, o)

Let us consider the last one as an example. Follow a similar procedure as in one-particle operator case, first

we notice that
(O2) = %Z<02(§¢7fj)> = W@A&a&»

i#]
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then
<,Nl - 1, ...,Nj - 1, ,Nf + 1, ...,Ng + 1|02|...,Ni,...,Nj, ...,Nf, ...,Ng,...>
(N =)l (NG = D)L (N 4+ 1)L (N 4 1)1 - (1/2)
N N!
y C NGl NG Nl N (1/2) (N —2)! -
NI S(N; =) (N; =)l NfL N
_ VNN (N + DNy +1)
N(N —1) 2
where

02 = (fglozlij) + (gflozlif) + (fgloalji) + (g floz2|57)

We have in the above written explicitly all terms following from symmetrization and

(fgloalij) = /dfl /d§2 ¢ (61)95(82) 02(€1,€2) 9i(§2)9;(61)

Finally we have

_ VNN (N + DV, +1)

<...,Nifl,...,Nj71,...,Nf+1,...,Ng+1|02|...,Ni7...,Nj,...,Nf,...,Ng7...> 9 09
It is quite obvious that the operator must be of the form
Oy = Z Crnpq aF al apa, (7.3)
m,n,p,q
Using
(o N; =1, Nj =1, ., Np + 1,..., Ny + 1al al apag|..., Ny, ooy Nj, ooy Ny ooy Ny, .0
= \/NiNj(Nf + 1)(Ng + 1)(5mf5n95pi5qj + 5mg5nf5pi5qj + Jmf‘sngapjaqi + 6mg5nf5pj5qi)
we have

1
Cmnpq = §<mn|02|pQ>

One can check that this is also the case for the rest of the matrix elements as well. Therefore, we have

Or=3 3 (ralonba) chalapey = 5 [ e [ ded€)d ) o &) b))
In general, an n—I;;r‘;icle operator can be written as
0, = % S 0nir i)
NFJeFFln
— i [ [ e [ 6,818 (€286 n(€r, o) 96 - lEIE)

Notice the ordering of the field operators in the integral.
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From previous discussion, we know that no more than 1 fermion can occupy the same one-particle state.

Therefore, in state

1
PN (6 6o, EN) = [N1, Noy o) = o

N;’s can only take values of 0 and 1. For any one-particle state k, CLCL\CI)>F = cxc|P)p =0, ie.,

¢P1 (61)
¢P2 (61)

¢PN (51)

(cf) = (e =0

Let us try first to find out the matrix elements for creation and annihilation operators. Evidently,

)=

Let us calculate C§|N1, N3, ...,N;_1,05, Nj41...) (naively, one would think the obvious answer is [Ny, Na, ...,

C}‘Nl,NQ, ...,Nj,h 1j,Nj+1, .

but ...):

i (Y ()Y i
Cj|N1,N2,...,Nj_l,Oj,Nj+1,...> = Cj |:<Cl) (62) (ijl

= |1 Nl,NQ,... j— 1,Nj+1,..

= (~1)Z NN N,

¢P1 (52)
¢P2 (52)

¢PN (52)

0

)

)

+
j+1

Njfl, 1j7Nj+17

)Nj“...] 10)

)

¢P1 (gN)
¢P2 (gN)

¢PN (gN)

Nj—1,15, Njq1

The factor of (—1)23’.;11 Ni arises because we want to put the particle at j into the right order. So we have

the following matrix elements:
(051¢;115) = (151cfj0;) =
Where, for brevity, |N]> = |N1,N2, ...,Nj,l,N N 415 - >

o AT
Nj—cjcj

as one can check that

(—1==

Obviously, the number operator is still defined as

1

Nj|N;) = NjIN;)

N;

Another important operator for fermions is the transmission operator or the particle-hole operator c}ci

(assume i < f). The only nonzero matrix element is given by

<1f>0i|c}ci|1ia0f> = <1f’O"C}‘Oi’0f><0f70i|ci|1ivof>
= (C)EENN R

= (-1

where Q;f = ZS 41 Ns is the number of occupied state between i and f. On the other hand, for the

operator cic}, we have

<1f,0i|cic}|1i,0f>

(15, 0ilesl 1, 1) (L, Lileh[ 15, 0p)
= (=X N (L])T S NamNitl

_ (_1)Qif+1
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These results give us the Fermi anticommutation relations:
{Ci,C;r-} =dij, {ci ¢} = {CI,cj} =0

Despite the different commutation relations obeyed by boson and fermion operators, the operators in
the second quantization representation have exactly same form. In particular, the one- and two-particle

operators are given by:

Or = > (floili)che;
i, f
1 Pt
0Oy, = 3 Z (mnloz|pg)c!, el epeq
m,n,p,q

Remember that the order of the creation/annihilation operators in above expressions are important. Written

in terms of fermion field operators, we again have
1
On = E Z On(fjlagjzv 75]7,)
J1#J2FFin

= o [da [ [ae BN (€) 0 (60) 00(€r o 0) D06 -+ BlERDE)

where the field operators have a similar definition as in bosonic case, but they obey the equal-time anticom-

mutation relations:

(D& 1), 1 )Y =86 - &), {DE 1), 0.0} = i E 1. 07,0} =0

7.4 Example: expectation value of a two-body operator

Let us calculate the expectation value of a two-body interaction operator U = (1/2)3_,,; u(&;,§;) with a
many-body state with definite number of particles |®) = | Ny, Na,...).

First we realize that

U= % Z (mnlu|pg)al al aya,
m,n,p,q

for both bosons and fermions. So we need to evaluate the expectation value of af al a,a,. Since the single-
particle states we work with are orthogonal, the expectation value of this operator vanishes unless the two
orbitals in which particles are annihilated are identical with those in which they are created. Let us discuss
the bosonic and fermionic case separately.

Bosons In this case, we have two possibilities:

Case 1: p = q. Then we must have m =n = p = ¢. And its contribution to (U) is
1
3 > (mm|u|mm) Ny, (Np, — 1)

Case 2: p # q. There are two more situations. 1) m = ¢ and n = p. We have

1
3 Z (mn|u|nm) Ny, Ny,
m#n
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This is called the direct or Hartree term. 2) m = p and n = q. We have
1
3 Z (mn|u|mn) Ny, Ny,
m#n
This is called the exchange or Fock term.
If the interaction has a contact potential, i.e., u(§;,&;) x 6(&§ — &;), then the direct term has the same

value as the exchange term since (mn|ulnm) = (mn|u|mn). So for this case

U) = = S mmlulmm) N (N — 1)+ 3 (mnfulnm) N N,
2

m m#n
Fermions Obviously, for fermions, p # ¢q. The direct term gives
1
3 Z (mn|u|nm) Ny, Ny,
m#n
But the requirement of anticommutation requires the exchange term has a minus sign:
1
—3 Z (mn|ulmn) N, Ny,
m#n

For contact interaction, these two terms cancel each other.
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7.5 summary

e You can find discussions on Second Quantization in many books on quantum field theory. My notes
follow closely with the discussion on the book Quantum Theory of Many-Body Systems, by A. Z.
Zagoskin. You may also refer to the following books: Quantum Theory of Many-Particle Systems by
Fetter and Walecka; Quantum Many-Particle Systems by Negele and Orland; Many-Particle Physics
by G. D. Mahan.

e Quantum N-body wavefunction is symmetrized (boson) or anti-symmetrized (fermion).

e Fock states | Ny, No,...) and the associated creation/annihilation operators (a,i, ay) only make sense
when you can identify the corresponding single-particle states ¢ (§), which you specify at the beginning.
E.g., N; is the occupation number at single-particle state k with wavefunction ¢ (&), al creates a

particle in state k. The Fock state | Ny, N, ...) can be created from the vacuum state as (notice the

[N1, Na,...) =4/ W (‘ﬁ)Nl (ag)NQ -++0)

e Single-particle operator O; = > 01(§;), and two-particle operator O, = (1/2) > iz 02(&is &) can be

ordering)

expressed using the creation/annihilation operators as

N .\ 1
0, = Z<f\01|i>a}ai, Oy = 3 Z (mnloz|pg)al,al apaq
i, f m,n,p,q
e Field operator ¢?T(§) = . Pk (f)aL creates a particle at a given point £, in other words, it creates a

particle with wavefunction §(¢§ — &’). In terms of the field operators, an n-particle operator can be

expressed as

1
0, = 1 Y ottt
J1#J2FFJn

— o [ [ [ 6 81€)8 (€286 0n(€r.ar &) 916) -+ lEIE)

Notice the ordering of the field operators in the integral. The ordering doesn’t make any difference for

bosons, but they are important for fermions.

e The field operators are time dependent through the time-dependence of the creation/annihilation
operators aL (t), ax(t) (Heisenberg picture) or the time-dependence of the single-particle wavefunctions
(&, t) (Schrodigner picture). Definite commutation relations exist only between field operators taken

at the same moment of time:

[B(€,1), (€', 1)) = 8(¢ =€), [B(&,1), 96 8)] = [$7(€,1), (€', 1)] = 0
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Chapter 8

BEC: mean-field theory

8.1 Hamiltonian

The Hamiltonian of a Bose-Einstein condensate is given by
1
H = H0+ §ZU(I‘1',I‘j)
i#]
where

Ho =3 B’; + V(ri)]

3

is the single-particle Hamiltonian and U(r;, r;) represents the two-body interaction potential. We can write

the above Hamiltonian in the second quantized form using the boson field operator U as:
H= /dr Ut (r { +V(r } /dr/dr Ut ()T (e )U (0, v )T (') (x) (8.1)

We assume a contact two-body interaction such that

4drh2a

U(riarj):gé(ri_rj)a g = m

so that the Hamiltonian becomes
H= /dr Ff(r [ +V(r )} ¥(r) +g/dr U () TF (2) T (x)U(r) (8.2)
Since the average number of particles is conserved, then the number operator

N = /dr\iﬁ(r)i’ r

is a constant of motion. For generalization of variational method of finding the ground state we need to

minimize not the Hamiltonian (14.1), but the quantity
K = H-yu (/dr\iﬁ(r)@(r) —N>
A A2 A A A A A
/dr () {2 V@) — ] (r) + g/dr B ()bt () B (r) () (8.3)

where the Lagrange multiplier u is also called the chemical potential of the condensate. In the second line

of K, we have dropped the constant u/N. K is also called the grand canonical Hamiltonian.
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8.2 Hartree mean-field approximation

In the fully condensed state, all bosons occupy the same single-particle state ¢(r), i.e., the many-body wave
function is given by

W(ry, T, .. ty) = Y (1)

In the Hartree mean-field approximation, the single particle wave function ¢r is identified as the expectation

value of the boson field operator
(U(r)) = VNo¢(r)
the factor of v/N is included so that ¢(r) is normalized to unity. The mean-field energy functional (divided

by total number N) is obtained from Eq. (9.1) by replacing field operators with c-number wave function

B@)/N = [ i |5V + VIomP + 3 ot

From the discussion above, we need to minimize not the energy functional directly, but the quantity K (¢) =
E(¢)—Nu [ dr|¢(r)|?. Variations of ¢ and ¢* yield the equation satisfied by the ground state wave function.
From 6K (¢)/d¢* = 0, we have

2
o V) + Nalo)P | o) = ) (8.0

This equation is called the Gross-Pitaevskii Equation (GPE). Note that energy per particle is related to
the chemical potential by
E/N = p— Einy/N

where Ein /N = (Ng/2) [dr|¢(r)|* is the interaction energy per particle (in other words, the interaction
energy is double counted in p). The time-dependent version of the GPE is obtained by replacing u at the
right hand side by i%d/0t.

