Cavity ringdown spectroscopic detection of nitric
oxide with a continuous-wave quantum-cascade laser
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A spectroscopic gas sensor for nitric oxide (NO) detection based on a cavity ringdown technique was
designed and evaluated. A cw quantum-cascade distributed-feedback laser operating at 5.2 pm was
used as a tunable single-frequency light source. Both laser-frequency tuning and abrupt interruptions
of the laser radiation were performed through manipulation of the laser current. A single ringdown
event sensitivity to absorption 0of 2.2 X 1078 em ! was achieved. Measurements of parts per billion (ppb)
NO concentrations in N, with a 0.7-ppb standard error for a data collection time of 8 s have been
performed. Future improvements are discussed that would allow quantification of NO in human breath.
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1. Introduction

Cavity ringdown spectroscopy (CRDS) is a high-
sensitivity absorption-measurement technique.l-3
It is based on measurement of the changes in relax-
ation time of a high-finesse optical cavity upon intro-
ducing an absorbing species. This technique was
originally suggested for spectroscopic measurements
with high-power pulsed lasers.# Subsequently, sev-
eral modifications of CRDS have been developed (see,
for example, Refs. 5-10). In CRDS, intensity mea-
surements are replaced with time measurements,
and hence this method is not sensitive to light-source
intensity fluctuations, which enables this technique
to reach a shot-noise-limited sensitivity.1°

CRDS permits researchers to obtain an effective
optical path length of several kilometers in a very
small volume V = 7r?l, where r is the mirror radius
and [ is the length of the optical cavity. The smallest
mirror radius is defined by the acceptable level of the
diffraction losses. These losses can be estimated as
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a fraction of the optical power in the TEM,, mode
that misses the mirror aperture. The required
mathematical relations can be found, for example, in
Ref. 11. For a cavity with the geometric parameters
used in this study (two identical concave mirrors sep-
arated by 37 cm and a radius of curvature of 6 m), the
minimum mirror radius for 10~ ¢ round-trip diffrac-
tion losses is r = 0.36 cm, hence V ~ 15 cm®. So
CRDS can be employed in the design of a compact
device architecture suitable for the ultrasensitive de-
tection of absorbing species. Of particular interest
is the midinfrared spectral region, where most mol-
ecules have strong fundamental absorption bands.
Field applications of such gas sensors also require a
compact and intense tunable light source.
Quantum-cascade (QC) distributed-feedback (DFB)
lasers have the potential to be ideally suited spectro-
scopic sources for this application. They provide
tens to hundreds of milliwatts of single-frequency
radiation and can be engineered to emit at any wave-
length from 4.5 to 19 pm.1213 Recently reported
achievements include a pulsed laser with 1.15 W of
single-mode peak power at 5.3 pm (Ref. 14) and a
thermoelectrically cooled cw QC laser at 9.3 pm.5
Therefore the development of CRDS based on QC
DFB lasers is of considerable importance in gas-
sensing applications.

Noninvasive medical diagnostics is one of the fields
that can benefit from robust ultrasensitive trace-gas
sensors. Some gases present in exhaled air in con-
centrations of parts per billion (ppb) by volume can



signal important physiological and pathological con-
ditions (see, for example, Refs. 16—18. Nitric oxide
(NO) detection is of particular interest.'® In a pre-
vious paper NO detection with a QC DFB laser used
in combination with either a multipass cell or a
high-@ optical cavity in a cavity-enhanced spectros-
copy (CES) mode was demonstrated.2° It was found
that CES does not achieve a sensitivity limit of sev-
eral ppb as is required by some medical applications.
Absorption spectroscopy with a multipass cell pro-
vides the required sensitivity level but has a limited
time resolution because of the relatively large volume
of a multipass gas cell (~3.5 1 for the 100-m multipass
cell used in the research described in Ref. 20).

In this paper we report a novel cw QC DFB laser-
based gas-sensor architecture designed to perform
CRDS detection of NO by using the same high-finesse
optical cavity as is used in the CES sensor configu-
ration reported in Ref. 20. Our approach requires a
simpler design than the first CRDS experiment, with
a QC DFB laser as described in Ref. 21. Paldus et
al.?! used a variable temperature cryostat for laser-
frequency tuning with the inherent complexity and
additional cost of an acousto-optic modulator to in-
terrupt the QC laser beam. In our design both fre-
quency tuning and the laser emission interruption
were realized by manipulation of the QC laser cur-
rent. With this sensor, we have demonstrated ul-
trasensitive detection of NO in N, and the detection
of CO, in ambient air through its weak absorption
near 5.2 pm (v; + vy/3v, dyad). All the reference
data for frequency-calibration and absorption-
spectra simulations were taken from the HITRAN92
database. We used this earlier database edition in-
stead of the more recent version of HITRAN96,22 be-
cause the NO pressure-broadening coefficient in the
96 edition is set to zero in error.