The mean-field GPE neglects quantum fluctuations and correlations. More specifically, the derivation of

the equation implicitly makes the factorization ansatz

(UHw) = (UF) (0) (D)

This is equivalent to say that the condensate is in a density-coherent state which is an eigenstate of the
annihilation field operator

V) = VN |o)
8.3 Bogoliubov treatment of fluctuations
To account for the quantum fluctuations above the mean field, we can decompose the field operator as

U =)+ =vVNp+1

where the operator zZAJ represents the fluctuations. Note that both ¥ and v obey the boson commutation

relations.



41

We now put this decomposition back into the grand canonical Hamiltonian and keep terms up to second
order in ¢ and ¥'. The zeroth order term is nothing but the energy function E (¢); the first order terms

vanishes identically if ¢ satisfies the GPE; the second order terms are:

2 ~ ~ A A
Ko = [ e it(n) [ 592 4 V) + 20l ] b+ 57 [ [$05 4 @ @)00] (55)

from which we can derive the equation of motion for 1[)



Chapter 9

BEC in a uniform gas

9.1 Hamiltonian

42

Consider a uniform gas of interacting bosons contained in a box of volume V with periodic boundary

condition. The Hamiltonian of the system is

52
H:Z:QPT;L—i—gZ(S(rl—r])

i#]

Obviously it is most convenient to choose plane waves as our basis single-particle orbitals and we label these

plane waves by their momentum k:

Qbk(r) _ % eik~r

Now we can write the Hamiltonian in second quantized form as:

H =Y (K[(p?/2m)|K)af, ax + g 3" (ad'l5(r; — r;)kK)alal araw
k,k’ k.k’,q,q’

It is easy to see that (k'[(p?/2m)|k) = €20k i with € = A%k?/(2m), and

(ad'|U(r;,r;) KK') = ‘32 er/drj “iaTie=ia Ty Gy, ) Rtk T
g
= platakik

Therefore, we can write the second quantized Hamiltonian as

Alternatively, we can derive the above Hamiltonian from
-2
H= /drqﬁ(r) B’ +V(r } /dr/dr Gt () B (YU (r, v ()T (r)
m

and using the definition of the field operator as

3\

v



43

For a condensate, the lowest lying state, here it is the zero-momentum state k = 0, is macroscopically

occupied. The condensate wave function is therefore

o(r) = dreo(r) = ﬁ

and is spatially uniform. According to the Gross-Pitaevskii equation (with vanishing trapping term), the

chemical potential is thus given by
p=Ng/V =nog

where n = N/V is condensate density.

The second order quadratic grand canonical Hamiltonian

S 2 S ~ A A
Ko = [ ar 1) |50+ V) 4 2Nglom) P - | )+ 3 [ e [0t + @ 0)%00] 03
therefore takes the form

n
Ky = Z(eg + nog) altak + %g (alat_k +axa_y) (9.4)
K+#0 K#0

where we have used

) 1 -
P(r) = Wi Z e ay

k+£0

The first term in Hamiltonian (9.4) is the energy of Ny particles in the condensate. The second term
describes the independent excitations with energy 62 + 2ngg, in which 62 is the free energy of the excitation
with momentum k and 2ngg is the Hartree-Fock mean field energy produced by interactions with condensate
atoms. One half of this interaction comes from the direct term where a particle k is scattered off the
condensate; the other half of this interaction comes from the exchange term where the particle k is scattered
into the condensate, while a condensate atom is simultaneously scattered into k. For contact interaction, the
direct (Hartree) energy is equal to the exchange (Fock) energy. The last term in the Hamiltonian represents

pair process in which two condensate atoms are scattered into +k and vice versa.

9.2 Bogoliubov transformation

Hamiltonian (9.4) is not diagonalized. So we need to find a transformation that transforms (ay’s) into some
other boson operators (by’s) such that

Ky =) exblb+A
k

where A is some c-number constant.

Observation: Ky mixes only ay with aik. This suggests the following transformation:
_ « o f f_ytal
bk = ugax +vpal ., by = ujay + via_x (9.5)

From the symmetry of the system, the coefficients u and v shouldn’t depend on the direction of k, that’s why

we use uy and vg, instead of uy and vk. And now we need to find out the expressions of these coefficients.
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Now we require that by’s also obey boson commutation relations. Since
[brc; bl ] = S [Jug[* = o]
we have
Jug|* = |ox]* =1 (9.6)

We can also check that the transformation automatically satisfies [bL, blT(,] = [bk, bx’] = 0.

It is also instructive to write down the reverse transformation:
_oxp kg T T
ak = upbe —vpb' ., ap = urb, —vib_k (9.7)
Using this transformation, we can calculate

Ky = Z fkbLbk + A
k

= Z er(apal + vra—x) (upax + vial ) + A
k

Z €k [(\uk|2 + |vk|2)a]tak + uZUZaLaik + upvRaxa_x + |U;€|2} +A
Kk

Equating this with (9.4), we have

A=— Zek|vk|2

k

and

en(lurl® +onl?) = € +nog
ERULVE =  ELULUE = Mog/2
This set of equations have real solutions. Using Eq. (9.6), we have
R (a0
= & [(ui +vi)? — dujoy]
= (&) +nog)® — (nog)”

= ep(ep + 2nog)

Therefore we obtain the Bogoliubov excitation spectrum as

e =/ en(e) + 2ngg)

And the coefficients u; and v are given by

1 /€ 1 /€
N R AT I BT
2 €k 2 €k
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9.3 Discussion

We have now succeeded in diagonalize the second quantized Hamiltonian for a uniform interacting bosons.
We see that the diagonalized Hamiltonian looks like a summation of that for an ensemble of non-interacting
particles. These non-interacting particles are annihilated and created by operators by and bL, respectively.
From the Bogoliubov transformation, we know that by does not really annihilate a particle unless the
coefficient vy = 0. On the other hand, bx behaves every way like an annihilation operator. So we call the
particle annihilated by by is a quasiparticle or elementary excitation. The basic idea of the many-body
approach is that instead of following a large number of interacting real particles, we should try to get away

with considering a relatively small number of non-interacting (or weakly-interacting) quasiparticles.

e For a non-interacting system, i.e., g = 0, we see that ux = 1, vy = 0. Hence the quasiparticle

corresponds to the real one, which is rather intuitive.

e For attractive interaction, i.e., g < 0, we see that €, becomes imaginary at long wavelength when

€) < 2ng|g|. This signals a dynamical instability of the system.

e For repulsive interaction, ¢ is always positive. In the long wavelength limit, i.e., when 62 < 2npg, we
have

€x ~ cshk

Hence the quasiparticle energy becomes linear to its momentum (such excitations are called phonons),

and
cs = \/nog/m

is called the Bogoliubov sound wvelocity. In the short wavelength limit, when 62 > 2ngg, we have

€ R 62 + ngg and vg =~ 0, i.e., the quasiparticles become real ones (free particles).

e Each phonon excitation of a repulsive condensate involves an ensemble of atoms moving with opposite

momenta. This is confirmed in the experiment [Vogels et al., PRL 88, 060402 (2002)].

9.4 Depletion of the condensate

For a fully condensed system, i.e., a zero-temperature “pure” condensate, there is no excitation. So the

state, denoted by |G), must correspond to the quasiparticle vacuum state:
bk |G) =0

But are there excited real particles?
For this purpose, let us calculate the number density for the excited atoms

Nex _ 2kt (ajax)
v |4

Nex =
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with the expectation value calculated with respect to state |G). Using the inverse transformation (9.7), we

have
(Glafax|G) = (G|(urbf — vib_i)(ax = ujbi — vib! )|G) = [vg]?

Therefore,

Do Vel 2 1 /meg\3
Nex = v /dk|vk| =33 ( )

which can also be written as (using g = 47rh2a/m):

n
x _ _° /a3
no 3\F

Here we encounter an important parameter na3. The decomposition of boson field operators into a mean-
field part and small fluctuations won’t work unless the excitation above the mean field is small, which means
our theory is only valid under the condition

na® < 1

When this is satisfied, we can call our system weakly-interacting.

This calculation also shows that a “pure” condensate is not really pure as long as there is interac-
tions between atoms. The nonvanishing excitation density mey at zero-temperature is a result of quantum
depletion induced by interactions. At finite temperatures, besides this quantum depletion, there is also
thermal depletion resulted from quasiparticle excitations. In the framework of Bogoliubov treatment, the

quasiparticles form a non-interacting ideal Bose gas, so there numbers obey Bose statistics, i.e.,

1

T _
<bkbk> ~ eek/(kBT) _ 1

9.5 Healing of condensate wave function

Consider the condensate is confined in a box with volume V. The boundary of the box represents an infinite
potential. Far away from the wall, the condensate is uniform and the discussions above apply. Obviously,
the wave function of the condensate must vanish at the wall. So in a region near the wall, the density of the
condensate drops from its bulk value ng to zero. Let us find out the wave function near the wall.

The equation we need to solve is (consider 1D only, and the wall is located at x = 0)

h? d*(x)
Com da?

+ Nglp(a) P9 (x) = pip(x)
and the boundary conditions are
¥(0) =0, (c0) = 1/VV

The presence of the wall won’t change the chemical potential significantly, we can still use u = Ng/V. And

we rewrite the nonlinear Schrodinger equation as

dyp(x) _ 2mNg [

=2 P vlo)
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This equation can be solved analytically and the solution satisfying the boundary conditions above is

W(x) = \%Vtanh (&)

where

¢ - o 1
\[2mnog  Bmnga
is the healing length or coherence length which is sometimes called. Therefore, the presence of the wall
suppress the condensate density, but the density recovers or “heals” to its bulk value over a length scale ~ &.
The healing length can also be understood as follows: The shape of the condensate wave function results
from the competition between the kinetic energy and the nonlinear interaction energy. For a wave func-
tion varies spatially over a length scale £, the associating kinetic energy is ~ h%/(2m&?). The mean-field
interaction energy is ngg. So the healing length is defined as when these two energies are equal.
The healing length sets the length scale over which the bulk density recovers in the presence of a localized

perturbation.
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Chapter 10

Static properties of trapped BEC

10.1 Gross-Pitaevskii Equation

We have learned that the ground state function satisfies the GPE:
[ 2
V4 V() + Nolo(r)| 6(r) = () (10,1

where V (r) represents the external trapping potential. Usually it is in the form of a harmonic potential, and
the most common ones uses in experiments have cylindrical symmetry.

For vanishing interaction, ¢ — 0, the condensate ground state is just the ground state of the trapping
potential. But generally, the GPE has to be solved numerically to obtain the exact solution. Approximate
solution, however, can be obtained using, for example, variational method. When the interaction dominates

(g > 0), we can use the Thomas-Fermi approximation to obtain the ground state wave function.

10.2 Thomas-Fermi Approximation

Repulsive interaction between atoms tends to spread out the wave function, this has the effect of decreasing
kinetic energy. We can see this using the variational method.

Let the trapping potential have the form

1
V(z,y,z) = im(wfxz + wiy? + wiz?)
For a non-interacting system, the ground state is given by a Gaussian with width a; = \/i/(mw;) along

i-direction. So we adopt the following as our trial wave function:

]. 2 2 2 2 2 2
_ b e en) R (263) -2 (203) 10.2
QS(xﬂy?Z) 7T3/4(blb2b3)1/26 (0 )

with b;’s being the variational parameters. The energy functional per particle is

() = E@/N = [ dr | 596 + VOl + ot
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Putting in the trial wave function, we have

€(b1, b27 b3) =  €Ekin T+ €trap + €int

1 1
in = = hw; —

o 4 i:wzy z .’E?

1
€trap — Z Z h"‘]le
1=x,Y,%
Ng

€in = 3o 3/91 1 1

¢ 2(27T)3/2b1b2b3

with x; = b;/a;. Minimizing FE (b1, ba, b3) with respect to b; yields three coupled equations:

Ng 1

=0
(27)3/2a3 x1w023

hwi (a7 — 1/x7) —

where we have introduced a = /h/(m&) and @ = (wlwgwg)l/s

is the geometric mean of the trapping
frequency.
Under the condition that z; > 1, we can neglect 1/z? terms in the above equations. This makes the

equations analytically solvable with solutions

(2)1/10 (Na>1/5((:1>1/2

Ty =\ — — —

7 a wj

So the condition z; > 1 can be satisfied as long as Na is sufficiently large. And the various energies scale as

€kin "~ (Na)72/57 Etrap " (Na)2/57 Cint ™~ (Na)2/5

So the kinetic energy can be neglected when Na becomes large.

If we neglect the kinetic energy term from the GPE, the equation becomes an algebraic one

[V(r) + Nglo(r) "] ¢(r) = po(r)

and can be solved by

in the region where the right hand side is positive and n(r) = 0 outside this region. The boundary of the

cloud is given by
Vir)=p

For the harmonic potential given above, the radius of the cloud is therefore:

2
Ri=,|—, i=123
mwi

The value of y is set by the normalization [ drn(r) =1 which yields:

15%/5 (Na\*/°
2 ()

a

Since p = OE/ON = 0(Ne)/ON, we have

N7
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Remark: under the Thomas-Fermi limit, the density profile is completely determined by the trapping
potential. For a axial-symmetric harmonic trap, the density has an inverted parabolic profile and the same
aspect ratio as the trap. By contrast, for a non-interaction system, the density has a Gaussian shape and

the aspect ratio is the square root of that for the trap.

10.3 Virial theorem for GPE
Let ¢(r) be the ground state solution of the GPE. Define wave function

oa(r) = X372 p(Ar)

(The factor A3/2 is necessary so that ¢, (r) is also normalized bo unity, i.e., [ dr|¢s(r)|? = 1.) So the ground
state wave function corresponds to ¢y—1(r).

The energies associated with ¢, (r) are

Ein(\)/N = i V2 = hgx* dr ¢* (Ar)V2p(Ar) = N2 Eyin /N
/N = = {0V 10n) =~ [ g () V26(0) = N/
Eyap(A\)/N = %mww / drqﬁ*()\r)rzqﬁ()\r):%Etrap/N

Emi(\)/N = = Ng\° / dr |p(Ar)|* = N By /N

where Eyin, Eirap and Ejy,y are energies associated with the ground state.
Since the ground state corresponds to A = 1, we must have

d
2B —
d\ (M) A1 0

where E(\) = Exin(A) + Eirap(A) + Eing(A). This yields
2Ekin - 2Etrap + SEint =0

For a gas in the Thomas-Fermi limit, Ey;, is negligible. So we have

Eint 2 Etrap o 3

N 7 TN T
In a time of flight experiment, the trap is turned off, the cloud expands. Then the interaction energy is

converted into kinetic energy. The release energy per particle is then just 2u/7.

10.4 Bogoliubov Equations

The condensate wave function satisfies the time-dependent GPE:

L OV(r,t) _ h? 2 2
ih e —2mV +V(r) +g|¥(r,¢)]*| U(r,t) (10.3)

Just as in the uniform case, we can calculate the excitation spectrum of a trapped condensate using a
Bogoliubov procedure: decompose the condensate wave function into the dominant mean-field part (which

is nothing but the ground state wave function) plus small fluctuations:

U(r,t) = e /" /Ne(r) + ¥(r,t)
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where the ground state wave function ¢(r) satisfies the time-independent GPE (10.1).
Putting the above decomposition into (11.1), the linearized equation reads (only the first order terms in
1) are kept):

2D [T G4 v ) 4 aNglo(w)l ] e 1)+ 2/ 2w o) (10.4)

The excitation frequencies of the condensate are just the normal modes of . To calculate the mode fre-

quencies, we want to find solutions of the form
’(/J(I‘,t) _ efiu,t/h [u(r)efiwt _ U*(r)eiwt]

The reason we need both positive and negative components is that in Eq. (10.4), 9 is coupled to ¢*. Putting

the above equation in to Eq. (10.4), we obtain a set of two coupled equations for v and v:

[—ZTLVQ +V(r) +2Nglo(r)* — u] ui(r) — Ng¢?(r)vi(r) = hw;ui(r) (10.5)
{—innw + V(r) +2Ng|o(r))? — u] vi(r) — Ng[o* (0)ui(r) = —hw;vi(r) (10.6)

where the index ¢ labels different modes. These two equations are called the Bogoliubov Equations.

Now we want to derive certain properties of u; and v;. Multiplying both sides of (10.5) by u}, we have
wf Lu; — Ngd*ujv; = hwsuiuj, (10.7)

where
R s 2
—V=+V(r)+2Ng|o(r)|* — p

2m

L=—

is a Hermitian operator. Exchanging the indices ¢ and k in (10.7), we have
w; Luy, — Ngrj)?u;‘vk = hwugu (10.8)
The phase conjugate of (10.8) reads
u Luf — Ng(o*)?uvy = hwpuiu, (10.9)
Subtracting (10.9) from (10.7) then integrating both sides of the resultant equation yields:

(w; — wk)/dr UpU; = Ng/dr [(¢")?usvp — ¢ ufv;] (10.10)

/druZEui = /druiﬁu,’;

a property of the Hermitian operator (alternatively, this can be easily approved using integral by parts).

where we have used

Multiplying both sides of (10.6) by v} and following a similar procedure, we have
Aw; — wk)/drv;:vi = Ng/dr [(¢*)2uv — *ujv; (10.11)
As we see that the right hand sides of (10.10) and (10.11) are identical, so we have

Mw; — wk)/dr (upu; — vpv;)
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which shows that u; and v; obey the following orthonormal condition:
/dr (upu; — vpv;) = dig;
Multiplying Eq. (10.5), (10.6) by v and ug, respectively, following the same procedure, we have

/dr (uv — ugv;) =0

Remark: We have assumed in the above derivation that the excitation frequencies w; are real. If w;
becomes complex with finite imaginary part, then the system is dynamically unstable. For these modes, the

mode functions satisfy

/dr(ufui—v;‘vi) =0

10.5 attractive condensate

The Thomas-Fermi approximation is valid only for repulsive interaction. For attractive interaction, i.e.,
g < 0, things are completely different. Due to the attraction, the condensate tends to shrink in size. In a
homogeneous system, an attractive condensate is unstable against collapse. This also shows in the existence
of imaginary excitation modes we encountered earlier. For a trapped condensate, a metastable state can
be achieved as long as the attractive interaction (as measured by |Ng|) is not sufficiently strong, such that
its effect can be balanced by the kinetic energy. For large |Ng|, the kinetic energy is not able to hold the
attraction, so the condensate will collapse. This means there exists a critical value of |Ng|, below which an
attractive condensate exists in a trap. We want to find out what this critical value is.