2. Cavity Ringdown Spectroscopy Principles and
Experimental Details

The technique we used is similar to the scheme first
reported by Romanini et al.> and later applied in Ref.
21 to CRDS with a cw QC DFB laser, which consists
of the following features:

1. The laser frequency is slowly scanned across
the absorption line of interest;

2. One of the cavity mirrors is moved back and
forth to ensure periodic, occasional coincidences of
the laser frequency with a cavity mode;

3. Once such a resonance occurs and the cavity is
filled, the laser beam entering the cavity is abruptly
interrupted or set off resonance, and the decay rate of
the exiting light is measured.

The ringdown time 7 for a two-mirror cavity is defined

by
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Fig. 1. Experimental setup. r;, current monitor resistor; r,
current-limiting resistor. Two wedged ZnSe windows shown near
the reference cell were used to form an etalon for fine frequency
calibration.

where [ is the cavity length, c is the speed of light, R,
and R, are reflectivities of the cavity mirrors, and « is
the absorption coefficient of the medium inside the
cavity. This expression does not take into account
diffraction losses, which can be significant for high-
order transverse modes or when the mirror diameter
is small. In the case of R; = R, = R ~ 1, Eq. (1a)
simplifies to

! ! (1b)

TTcal+(1-R)

From Eq. (1a), the absorption coefficient can be de-
termined as

1/1 1
ao=—|—— (2)
C\T  Tempty
and its small increment as
1 At
Aa=——, 3)
CT T
where 7., is the decay constant of the cavity when
evacuated.

The actual design of our CRDS setup is shown
schematically in Fig. 1. We mounted the QC DFB
laser on a cold finger of a liquid-nitrogen optical cry-
ostat, and applied no active temperature control. A
low-noise source supplied the laser current, and we
monitored it with the 0.5-() resistor denoted by r; in
Fig.1. For absolute frequency calibration we used a
reference cell filled with either CO, or NO. We per-
formed fine relative calibration of the laser frequency
versus the current by means of interference fringes
from an airspaced etalon formed by two uncoated
wedged ZnSe windows separated by 42.1 cm. The
laser frequency was tunable from 1922.9 to 1920.8
cm ! when the current changed from 300 mA (lasing
threshold) to 660 mA. At a higher current the laser
emission was multimode. With the tuning range we
were able to detect NO by accessing absorption lines
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at 1921.599 and 1921.601 cm ™! [R(13.5) components
of the fundamental absorption band], which could not
be resolved with our experimental conditions. We
also observed absorption lines of water vapor and
CO,. We collected the diverging laser radiation and
collimated it with two off-axis parabolic mirrors of
76.2 mm diameter and an uncoated BaF, lens. We
used another lens (uncoated CaF,, f = 50 cm; not
shown in Fig. 1) to couple the laser beam into the
cavity. Two concave mirrors with a 6-m radius of
curvature formed the [ = 37-cm long, linear high-@
optical cavity. We focused radiation exiting the cell
on a liquid-nitrogen-cooled photovoltaic HgCdTe de-
tector (1-mm? area) with a built-in 10*-V/A transim-
pedance preamplifier, de from 20-MHz bandwidth
(Kolmar Technologies Model KMPVS8-1-J1/DC).
The preamplifier output never exceeded 0.5 V, which
is well below its saturation level of 6 V. Therefore
we assumed the detector—preamplifier response to be
linear. Additionally, we amplified the signal 5-20
times with an external amplifier (Stanford Research
Systems SR560) and studied distortions introduced
by this amplifier. We found that the measured de-
cay time of the amplified simulated ringdown signal
was only ~40 ns slower than that of the unamplified
signal in the decay range of 1.3—10 s, although the
specified SR560 bandwidth is 1 MHz. This small
systematic error does not noticeably influence the
results.