We will achieve this using the variational method. For simplicity, let us consider an isotropic harmonic
potential:

1
V(r)= 5mw§r2

The harmonic oscillator length is given by ag = /f/(mwy). The trial wave function has the same form as
in (10.2), but now with b; = by = b3 = b. The total energy is given by

E(z) = Zmo (;2 + ;v2> + Mig%;g
where z = b/ag and the three terms at the right hand side correspond to kinetic, trapping and interaction
energy, respectively.
It is obvious that E(z) is not bound below since E(z) — —oo as x — 0. But it might happen that a
local minimum exists at a certain xy which is finite, i.e., £y > 0. The condition for this to happen is
OE(x)
ox

—0 0?E(x)
o 0z2

=0 T=T0

>0

which yields

flzo) =25 —z0+5 = 0 (10.12)

5 +3x0—48 > 0 (10.13)
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where

Ng
= >0
b 2(2m)3/2a3 hwy ~

f(z) has a single minimum which occurs at i, = (1/5)Y/* and the minimum value is fii, = 8 — 4/5%/%.

In order for function f(z) has a root at positive x, fmin must be negative, which yields

57 (10.14)

When this is satisfied, there must exist a root xg > Zmin for f(xo) = 0, and the f(x) is an increasing function
at = xp, hence the inequality (10.13) is automatically satisfied at that point. Therefore we obtain the
condition when an attractive condensate exists in a harmonic trap. Condition (10.14) can be rewritten as

Nla| 22w

ap 55/4

~ 0.67
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Chapter 11

Hydrodynamic approach and

self-similar solutions

The dynamical equations of a weakly-interacting condensate generally have to be solved numerically. But
under certain situations, (approximate) analytical solutions can be found. One example is certain excitation
modes under Thomas-Fermi limit, using a hydrodynamic approach. Another example is the so-called self-
similar solution where the spatial density of the condensate can be characterized by three scling factors which

allow a classical interpretation of the dynamics.

11.1 Hydrodynamic equations

The hydrodynamic equations are completely equivalent to the ordinary (nonlinear) Schréodinger equations.
But under certain situations, the hydrodynamic equations may be easier to solve, and/or give a more intuitive
physical picture.

Once again, let us start with the time-dependent GPE:

OVt) [P G2y vy 4 Nglwie, 0] 0, t) (11.1)

50Y(r,t)
‘ ot 2m

Writing ¥ in terms of its amplitude f and phase ¢ (both of these quantities are real):
U = fe'? (11.2)

The density and velocity field associated with the wave function VU is defined as

Nh
n=N¥? v= S (VT — TVT*)
mnu

which can be related to f and ¢ as
h
n=Nf? v=-—Vo¢
m

Provided that the condensate phase ¢ is not singular, we have

VXV:EVXV@Z&:O
m
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which means that condensate is irrotational.
Putting (11.2) into the GPE, and separating the real and imaginary parts, we obtain two equations,

called the continuity and Euler equation, respectively,

%—i-v- (nv) =0 (11.3)
1
m%t/ =-V </l + va2> (11.4)

where
2

h
2my/n

Eq. (11.3) is the continuity equation for particle density. The last term at the right hand side of (11.5) is

fp=V +ng— vivn (11.5)

the so-called quantum pressure term. It arises from the kinetic energy term in the GPE.

For a condensate in ground state, the phase is a constant, so we have
n=ng, v=vg=0
If the system is perturbed slightly, i.e.,
n=mng+dn, v=vg+Idv=90v

We can linearize Eqgs. (11.3) and (11.4) by treating on and év as small quantities. The linearized equations

are given by:

0
aén = =V (ngdv) (11.6)
oov -
where
h2

i =0ng+ (fj‘vﬂ/ﬁo—w&"‘)
0

dm./ng N

Combining (11.6) and (11.7) we have
2

0 -
mﬁén =V (noVép) (11.8)

11.2 Uniform case

For a uniform condensate, ng is spatial independent. Looking for travelling wave solutions dn ~ exp(ik -r —

27.2
ofi = <g+ 'k )671
dmng

214
mwidn = (nogk2 + h4:l ) on

iwgt), we have

then Eq. (11.8) becomes

which gives rise to the Bogoliubov spectrum
B, = 4/ €)(eD + 2nog)

with €) = h%k?/(2m).
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11.3 Trapped case under Thomas-Fermi limit

Under the Thomas-Fermi limit, the kinetic or quantum pressure term is neglected. Hence
oL = gén

and
2
M
ot?

To find the excitation frequency, we look for solutions with time dependence én oc e =%, then

on =gV - (ngVon)

—w?on = i(Vno -Von +ngV23en) (11.9)
m
The density under the Thomas-Fermi limit is given by

no = [p—V(r)l/g

therefore, we have

mw?én = VV -Vén — (u— V)V3n (11.10)
11.3.1 spherical trap
For a isotropic harmonic trap
1
V(r)= §mw§r2

Working in spherical coordinate system (r, 6, ¢), we have

w?én = w%r%én - %wg(RQ —r?)V2%n (11.11)

where R is the Thomas-Fermi radius of the condensate which is given by
1
= -—mwiR?
2
Due to the symmetry, Eq. (11.11) has solutions with a form

on = D(r)Yim(0, )

and the radial funciton D(r) can be solved using hypergeometric functions. And the excitation frequencies

are given by

w = wo\/l + 3n + 2nl + 2n2

where n,l = 0,1, 2,3, .... This should be compared to the excitation frequencies of a non-interacting system
w=wo(2n +1)

The n = 0 modes are the surface modes since they don’t have radial nodes. Their spectrum is given by
w = Vlwy. For | =1, we have the dipole modes where the condensate’s center of mass oscillates in the trap
as a whole, hence the interactions do not play a role, and w = wy.

The monopole or breathing mode is given by n = 1 and [ = 0 which has frequency v/5wg. This mode is

spherically symmetric (I = 0) and the radial velocity has the same sign everywhere.
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11.3.2 cylindrical trap

In a cylindrical trap, things become a little more complicated. Now the third component of the angular

momentum, m, is still a good quantum number, and the mode frequencies in general depends on m also.

11.4 Self-similar behavior

Suppose we have a time-dependent harmonic trapping potential
1038
Vi(r,t) = §mzw§(t)r§ (11.12)
j=1
with ri 23 = x,y, 2. At t =0, the condensate is in its ground state whose wave function satisfies the GPE

h2
=gV V0 + Nglo(w)] 6(6) = oo

At t = 0, we start to modulate the trapping potential. The condensate wave function from there on obey

the time-dependent GPE
ith—o(r,t) = ——2 V2 4+ V(r,t) + Nglo(r,t)*| o(r,t)
o 2m ’ i ’

To cast the problem into a classical from, the condensate can be treated as a classical gas in which each

particle moves in an effective potential
Vert(r, t) = V(r,t) 4+ gp(r,t)
where p(r,t) = N|¢(r,t)|? is the condensate density. The force exerted on the condensate is then
F(r,t) = =VVeg(r,t)
At t = 0, the condensate is in equilibrium and we assume the Thomas-Fermi limit is reached, thus
w—V(r,0)

p(r,0) =——"= F(r,00=0

For t > 0, the exact solution for the classical model can be obtained for the class of potentials (11.12): In
this case, the gas merely experiences a dilatation, any infinitesimally small fraction of the expanding cloud

mocing along a trajectory

R;(t) = \;(t)R;(0) 113
from which we obtain the spatial density as
1
)= <~—~v v~ I (t .0
Pl A1 (H) A2 (t)A3(t) p({r;/A;(t)},0)

From Newton’s law mR;(t) = Fj(R(t),t), we have

. 1
m3S(OR;(0) = = 0,V + 5 OV {4010 (11.14)

where we have used

gVp({r;/A;()},0) = =VV({r;/\;(#)},0)



98

Using potential (11.12), we have

OV = MR OR; () = mwd (BN (1R (0)
mw?(0) mw?(0)
N — J ) — J )
Therefore, we obtain equations of motion for the scaling parameters A; as
. w?(0)
N = VAN AP 11.15
J )‘j)\l)\2)\3 w]( ) J ( )
The initial conditions for the \; are
A (0)=1, X\;(0)=0 (11.16)

Below, let us apply this theory to two specific examples.

11.4.1 free expansion

Consider the situation of free expansion: at ¢t = 0, the trap is turned off, i.e., w;(¢t > 0) = 0. Let us consider
an axial symmetric trap:

w1(0) =w2(0) =w,, w3(0)=w, =ew,

In this case, the condensate remains axially symmetric:
AL(t) = A2(t) = AL(E), As(t) = A:(t)

According to (11.15), we have
d? 1 d? €2
— A=, —A =5 11.17
dr2" TN a2 T 22 (11.17)

where 7 = w t. If initially the condensate has a cigar shape, i.e., € < 1, to the zeroth order in €, we have
ATy =1, A(r)=vV1+72

This means that to zeroth order in €, the condensate expands along the radial direction, but the width in
z remains the same. Eventually a cigar-shaped condensate becomes pancake-shaped. If we go beyond the
zeroth order, generally we have to solve Egs. (11.17) numerically. The condensate will also expand along
z-direction. But still the condensate aspect ratio will cross 1. By contrast, due to the anisotropic momentum

distribution, the aspect ratio of a free-expanding cloud of thermal atoms will approach 1, but never cross it.

11.4.2 breathing oscillation

Consider a spatially isotropic condensate, i.e.,
w;j(0) =wo, A (t) = A(t)

Consider we disturb the trap (changing trapping frequency) briefly, but then return back to the original
trap, i.e., w(t > T) = wp. The condensate will then breathe. The scaling parameter satisfies:

. wz
A= Tj — w2 (11.18)
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If we regard X\ as a spatial coordinate, then Eq. (11.18) describes a particle with mass m moving in a

potential

2
m wj

1
V() = imwg)\z +3% (11.19)

which has a minimum at Ay = 1. For small oscillations, we can expand A around this minimum, i.e., A = 1+e.

Then keeping terms up to second order in €, we have
AN =14+2+¢€, AN 3=1-3c+ 66

And

5 1
V(a) = Emwg + 5m(5w3)62

So the particle is like moving in a harmonic potential with trapping frequency w = /5wy, in agreement with

the hydrodynamic result.
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Chapter 12

Quantum Vortices

Quantum vortices is an important concept for superfluid. The special properties of quantum vortices are a
consequence of their motions being constrained by the fact that the velocity of the condensate is proportional

to the gradient of the phase of the wave function.

12.1 potential low and quantized circulation

We have seen that the velocity of the condensate is directly related to the phase of the condensate wave
function fe*®:

h
v=—V¢
m

Thus, as long as the phase ¢ is not singular, the condensate is irrotational, i.e.,
Vxv=0

Since the wave function is single-valued, the change of the phase A¢ around any closed contour must be a

multiple of 27, i.e.,
AQS:quS-dI:ZﬁZ
where £ is an integer and is called the winding number. Thus the circulation I" around the same contour
is given by
F:%v'dlzzﬁ'f:éﬁ
m m
12.2 a single vortex in a uniform condensate

An example: consider purely azimuthal flow in a trap invariant under rotation about the z-axis. The single-
valuedness of the condensate wave function requires that the wave function varies as e?*? [we use cylindrical

coordinates: (z,p,¢)]. Then the velocity is along p-direction with a magnitude

UW:emip
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The circulation is thus £i/m if the contour encloses the axis, and zero otherwise.

Let us take this simple example a step further. We write the wave function as
b(r) = f(p,2)e'™”
the mean-field energy functional is then
h? ?
o= for{ge () +(3)
dp 0z
from which we can derive the GPE satisfied by f as

h2 1d [ df f 12 )
[pdp< dp> * sz} 2mp? F+Vip,2)f* + Ngf® = uf

72f72 2 1 4
to s T Ve 2)f" + 5 Ngf

It therefore seems that the only effect of the circulation is the addition of the 1/p? term, which is called the
centrifugal barrier term.

For a uniform condensate, we take V(p,z) = 0. The ground state of the condensate must be z-
independent. Away from the circulation axis (or vortex core) p = 0, the centrifugal is unimportant. Hence
f takes its bulk value f = fy. Near the region of the core, the centrifugal term is balanced by the kinetic
lel

energy term. The solution regular on the axis varies as p

at the length scale determined by the healing length & = h/\/2mngg where ng = N f2 is the bulk density of

. The crossover between the two regions occurs

the condensate.
Now consider the case £ = 1. Suppose the condensate is confined radially in a cylinder with radius R
(R > €). Then the energy per unit length (along z) of the vortex is

52 2 42
e—N/ 27rpdpl <ZJ:)> +h7ff+* Ngf*

We want to compare this with the energy per unit length of a uniform condensate, €, for the same number

of particles per unit length, which is given by

1 2
€@ =—-0——
0~ 29 R2
where v = N fOR 2mpdp f2 is the number of particles per unit length. The difference between these two,
€, = € — ¢ is therefore the excitation energy per unit length associated with a single vortex. Numerical

results give

2
€y = Wnoh— In (1.464R>
m 3

This result can also be derived in the following. The wave function of the condensate with a vortex can
be thought of homogeneous everywhere (with a value of \/ng/N) except for the core region which is given
by p < &. Therefore the kinetic energy associated with the vortex is

1 /R 5
€y = —Mny 2mpdp v
) ¢

()
€, = mng— In g
m

with v = hi/(mp), we have
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which agrees with the numerical results with logarithmic accuracy.

Generalize to a vortex with arbitrary winding number ¢, the core size becomes |¢|¢ and we have €,({) =
??¢,(1). Now let us calculate the interaction energy between two vortices with winding numbers ¢; and
{5, respectively. Suppose the first vortex is located at the origin and the second one at z-axis with x = d
(£ € d < R). The total velocity field is the superposition of the two fields produced by the two vortices

individually: v = vy + vy, where

I R e R A ho—yd+ (z — d)j
L lmpw "moa? g2 T m (z—d)? 42

The total energy for these two vortices is

1
v = §mno//dxdy [vi+val> = e, (€1) + ey (£2) + €ni(£1, £o)

where €y (01, 02) = mng f f dxdy vy - vy can be identified as the interaction energy between the two vortices

and it can calculated explicitly if we go back to the polar coordinate:
€éint({1,02) = mng //dmdy Vi - Vo

27 2
p —dpcosp
61527107/ pdp/ de 2 2 + d? — 2dp cos <p)

R/d m r — CoS
Mgnof/ dr/ dp — 2rcos:i+1 (r = p/d)

Do the angle integral first

/Qﬂd 7 — COS _/Qﬂd T /Qﬁd Cos ¢
0 L'01"2721"(:os<,0+1 ) (pr272rcosg0+1 0 (pr272rcosg0+1

Using integral tables, the two integrals are

%d r 21, (r< 1) /%d Cos 2, (r<1)
2 R , W
0 74 —2rcosp +1 T227r_r1’ (r>1) 0 74 —2rcosp +1 T(T227r_1), (r>1)
Therefore we have
Qﬁd T — COS B 0, (r<1)
) <Pr2—2rcosgp—|—1_ 2T7r, (r>1)

Finally we have

h? R
€int (01, 02) = 271'5152710% In (d)

Two observations: 1) If the two vortices rotate along the same direction (i.e., £; and ¢5 have the same sign),
then the interaction energy between them is positive, signalling a repulsive interaction; vice versa. 2) Since
& < d, we see that the total energy for the two vortices is less than the energy for one vortex with winding
number /1 4+ ¢ when ¢; and /5 have the same sign. This means that a multiply-quantized vortex tends to

disintegrate into several singly-quantized vortices.
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12.3 a vortex in a trap

Consider a axial symmetric harmonic trap, with z-axis being the symmetry axis. There is a vortex whose
core is situated along z. Assume we are under the Thomas-Fermi limit.

Consider a 2D problem first, i.e., the z-dimension is infinite. The radius of the condensate is R and the
density of the condensate varies radially as n(p) = n(0)(1 — p?/R?) where n(0) is the density at the trap
center. The vortex energy can be decomposed into two parts: the first part is the energy out to a radius p;
intermediate between the core size and R (i.e., £ € p1 < R), and the second part is the rest. The first part
can be approximated with the energy calculated for a uniform system since the condensate wave function

does not vary significantly for p < R. Then the total energy per unit length is

h21(1464p1>+1/R2 dpmn(p)v?(p)
€ = mnog— In | 1.464— = wpdpmn(p)v:(p
Om 6 2 P1

h? p1 " pdp p’
= i (1.4642% L
ol i (102 [ (1 £2)

2 2
Wnoh— In 1.4645 — 1 = wnoh— In 0.8885
m ¢ 2 m ¢

The total angular momentum per unit length £ is & times the total number of particles per unit length

f P’ 1 2
L= noh/o 2mpdp (1 — RQ) = §n07rR h

Q

For the 3D case under Thomas-Fermi limit, we just need to integrate the above results along z to obtain

the total vortex excitation energy and total angular momentum, using
no(z) = no(1=2°/2%), R(z) = R(1-2*/2*)'/%, &(2) = &lno/no(2)]"/?

Here R and Z are the radial and axial width, respectively, ng and & are density and healing length at the

trap center without vortex. Finally we get

h? [? R(2) dnngZ h? R
B, = [ g In |0.888 - (o671 12.1
m ], zno(2) n{ 5(2)] T n( 5) (12.1)
L., = AN = h%nORQZ (12.2)

I write L, instead of L, because the angular momentum is along z.

12.4 rotating trap

From Eq. (12.1) we see that it takes energy to create a vortex. So the ground state can not have vortex in
it. But this is only true for a non-rotating trap.

Suppose the trap is rotated along z-axis with angular frequency €2. It will be convenient to work in the
rotating frame so that the trapping potential is time-independent. The energy functional £’ in the rotating

frame is related to that in the lab frame E by

E=E-(L-Q=E-QL,
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Therefore a state with finite L, and energy Ep, (in the lab frame) will be favored over the non-rotating state

if the angular frequency of the trap exceeds a critical value given by

E; — F,
Q.= L0
L,

The numerator is just the vortex excitation energy given by Eq. (12.1) under the Thoma-Fermi limit. Using

(12.1) and (12.2) we can calculate the critical frequency as

5 h R
Q.= -——=1 671—
¢ =5 p3 n(067 §>

For faster and faster rotation, more and more vortices will be created. These vortices form a triangular

Abrikosov lattice.

12.5 vortex lattice in fast rotating trap

Let us consider a 2D case. The condensate is confined in the xy-plane by a harmonic trap V = mwi 0%/2,
and rotates along the symmetry z-axis with angular momentum 2. The energy functional E’ in the rotating

frame is related to that in the lab frame E by

B =5 L) = [ @ |un - L)+ pNglol

where )
2 2
. _pe Py 1o o o
hi=—g +V=g +g, Tgmwile+y)

Since L = r x p, we have L, = xp, — yps, therefore

2

P — mQ3 2
HL:M—QL=§ﬁ+an:QLﬁLﬁﬂi

1
o + im(wf_ —Q%)p? (12.3)
Two observations. 1) The rotating frequency Q2 cannot exceed the trapping frequency w,. Otherwise, the
trap cannot balance the centrifugal force. 2) If we rewrite H, as H; =h) —QL, = Hp + (w; — Q) L, where

(pL —mwi 2 x p)?
2m

Hp=h, —w/ L, =

Recall that the Hamiltonian describing an electron of charge e and mass m moving in the zy-plane under

the influence of a magnetic field B = B2 with vector potential A = B X p/2 is given by

i — (pL —eA)?
2m
Therefore if we make the identification
v =
- 2m

, then the two Hamiltonian are completely equivalent. The eigenstates and eigenvalues of H, (hence H )are

well-known. The eigenstates are called Landau levels with wave function

elul’/(20%) grmgn o~ Iul* /a3

2 nlm!
v ma | nim!

hn,m(p) =
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and the associated eigenenergy is

Epom = hwy (2n+1)

where
T+ 1y h
u = , aj] =
a | mw

R %(ax +40,)

Since hy, ,, are also eigenstates for L, with eigenenergy fii(m — n), they are also eigenstates for H, with
eigenfrequency

Wnom =n(wi + Q) +mwy —N) +wy

In the limit 2 — w, the states with same n but different m become degenerate. In particular, the lowest

Landau level (LLL) with n = 0 should be dominantly occupied and we reach the 2D quantum Hall regime.
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Chapter 13

Spinor BEC

13.1 Two-component BEC

Consider a two-component condensate with collision interactions between them. The energy functional of

the system reads £ = Fy + FEs + FE15 where
N;g;

h2
E = Ni/d% {$|Vwi|2+%|wil2+2 il
m;

Lo

]\71]\72912/CZ3T|1/11|2|1/)2|2

where g; = 4mwh?a;/m; and g12 = 2wh%ai12/m, with m, being the reduced mass. Both N; and N, are

conserved independently. And the chemical potentials are in general different for the two components.