To provide a periodic laser-cavity coupling, we ap-
plied a triangular voltage wave in parallel to three
piezoelectric translators (PZT, Thorlabs PE4), mak-
ing one of the cavity mirrors move back and forth.
The amplitude of the mirror motion resulted in the
scanning of the cavity resonances through four free
spectral ranges (FSRs). When the laser frequency
coincided with one of the cavity modes (TEM,, or a
higher order), we observed a rapid increase of the
detector signal (i.e., a spike). Figure 2(a) presents a
typical set of spikes detected during one period of the
mirror oscillations when the laser frequency was
fixed and the trigger circuit was inactive. The big-
ger spikes correspond to the TEM,, cavity mode,
whereas the smaller ones are due to higher-order
transverse modes. Uneven spacing of TEM,,, modes
reflects PZT nonlinearity. The mirror was not at-
tached to the PZTs but was pushed by a rubber O ring
in a backward motion. This probably caused some
misalignment of the cavity, which made the laser-
cavity coupling less efficient on this portion of the
mirror scan. The width of an individual spike [Fig.
2(b)] enables us to evaluate the laser linewidth Avg,
because it represents the time required for a moving
cavity mode to cross the laser line. From Fig. 2,
Avqe/FSR = At(spike)/At(FSR) ~ 7.1 X 1073, Tak-
ing into account a FSR = ¢/2[ = 405 MHz, we have
Avge ~ 3 MHz. In this estimation we considered the
spectral width of the cavity mode Av,.,, to be negligi-
bly small. In fact, from the measured ringdown time
T ~ 3.5 s (described below in this section) and the
relation Av,,,7 = 1/2m it follows that Av_,, ~ 45 kHz.

When a certain level of the detector output was
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Fig. 2. (a) Laser-cavity resonances (spikes) observed during one

period of the cavity mirror oscillations. The laser frequency is
fixed. (b) A zoom-in of the highest spike from plot (a).

reached, signaling that a TEM,, cavity mode is
coupled to the laser, a triggering circuit opened a
metal-oxide semiconductor field-effect transistor
(MOSFET) to shunt the laser current, thereby reduc-
ing it to a subthreshold value. At the same time, the
circuit triggered an analog—digital converter (ADC,
GageScope 8012), and the detector signal showing
the cavity ringdown was digitized for ~30 ps and
stored in computer memory. The ADC was set to a
25-MS/s sampling rate (maximum in a two-channel
mode). The MOSFET was kept open for 35 s, so
that the laser radiation would not interfere with mea-
surements of the cavity decay constant. This
triggering-and-acquisition process was repeated, and
consecutive ringdown transients were stacked in the
ADC memory until a desired number of transients
was acquired. A portion of such a data array is pre-
sented in Fig. 3(a). The results were postprocessed
to fit each transient with an exponential decay func-
tion, yielding a ringdown time 7. In Fig. 3(b) a dis-
tribution is shown of the measured 7 for 683
transients with an evacuated cavity and fixed laser
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Fig. 3. (a) Sample of experimental data showing repetitive ring-

down events. (b) Distribution of the ringdown times at a fixed
laser frequency.

current. The distribution can be fitted with a
Gaussian function, yielding (1) = 3.48 s and o(1)/{7)
= 2.3 X 1073, This means that the standard devi-
ation of a single-shot absorption measurement is o(a)
=22 X 10" % em ™!, according to Eq. (3). The rela-
tive scattering of ringdown times reported in Ref. 21
was almost the same [o(7)/{(t) = 2 X 10 2] but re-
sulted in a lower single-shot absorption sensitivity of
o(a) = 7.3 X 1078 em ™!, owing to the shorter ring-
down time (t) = 0.929 ws. An averaging of many
ringdown events results in higher sensitivity (see Ap-
pendix A). Both o(1) and (1) varied slightly from run
to run, depending on the mutual alignment of the
cavity mirrors and the laser beam. The longest
measured ringdown time was (1) = 3.56 ws, from
which we can conclude by use of Eq. (1a) that the
actual reflectivity of the mirrors was R = 99.965%.
It should be noted that lower-loss mirrors have been

realized, especially at visible and near-infrared wave-
lengths.

From a knowledge of T and Avgc, we can estimate
the maximum PZT frequency that can be applied
without causing the amplitude of the spikes to de-
crease. If the cavity stays in resonance with the
laser for 27, the exiting radiation intensity reaches
1 — 1/e? of its steady-state saturation. To satisfy
this condition, a sweep of the cavity resonance must
occur at a speed of dv/dt = Avgo/2t = 843 GHz/s.
We obtain a maximum PZT frequency f,,,.. = 260 Hz,
since eight FSRs are scanned for each period of the
mirror oscillations. This conclusion was confirmed
by our experimental observations: We did not ob-
serve any decrease of spike intensity at f = 200 Hz,
but we observed a decrease at 300 Hz. In the spec-
troscopic experiments described below the PZT fre-
quency was set to 200 Hz, which enabled maximum
ringdown transient acquisitions at a 1600-Hz rate.