13.1.1 miscible and immiscible states

Let us consider a homogeneous system with g; > 0, trapped within volume V. One obvious choice for the
ground state is that both components have uniform density distribution spread over the whole volume, the
so-called miscible state. Hence we have n; = N;/V. The energy of the miscible state is

oT QN T oy T Ty,

By, g12

For sufficiently large and positive g12, the two components want to stay away from each other (i.e., phase-
separated). So they may occupy non-overlapping volumes V; and Vo = V — Vq, respectively, in the so-called
immiscible state. Thus we have n; = N;/V; and the energy of the system becomes (there is no inter-species

interaction energy)
NE G N: NP Ny
Tt T o T a9 Ty — )

which can be minimized with

Niyg1 N2./g2
V= V, Vo= \%
Ni1/g1 + N2y/92 Niy/g1 + Nao/92

The minimized energy is given by
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Compare E}, and Fi,, we find that the phase-separated system has a lower energy (i.e., Ei, < Epo) when

gi12 > /9192

With the inclusion of trapping potentials, the above phase separation criterion still serves as a good

estimate.

13.1.2 dynamical instability of the miscible state

When the condition g12 > /g1g2 is satisfied, we know that the miscible state is energetically unstable, i.e.,
it is no longer the lowest energy state. We will now show that under the same condition, the miscible state
is also dynamically unstable, i.e., it possesses excitation modes with complex excitation frequencies.

The two coupled GPEs are given by

.y h?
ih, = —%Vzl/h+N191|¢1|27111+N2912|1/)2\21/)1 (13.1)

i

h2
*%V%z + Nago|t2*tha + Nigia|vn|*¢e (13.2)
Decompose the wave functions as
1 .
i(r,t) = | —= + 6; Lt} e~ it/h
i) = |+ 0

with p1 = g1n1 + g1ame and u; = gano + g1ony being the two chemical potentials for the miscible state.

Putting this decomposition into the GPEs, keeping up to the linear fluctuation terms, we have
3 g h’2 * *
ithéy = *%V%l + g111(61 + 07) + g12n2(02 + 63)
. h2 5
Zh52 = —%V 52 -+ 92n2(52 =+ (5;) =+ giany ((51 -+ (Sik)

Seeking solutions with the form

o tk-r+iwt * 1k-r—iwt
0i(r,t) =ue +vle

we have
—hwuy = €epuy + gini(uy +v1) + grana(uz + v2)
hwvy = €epur + gina (u1 + v1) + giana(uz + v2)
—hwuy = €2U2 + gana(uz + v2) + grang (ug + v1)
hwvy = €Qvg + gana(ug + v2) 4 gran (ug +v1)

with €) = h%k?/(2m). Define the following quantities

fer=urxv, hy=upEvy

we have
—hwfo = (& +291m1)f+ + 2g12n0h
—hwfy = f-
—hwh_ = (€Y +2gana)hy + 2g12n1 f1

—hwh, = h_
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Eliminate f_ and h_, we have
RPOPfr = (&) +2g1m) f1 + 2g12n0eph
Pw?hy = €2(e) + 2goma)hy + 2g1omi€h fi
The condition for the above equations to have non-trivial solutions is

h2w2 — 62(62 + 2ngL1) —291277,262 —0
—2g12m71 €} h2w? — € (€2 + 2gans)

which can be solved as

2 2 2
RPwi = €N (e) + giny + gana) £ \/(62) (€) + gin1 + gana)? + dginang (€))” — (2)7 (€2 + 2g1m1) (€} + 2g2n2)

The argument of the square root is non-negative, hence wi is always positive. However, when g%, > g1g,

w? becomes negative for long-wavelength excitations, i.e., the miscible state becomes dynamically unstable.

13.2 Spin-1 condensate

In magnetic traps usually only one internal state (weak-field seeking state) can be trapped, therefore the
atomic spin degrees of freedom is not available. Such a condensate is called the scalar condensate. The JILA
group first created a spinor BEC in a magnetic trap by trapping two states of 8’Rb of different hyperfine
levels. The bare energy of these two states are separated by about 7 GHz, hence the two spin components
are not free to convert into each other without external couplings (RF field).

Here we want to study a spinor condensate made possible by optical trapping. When a condensate
is transferred to an optical dipole trap, all magnetic sublevels experience essentially the same trapping
potential. Thus the spin degrees of freedom are fully released. Here we focus on a condensate with hyperfine
angular quantum number f = 1. The three magnetic sublevels (spins) have spin projection quantum number

my = —1,0 and +1.

13.2.1 Hamiltonian

Let us first derive the second-quantized Hamiltonian of the system.
The two-body interaction potential is given by

2

U(ri,ray) = d(rq1,r2) Z 9rPF

F=0
Here F' is the total spin of the two spin-1 particles, hence F' can take values 0, 1 and 2.

F
Pr= 3 |Fimp)(Fymp|

mp=—F
is the projection operator which projects the two spin-1 atoms into a state with total spin F. gr = 47h%ar/m
is the interaction strength in F-channel. For bosonic atoms, the total wave function has to be symmetrized.

Due to the § contact potential, the spatial wave function is symmetric. Therefore the spin wave function
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has to be symmetric too. This means only even-F' channels contribute and we can thus neglect F' = 1 spin

channel. Hence we have

U(ry,rz) = 6(ry,r2)(g90P0 + g2P2)

In quantum mechanics, the most usual way to describe the interaction between two spins f; and f; has

a form f; - f5, which can be written in the form

fi-fo = Z%[F(F‘f' D= filA+1) = fo(fo+ D] PF

F

Now using F =0, 2 and f; = fo = 1, we have
fi -5 =Py — 2P
Together with Py + P1 = 1, we have finally
U(ri,ra) = 6(r,12) (co + o fy - £2)
with

o ot292 92— g0
0 3 , €2 3

We can then write the total Hamiltonian as

. 292 R R .
Hy = [aeiie <_hZZ +v) Gule)+ [ el 0300
+% / dr f(r) ], (0)fas - farpihs(r)ihp (r) (13.3)

where all the repeated indices are summed over, 1,@@ represents the field operator for magnetic sublevel
my = «, and f,5 is the density matrix of angular momentum operator with f = 1. Explicitly, we have (in

the basis of my = 1,0, —1)

fg”—ilol _ 1
\/i ’

13.2.2 single mode approximation

For alkali atoms, the values of ag and ay are very close to each other and both are positive. Hence |ca| < ¢g.
This suggests that in the mean-field treatment, the spatial wave function of the condensate is determined by
the first and second term in (14.1). Since these two terms are spin-symmetric, we expect the spatial wave

functions are the same for different my. So we can invoke the single mode approximaiton (SMA)

where the wave function ¢(r) satisfies

2v72
(—h v +V+CON|¢2) 6= o

2m
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Under the SMA, we can write (14.1) as
Hyy = uN — yN(N = 1) + cyalal fop - furgagas (13.4)

where N = al,a,, and
cr
=5 [driowl
Let us take a look at the last term in (13.4).

aLaL,falg fypgagasg = aLfag . al,aﬁfalﬁ,a,@,

alfaﬁ . (aﬁaL, — 6o¢/,8)fo/ﬁ’aﬁ/

= alfapag - al fupay —alfas - fapag

L? - 2N

where

L= azfaﬁag
is the total many-body angular momentum operator of the system whose components are
L, = aial — aT_la,l, L_=L,—il,= \/i(agal + ailao), Li=L,+ilL,= \/i(aIaO + aga,l)
which satisfy the commutation relations
[Ly,L-]=2L., [L.,Ly]==xLy
The total Hamiltonian under the SMA is therefore:

Hy, = uN — cyN(N — 1) + c4(L? — 2N)

13.2.3 ground state

In an isolated system, the total particle number operator N is a constant of motion. Hence we can neglect
terms proportional to N in the Hamiltonian, since these terms only give the wave function a constant phase.

Therefore the Hamiltonian has the following simple form:
H = L2
It is instructive to write down L? in the form:
L2 = N+ (Ny — N_1)? + No 4+ 2NNy 4+ 2NoN_; + 2alalara_y + 2apapalal’

The first two terms at the r.h.s. are constants of motion, the last two terms represent the spin-exchange
interactions, which are the source of all kinds of interesting behaviors (spin mixing, spin entanglement, etc.)
of spinor BEC.

The eigenstates and eigenenergies of this Hamiltonian are

L2|l,my) = 11+ D)|l,my), L.|l,m) = my|l,my)
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The allowed values of [ are [ = 0,2,4,..., N if N is even and [ = 1,3,5,..., N if N is odd; and the allowed
values of m; are m; = 0,£1,+£2, ..., +l.

The ground state |G) is completely determined by the sign of ¢} (assume N even):

0,0), if ¢y >0
G =g M0 T
IN,mpn), ifch <0
The interaction is anti-ferromagnetic for ¢, > 0, and ferromagnetic for ¢, < 0.
In a classical picture, the ground state of a ferromagnetic spinor condensate is like a spin with maximum
length, pointing to any arbitrary direction, which can be fixed by any magnetic field.

The ground state of an antiferromagnetic spinor condensate is a spin singlet state (assume even total

number), which can be expanded onto the Fock state basis [Ny, No, N_1) as

|O’O> = ch

k

1 1
5 (N —2k), 2k, o (N — 2k)>

where the coeflicients are given by

— 1NN
from which we can show that in this state, all three spin states are equally populated with (N7) = (Ny) =
(N_1) = N/3. Tt can also be shown that this state is a fragmented state. This is an extremely fragile state:
a very week external field will destroy it. The spin Hamiltonian including the effect of a magnetic field along

z-direction reads:

H = cyL? — hL,

with h = vB (7 is the gyromagnetic ratio). Without loss of generality, we take h > 0. For antiferromagnetic
condensate (c5 > 0), the ground state now becomes |G) = |y, £o) with £y = [h/(2c5) + 0.5].
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Chapter 14

Atomic Diflraction

14.1 Elements of linear atom optics

Collimators, lens, mirrors... very simple

14.2 Atomic diffraction

Consider an atomic beam propagating along z-direction with velocity v,, there is a standing wave laser light
along z-direction. Assume that v, is sufficiently large such that the atom-light interaction does not affect
vy, but changes the atomic velocity along z. So we only need to treat the problem as a 1D system. Further
assume the atom is a two-level atom with ground state |g) and excited state |e). The light is detuned from
the atomic transition by A. The Hamiltonian for the system in the interaction region (in the rotating frame)
is .

o — hAle)(e| + ? cos(kz)(le) (gl + [g){el) (14.1)

H =
2m

The problem can be divided into three regimes according to the relations among three length scales:
the width of the atomic beam along z, w,; the period of the standing laser light, A; and the width of the

interaction region, L.