To acquire absorption spectra, we applied an oscil-
lating current (triangular waveform with a dc offset)
to the QC laser in order to scan a particular absorp-
tion line. The period of oscillations was typically set
to2 Hz. We extracted an ac voltage component from
the current monitor resistor r; by subtracting a dc
offset. This component was amplified and then
measured by use of the second ADC channel. We
measured the laser current just prior to its shutdown
condition. The laser frequency at a given laser tem-
perature is completely defined by its current, and
therefore the second ADC channel provides the posi-
tion of the measured ringdown time on a frequency
scale. The frequency scan was found to be linear
with a coefficient of 6.0 cm !/A. In previous re-
search the laser frequency was reported to vary
slightly nonlinearly with current?3-25 and linearly
with temperature.25 The linear tuning observed in
this research is due to (1) a tuning range of <0.15
cm !, which could obscure a slight nonlinearity, and
(2) slow tuning and a steady-state temperature for
the laser chip, which is proportional to the thermal
dissipation. Since the voltage applied to the laser
exhibits much less relative change than the laser
current, the dissipated power and hence the laser
temperature scale linearly with laser current, result-
ing in linear frequency tuning.

After we turned the MOSFET on and off, a com-
plete recovery of the laser frequency took ~2 ms (Fig.
4). The triggering circuit was blocked from repeti-
tive switching during an interval of 800 ws. From
Fig. 4 it can be found that the laser frequency at this
moment differed from the steady-state value by only
0.14 FSR of the 421-mm-long etalon, or 1.7 X 103
cm !, We considered such an error in the frequency
assignment to be acceptable; hence, for a PZT fre-
quency of 200 Hz, at most every other resonance
caused a registered ringdown event, and their fre-
quency did not exceed 800 Hz.

3. Spectroscopic Measurements

The performance of this CRDS sensor was evaluated
by use of three kinds of experiment:
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Fig. 4. Laser intensity measured after the etalon (two uncoated
ZnSe surfaces 42.1 cm apart) when the laser current was reduced
to a subthreshold value for 35 s and then restored. The intensity
oscillations represent etalon fringes and show a relaxation of the
laser frequency when the QC laser chip heats to a steady-state
value. The vertical scale was normalized to make the oscillation
amplitude equal to one.

1. detection of NO at sub-ppm concentration in
pure dry Ny;

2. detection of CO, in ambient air with use of
weak absorption line at 1921.641 cm ™ ;

3. an attempt to detect NO (at the ppb level) in
exhaled air samples for which a strong interference
from the presence of both H,O and especially CO,

must also be considered.

All of the measurements were carried out at a 60-Torr
total gas pressure in the cavity.

The unresolved pair of NO absorption lines at
1921.60 cm ! [R(13.5) doublet] is shown in Fig. 5 as
detected in a mixture with pure N,. This mixture
was originally certified by a gas manufacturer (in our
case, Scott Specialty Gases) to contain 992 ppm of
NO. However, the experiments were performed sev-
eral months after the calibration expiration date.
Besides, some NO was probably absorbed by the tub-
ing walls. Hence, the actual NO concentration in
the ringdown cell was not known a priori. The plot
depicted in Fig. 5(a) resulted from the measurement
of 1000 decays. Absorption in the cavity decreases
not only the ringdown time but also the peak inten-
sity of the light that exits the cavity when a resonance
occurs. Therefore resonant spikes that appear near
the peak of the relatively strong absorption line have
fewer chances to reach the triggering threshold,
which explains the lower density of the measured
ringdown events in this region. To determine the
NO concentration in this sample, we fitted the exper-
imental data with a Voigt function. We fixed the
Lorentzian and Gaussian widths to its values from
HITRAN92 (w; = 9.07 X 10 3 ecm ™! = 272 MHz at
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Fig. 5. Acquired absorption spectra of NO in N, with unresolved
lines at 1921.599 and 1921.601 cm™'. The solid curve shows a
Voigt fit, which resulted in NO concentrations of (a) 622 ppb and (b)
48.4 ppb.