14.2.1 Raman-Nath Regime

In the Raman-Nath regime, we have w, > A (so the atom experiences the full periodic structure of the light
potential) and L is sufficiently small such that during the interaction, the kinetic energy (along z) of the
atom does not change very much. Hence we can simply neglected in the Hamiltonian. The Hamiltonian in

the rotating frame becomes
H = —hAle)(e| + h2 cos(kz)(|e)(g] + [g)(e])
Express the state vector of the atom in momentum space,

(W (p, 1)) = be(p,t)]e) + ¢q(p,t)]g)
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Here is p is the momentum along z. We can then derive the equations of motion for the amplitudes 1. and

Py as

i&e(pv t) —A¢e(p, t) + %[Z/Jq(p + hk, t) + ¢q(p - hk? t)}
Wylp.t) = Selp k) + velp = ik, ) (142)

Since the momentum state p is only coupled to states p £+ ik, we can do the following expansion:
Ye(p,t) =Y UL () 6(p — nhk), Uy(p,t) = Wy (t)6(p — nhk)
If initially the atom is in the ground state with momentum p = 0, then the initial condition is
P (0) =0, ¥g(0) = bno
e On-resonance case From Eqgs. (14.2), we have (A = 0)

. Q
1Tp = E(xn—l + $n+1)

where z,, = ¢ for odd n and x,, = 1y for even n. The solution for the above equation is the nth-order
Bessel functions of the the first kind:

Ty = (—1)"Jp(a)
with a(t) = fot dt’Q(t"), and J,, being the Bessel function of the first kind.

o Far-off-resonance case In this case, we can adiabatically eliminate the excited state as te(p,t) =
(Q/2A)[tg(p + Rk, t) + Yg(p — Rk, t)], then the equation of motion for the ground state amplitude

becomes
2

. Q

The ground state atom changes its momentum in units of 2hk. Let 1y(p,t) = >, ¥ (t)d(p — 2mhk)

[thg(p + 2Rk, 1) + 204 (p, 1) + g (p — 20k, 1)]

with initial condition 7*(0) = 0, then we have
Yy (t) = (=)™ e g (o)
with a(t) = [3 d'Q(t)/(24).

The treatment above neglects the photon recoil and the spontaneous emission, which tend to wash out

the diffraction pattern.

14.2.2 Bragg Regime

In the Bragg Regime, we still have w, > A. But here L is sufficiently large that the interaction with laser
light significantly changes the kinetic energy of the atom, so we can no longer neglect it in the Hamiltonian.

With the kinetic energy term included, the equations of motion becomes

. 2

W) = o) + Sy o B8+ o~ B.8)] - Av (1)

. 2 Q

Wo(p.1) = Ghg(p,t) + 5 Welp + Bk 1) + be(p — Bk, )] (143)
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For far-off resonance light, hRA < A, p?/(2m), we can adiabatically eliminate the excited state amplitude
using the first of Eqgs. (14.3),

Ye(p,t) = %[% (p+ hk) + ¥y(p — hk)]

Putting this into the second equation, we have
. 2 02 02
iB0,0) = (o 555 ) 9alpr0) + T 0o+ 200.0) + 4 — 20, 1) (14.4)
The above equation shows that momentum conservation requires that an atom with initial momentum
p; is connect to final momentum state py = p; + 2nhk through a 2n-photon process. The energy difference

between these two states are

1
AE = o [(pi + 2nhk)? — p?]

The only two states that satisfy both momentum and energy conservation (phase matching) are
pi = —py = —nhk

In this case, we can neglect all other off-resonant momenta states and keep only these two resonant states.

The resulting coupled equation can be easily solved. Let p; = hik, denote g+, (t) = ¥,(£nhk,t), then
G_n(t) = exp[—i(n’w,t + 20)] cos(0), gin(t) =iexp[—i(n’w,t+ 26)] sin(f)

with w, = hk?/(2m) and 6(t) = fot dt'Q%(t')/(4A). Hence the atom oscillates between nhk and —nhk.

To resonantly connect an arbitrary p; to py = p; + 2nhk, we have to apply for the energy mismatch AE.
This can be done by detuning the frequency of the two laser beams that form the standing wave. Suppose
the two beams are detuned by Aw. The 2n-photon process involves absorbing n-photon from one beam and
emitting n-photon to the other beam. Each absorption-emission cycle will add an extra energy hAw to the

atom. Therefore to make the state p; and p; resonance with the 2n-photon process, we need to have
nhAw = AE (14.5)

We can also view this laser detuning from the following perspective: The two beams detuned from each other
by A will form a moving standing wave which moves at the velocity v = Aw/(2k). In this moving frame, the
initial momentum of the atom is shifted to p; = p; — mv. When the resonance condition (14.5) is satisfied,
p; = —nhk which becomes resonant with the final state p’f = py — mv = nhk through a 2n-photon process.

Bragg diffraction can also be performed on a condensate [J. Stenger et al., PRL 82, 4569 (1999)]. A
Bragg pulse is applied to create excitation with k > ¢, so the excitation is free-particle excitation with energy
62 + npg, the second term being the mean-field interaction energy. The signal is plotted as a function of
laser detuning, by comparing it with the result of a non-interacting condensate (Bragg pulse is applied after
the cloud is released from the trap and the interaction energy has converted to the kinetic energy), one can
deduce the value of ngg. The width of the signal, which is determined by the momentum width of the sample)
can also be used to detect the condensation phase transition. For a thermal cloud at temperature T', the
momentum width is about (Ap)inermal ~ V2mkT, whereas for a condensate, it is given by (Ap)gec ~ I/R

with R being the size of the condensate. For non-interacting condensate confined in harmonic trap, R is
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about the harmonic oscillator length, hence (Ap)prc ~ vVAmw. The ratio of the thermal and condensate

width is
(Ap)Bec [ hw
(Ap)thermal 2kT

which is about 5% for w = 27 x 100Hz and T" = 1uK (typical critical temperature). For a repulsive

condensate, the size is larger than the harmonic oscillator length, this ratio is smaller still. Experimentally,
it was shown that the Bragg width is indeed inversely proportional to the size of the condensate. This is
Heisenberg uncertainty principle at work at a macroscopic level! For this reason, a condensate is truly a

macroscopic quantum mechanical object.

14.2.3 Stern-Gerlach Regime

In the Stern-Gerlach regime, w, < A, i.e., the atomic beam is localized in z-direction such that the atom
sees a local potential rather than the full periodic potential.
Again, we assume the laser light is on-resonant with the atomic transition, i.e., A = 0. The eigenstates

of the interaction Hamiltonian is the dressed states

1

[+) = —=(Il9) £ le))

Sl

2

with associated energy

Q
E, = i% cos(kz)

If initially the atom is in its ground state |1/(0)) = |g), which in terms of the dressed states can be decomposed
as [1(0)) = (|4+) + |=))/v/2, then the two components will experience opposite forces with equal magnitude:
Fy = —VEL = F(hQk/2)sin(kz). Hence the atomic wavepacket splits into two spatial components, just as
in the original Stern-Gerlach experiment atoms split into several spatial components in an inhomogeneous

magnetic field due to different magnetic spin components.
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Chapter 15

Four Wave Mixing in BEC

15.1 mixing of matter waves
The wave function of a scalar condensate satisfies the GPE
ih9¢(r t) = —h—2v2 +V(r) + Ng|o(r,t)*| ¢(r,t) (15.1)
ot T 2m g ’ ’ '

which has the same form as a Schrodinger equation with a cubic nonlinear term. The same type of non-
linearity appears in many other physical system. In particular, in nonlinear optics, where a light beam
going through a Kerr nonlinear medium, the equation governing the propagation of the light has the same
mathematical form.

It is well-known, in the context of nonlinear optics, that such nonlinear term gives rise to wave-mixing.
Therefore it is rather intuitive to expect same phenomenon also occurs in condensate. In 1999, W. D.
Phillips’ group at NIST successfully demonstrated four-wave mixing in an atomic condensate [Nature 398,
218 (1999)]. In that experiment, a condensate is first released from the trap, then optical pulses are applied
to Bragg scatter part of the original condensate in momentum state k; = 0 into finite momenta states
ks = k(2 + 3) and ks = 2kZ. These three modes initially overlap with each other and interact nonlinearly
to produce a fourth mode at momentum k4 = ky — ko + k3 = k(2 — 3).

The time it takes to create states ko and k3 using the Bragg pulses is very short, and it can thus be

taken to be instantaneous. As a result, all different momentum modes have the same spatial distribution.