60-Torr total pressure and wg = 4.3 X 10 2 ecm ™! =

129 MHz at +25°C). We ignored the unresolved
0.002-cm ! (60 MHz) splitting of the two lines. The
area of an absorption line (that is, absorbance inte-
grated as a function of frequency) is directly propor-
tional to concentration of the species. Comparin%
the area under the fitting curve [converted to cm™
units by means of Eq. (2)—(cm ') of the frequency
scale times (cm 1) of the absorbance] to the HITRAN
data for the same temperature, we found (NO) =
690 = 2 ppb. These error limits represent only a
standard deviation of the best-fit coefficient. A
higher systematic error may be due to a fitting of two
absorption lines with a single Voigt envelope, an in-
accuracy of the reference data, and an uncertainty in
the gas temperature.

Figure 5(b) shows the NO absorption detected at a
lower concentration when 4000 ringdown events
were acquired. The acquisition time was ~8s. We
prepared the gas sample used in this work by diluting
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Fig. 6. CO, absorption line at 1921.641 cm ™! detected in ambient
air, 60-Torr pressure. The curved baseline is caused by H,O ab-
sorption. Solid curve shows the best fit with the Lorentzian func-
tion and a quadratic baseline. The fit resulted in a CO,
concentration of 430 ppm.

the mixture used in previous experiments with
99.999% pure nitrogen in a continuous-flow gas-
mixing system and set the dilution ratio to 18.
There was no deterioration of the density of points on
the top of the line, but some baseline modulation was
noticeable. We believe that this modulation is
caused by imperfections of the PZT motion. The
mirror was not only translated but was also tilted
somewhat in its back-and-forth dither motion, lead-
ing to slight changes in the cavity ringdown time.
This undesirable ringdown modulation was align-
ment sensitive and therefore not quite reproducible
from one run of measurements to another. For the
data set depicted in Fig. 5(b) we evaluated o(7)/{1) =
47 X 1072 or o(a) = 4.7 X 1078 em™ 1. We fitted
these data with the same Voigt envelope, with both
w;, and wg; fixed. The area under the fitting curve
A =(3.53 +0.05) X 10 2 cm ! yielded (NO) = 48.4 +
0.7 ppb. We found these error limits of +1.4% by
use of the nonlinear fitting procedure. We obtained
the same standard deviation 3A = 5 X 10~ cm ™2
when the parameters of this data set (average spac-
ing of data points around the absorption line is Av =
3.3 X 107° em™ ', the line FWHM w = 1.1 x 102
cm Y and o(a) = 4.7 X 1078 cm ™ 1) were substituted
into Eq. (A9) from Appendix A. The excess of NO
concentration compared with 690 ppb divided by a
dilution ratio of 18 is probably due to errors of the
mixing system at low flow rates.

The CO, line at 1921.641 cm ! detected in ambient
air is shown in Fig. 6. This line corresponds to the
P(14) transition of the 11102 < 00001 band in
HITRAN notation and is approximately 1300 times
weaker than NO absorption at 1921.60 cm !. The
baseline is not flat, because the shoulder of an adja-
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Fig. 7. Acquired spectrum of an air sample exhaled through the
mouth. The breath sample was initially collected into a plastic
bag and tested in the ringdown cell under a reduced pressure of 60
Torr. The 0 of the X scale corresponds to a frequency of 1921.600
cm ™!, where the NO absorption is expected. The two arrows in-
dicate the CO, absorption lines at (1) 1921.641 cm ' and (2)
1921.575ecm™ . The upper array of dots shows 6000 original data
points. Several points corresponding to higher-order transverse
cavity modes can readily be distinguished. The lower trace rep-

resents averaged data, shifted down to 0.05 ws™ 1.

cent water absorption line is centered at 1922.341
ecm . Such a background absorption reduces the
detection sensitivity of the CRDS-type gas sensors for
two reasons. First, an error in o scales as 1/7 for a
fixed value of At/7, as seen from Eq. (3). Second, the
decrease of the amplitude of the spikes leads to a
lower signal-to-noise ratio and, in turn, to a higher
At/7. From the difference of the vacuum ringdown
constant and the baseline in Fig. 6, we can estimate
a background-air absorption of « = 1.5 X 10 % ecm ™!
at 1921.64cm !. Even for perfect R = 100% mirrors
such an absorption would limit the ringdown time to
22 s [see Eq. (2)]. A fitting of this data set with a
Lorentzian envelope on a quadratic baseline and a
comparison of the result with HITRAN-based simu-
lations yielded a CO, concentration of 430 ppm.
This is somewhat higher than a typical 370-ppm con-
centration in nonpolluted air but not surprising in a
laboratory environment.