We write the wave function for different momentum states as
%(IU t) = Pi (I’, t) ei(ki.r_wit)

with w; = hk?/(2m). In the above expression, the envelope function ¢;(r,t) is assumed to be slowly varying
in space and time on the scales of 1/k; and 1/w;, respectively, and are normalized as [dr Y, |¢;(r,t)]* = 1.
Different modes are approximately orthogonal to each other. Such slowly varying envelope approximation
is necessary to restrict the momentum components only to those around the central momentum of each of

the wave packets and allows efficient numerical simulations as it separates out explicitly the fast oscillating
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phase factors representing the central momentum. The total wave function is therefore

4

o(r,1) = Z @i (r, ) etk r—wit)

i=1
Put this into the GPE (V = 0), collecting terms with the same phase factors, eliminating rapidly varying

terms and keeping only the phase-matched terms, we finally have

(0 Rk . h Ng .
i <8t +— -V - 12mv2> pi(r,t) = e Z Ok 4K K +Kin O 4wy o+ 05 (T, 1) om (T, 1) o (r,2), - (15.2)

jm,n
The indices take any value from 1 to 4. The two d-functions ensure momentum and energy conservations,
respectively. They are automatically satisfied if i = j = m = n, which gives rise to the so-called self-phase
modulation terms; or if i = m # j = n or i = n # j = m, which gives rise to the cross-phase modulation
terms. These two types of terms do not generate new modes as they do not involve particle exchange between
different modes. The term responsible for four-wave mixing must involve all four different modes. To gain

more insight, let us write down the explicit form for i = 4, the mode which is created by the nonlinear

interaction:
(0  hky N Ng 2 2 2 2 Ng
AL VA t) =9 2 2 2l 229 s
! <8t + \Y 5 \Y ><P4(1‘7 ) 3 (Ial® + 2lo1]? + 2lp2]? + 2|ws|?) o1 + o PaP1es

The last term at the r.h.s. is the wave-mixing term that generates this mode. In general, Egs. (15.2) have

to be solved numerically.

15.2 mixing between light and matter waves

Nonlinear wave mixing can also occur between light and matter waves. The first demonstration on this
was reported by Ketterle’s group [PRL 82, 4569 (1999)]. A cigar-shaped condensate is illuminated by an
off-resonant laser beam with wave number k; propagating perpendicular to its long axis z. After absorbing
the photon from the laser beam, the atom gets a recoil momentum along y, the laser propagation direction.
Subsequent spontaneous emission gives the atom another momentum kick. Normally the spontaneous emis-
sion is isotropic. However it can shown that for a cigar-shape atomic ensemble, spontaneous emission occurs
preferentially along the z-axis, the so-called end-fire modes. After one such absorption-emission cycle, the
atom is now in momentum state k = k(¢ = 2). Now we have two light waves (the laser and the spon-
taneously emitted light) and two matter waves (the original zero-momentum condensate and the recoiled
atoms). The two lights waves interfere with each other and form a grating which scatters condensate atoms
into the recoil mode; while the two matters waves also form a grating which scatters the light waves. The
two gratings thus strengthen each other until the condensate gets sufficiently depleted. Successive atomic

momentum side modes are being built up by this process.



78

Chapter 16

Solitons

16.1 Discovery of the solitary wave and the soliton

The first documented observation of a solitary wave wave was made by a Scottish engineer, John Scott
Russel, in 1834, when he saw a rounded smooth heap of water detach itself from a boat and propagate
without change of shape or speed for over two miles along the canal (he chased the wave on horseback).
After that, he went back and performed some wave-tank experiments. In 1895, Korteweg and de Vries
derived a model equation which describes the unidirectional propagation of long waves in shallow water.

This equation has become much celebrated and is now known as the KdV equation, and can be written as
oh_on o _
ot 0z 023
The second and third term describe nonlinearity and dispersion, respectively. KdV found both a periodic
and a localized solution to the equation.
In the 1960’s, inspired by the Fermi-Pasta-Ulam recursion problem, Zabusky and Kruskal reinvestigated
the KdV equation numerically, and found that robust pulse-like waves can propagate in a system modelled
by such an equation. These solitary waves, which can pass through each other and preserve their shapes and

speed after the collision, are called solitons. The soliton solution of the KdV equation is given by

h(t,z) = 3v sech2§(z — vt)

16.2 The soliton concept in physics

A solitary wave, as discovered by Russel, is a localized wave that propagates along one space direction
with undeformed shape.

A soliton, as discovered numerically by Zabusky and Kruskal, is a large-amplitude coherent pulse or
very stable solitary wave, the exact solution of a wave equation, whose shape and speed are not altered by
a collision with other solitary waves.

Thus, to a mathematician the word soliton has a quite specific and ideal connotation in the context

of systems with exact analytical solutions (such systems are called integrable systems). There are roughly
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about 100 different types of partial differential equations that support soliton solutions. Physicists, on the
other hand, normally use the word soliton in a much loose sense. In the dictionary of a physicist, soliton
and solitary wave are usually inter-changeable.

Qualitatively, the solitary wave or soliton can be understood as representing a balance between the effect

of dispersion and that of nonlinearity.

16.3 Bright soliton for an attractive condensate

Consider an attractive condensate in a uniform 1D geometry. After rescaling, the GPE reads

Oy 10% 2,
ZE+ §w+ |”(/J| Ql)fo (161)

16.3.1 modulational instability of a plane wave

The above equation has a solution with constant density:
Y(z,t) = ug eiudt

where ug is a constant. Let’s check if this state is stable. To this end we add small perturbation to both
amplitude and phase:

P(z,t) = [ug + a(z, t)]eroriol D

Put this back into the equation and linearized with respect to small variables a(z,t) and ¢(z,t), to obtain
the linearized equations as

; 1 1
¢ —2upa — —a" =0, a+ -upg”’ =0
2U0 2

It has the solution with form
a(z,t) = aoei(k-z—wt)7 B(z,t) = ¢Oei(kz—wt)

Putting this into the equations for a and ¢, we have

k2
( — 2U0> ag — iwaﬁo = 0

2u0
2

iwao—i—?uo% = 0

Nontrivial solutions exist only when

or

Hence the long wavelength excitations with k < 2ug possess complex frequencies, and are therefore dynam-
ically unstable. Such instability is called modulational instability. Note that the above dispersion relation is

nothing but the excitation frequency of a uniform condensate.
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16.3.2 localized soliton solution

We want to find the localized stationary solution of the GPE with the form

Y(z,t) = V/p(z)e ™M

Put this into the GPE, we have
11

2 1 1d 1 2
5 2 W)+ +ptp=5— [4p2+p(p') ] +p=0

4p 8dp

where p’ = dp/dz. Integrate over p, we have (p')2 = —4p® — 8up? + cp, where c is an integral constant.
The condition of localization means that when z — oo, p and its derivatives should all vanish. Take

derivative w.r.t. z for the above equation, we have 2p'p" = —12p?p’ — 16upp’ + cp’ or
2p" = —12p* — 16up + ¢
The boundary condition at oo requires that ¢ = 0. Hence we have (p’)2 = —4p3 — 8up? or

P =2p\/po —p

with pg = —2u, which gives
p(2) = posech®(y/557)

In general, the equation also supports solutions stationary in a moving frame:

¥(z,t) = nsech[n(z — vt — 0y)] exp |ivz + %(n2 — vt — oy

The parameter n represents the amplitude and width of the solitary wave, v represents its speed, and 6, and

oo are two phase constants. It can be shown that these localized solutions are dynamically stable.

16.3.3 discussion

The existence of stable soliton solutions suggests the fate of the uniform system under molulational instability.
For an initially uniform system, any localized disturbance will seed the unstable modes. The most unstable
one (the one with largest Im(w)) occurs at ko = v/2uq. In real condensate parameters, this is kg = /87ng|al.
Thus, one may expect that in vicinity of the disturbance arises the region of oscillations with a wavelength on
the order of \g = 27 /ko (For a scattering length of —1.4nm, ng = 10'*/cm3, the most unstable wavelength is
about 3.3um). Formation of this oscillation region will saturate the instability and a condensate with length
L will eventually break into a train of solitons with the number of solitons ~ L/\.

Indeed, such experiments have been carried out: K. E. Strecker et al., Nature (London) 417, 150 (2002);
L. Khaykovich et al., Science 296, 1290 (2002). In both experiments, a condensate of "Li is created with the
help of Feshbach resonance such that the scattering length of the condensate is tuned to be positive in the
beginning. Then the scattering length is changed to be negative, and out come solitons. The former shows

a soliton train, while the latter creates a single soliton.
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16.4 Dark soliton for a repulsive condensate
Consider a repulsive condensate in a uniform 1D geometry. After rescaling, the GPE reads
i— 4+ == — |yl =0 (16.2)
We look for a solution such that the density approaches a constant value but its derivatives tend to zero for
|z] — o0.
16.4.1 general solution

The general non-normalized solutions are
P(z,t) = {iv — /1 —22tanh [\/ 1—v2(z— vt)} } e

where the real parameter v is the velocity of the dark soliton and takes values from 0 to 1. v also determines
both the width (= 1/4/1 — v2?) and the “darkness” of the soliton since the minimum density at the center of

soliton (occurs at z = vt) is v2. The density approaches the constant 1 far away from the minimum.
e v = 0, this is a stationary dark soliton, and the wave function is simplified as ¥(z,t) = tanh(z)e~*.

The width of the dark soliton is the healing length (in our units, =1).
e 0 < v <1, this is also called the grey soliton.

e v =1, in this case, 1(z,t) = ie”* hence the density is uniform and this is actually the homogeneous
ground state of the system. Note that in our units, the Bogoliubov sound velocity is given by ¢; = 1.

So ¢, is the maximum speed of the dark soliton.

e The function tanh(z) changes signs across x = 0, hence the phase of the wave function changes across
the density minimum. This phase slip is 2tan~!(y/1 — v2/v) which is 7 for v = 0. This phase change

is continuous for finite v, discontinuous for v = 0.

16.4.2 energy of a dark soliton

In our units, the chemical potential is fixed to 4 = 1. We need to calculated the free energy K = E —

wfdz|p? = (1/2) [dz [|[¥'|* + [¢]|* — 2|¢|*] which can be found to be
4 2y3/2
K = KO + g(l — v )
where Koy = —(1/2) [ dz is the free energy of the ground state with wave function ¢ = ie~*.

e The free energy of a dark soliton with 0 < v < 1 is higher than that of the ground state, as expected.

e The free energy of a dark soliton decreases as its velocity increases. In this sense, one may say that

dark solitons have negative kinetic energy!
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e The above property suggests the fate of a dark soliton in realistic experiment. The inelastic collisions
between the dark soliton and background atoms accelerates the former towards the sound velocity and
the dark soliton continuously transforms itself into the ground-state condensate. So dark solitons decay
via acceleration. But at sufficiently low temperature, the lifetime of a dark soliton should be quite long

such that it can be observed experimentally.

e Experimental observation of dark soliton was report by Burger et al. in PRL 83, 5198 (1999). The
dark soliton was created using the phase imprinting method: a far-off-resonant laser light is applied

over half of the condensate, which imprints a phase difference ~ 7 between the two halves.