A NO concentration measurement in the air ex-
haled through the mouth is difficult, because it con-
tains a high concentration of H,O and typically ~4%
of CO,. For a pair of NO absorption lines at 1921.60
cm ! that were accessible with the available QC DFB
laser, CO, absorption lines at 1921.641 and 1921.575
cm ! [R(4) from the 12202 < 01101 hot band,
HITRAN notation] hindered NO detection in a sam-
ple of air exhaled from the mouth. The acquired
data are shown in Fig. 7 by dots. The solid curve
shows averaged data; the spectral range was equally
divided into 500 bins, and the mean value of all the
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data points in each bin was plotted. A better spec-
tral strategy would be to detect NO through another
pair of absorption lines at, e.g., 1903.123 and
1903.134 cm ! [R(7.5)]. These lines are free from
interfering H,O and CO, absorption and are more
than three times stronger. The use of this pair of
lines would make it possible to measure NO concen-
tration levels of below 5-10 ppb that are typical for
mouth-exhaled air.

5. Conclusions

We have demonstrated that the CRDS technique by
use of current control of a cw QC DFB laser can be
applied to sensitive-absorption spectroscopy in the
mid-infrared range. The demonstrated sensitivity
can be considerably improved by implementation of
the following measures:

1. Ensure less ripple and drift for the QC DFB
laser current.

2. Improve the design of a PZT mirror mount to
eliminate the decay-time dependence on the mirror
position.

3. Use an improved QC laser cryostat design to
avoid drift of the laser beam during liquid nitrogen
boil-off.

4. Usea QC laser capable of targeting the NO line
pair at 1903.123 or 1903.134 cm ™! [R(7.5)], which is
desirable to detect NO in exhaled air. These lines
are free of CO, and H,O interference and also are
more than three times stronger than the pair at
1921.60 cm ! used in this research.

At this time, we obtained a sensitivity of 0.7-ppb
NO in pure N, with 4000 ringdown events. How-
ever, with the proposed improvements implemented,
we estimate that it would be possible to detect NO in
exhaled air down to sub-ppb levels with the acquisi-
tion of only 1000 ringdown events. At a laser shut-
down rate of ~500 Hz this requires only 2 s of time
plus mathematical postprocessing, which can be fast
with optimum software. With the expected develop-
ment of near-room-temperature cw QC lasers and
further progress in ultralow-loss mid-infrared mirror
technology, CRDS offers the potential for the design
of compact ultrasensitive gas sensors.

Appendix A: Sensitivity of Spectroscopic Detection

To derive the relations between a single-point
absorption-measurement error and an error in the
integrated absorption line intensity that is propor-
tional to the absorbing species concentration, we
make two simplifying assumptions:

¢ the position and shape of the absorption line of
interest is known;

¢ the baseline is completely defined and therefore
can be subtracted prior to further data analysis.
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The task of determining the line intensity is then
reduced to finding the best-fit coefficient A:

vi = Agv), (AD)

where y, is an experimentally measured absorption at
frequency v;. For convenience, we can consider g(v)
normalized by the condition

J.g(v)dv =1. (A2)

If v and y are expressed in cm !, then g(v) has a
dimension of cm and (A) = em™ 2. The coefficient A
describes the absorption line area, i.e., an integral of
the absorption coefficient over the whole spectral
range. If we denote g(v;) = x;, then from linear fit
theory

n
2 XiYi
_ i=1

B (A3)

~ n
Z x?
i=1

A

E (y;: — Axi)2
i=1
n—1 i X2
i=1

Here 3A is a standard error in A, which defines the
accuracy and sensitivity of the measurements; n >> 1
is the number of data points. The points v, are
quasi-homogeneously distributed over the scan range
AQ, and we denote the average spacing as (v; — v;,_;)
= AQ/n = Av. Ifitis assumed that individual mea-
surements are independently scattered around true
values with a standard error of ¢, we have

(8A)* = (A4)

1 < _ 9o_ I 2 __ .2
n—1§(y" A=~ ot=d (A5)
n n 1
E x’ = E gz(vi) =~ J. EZ(V)dV,
i=1 i=1 Av
(A6)
1/2
A =a Av/J. g2(v)dv] . (A7)

For a Lorentzian line shape,

2( )d — EZ wizd _i (AS)
gwdv=17 (4v? + w?)? VT aw’
and Eq. (A7) becomes
dA; = o(wAvw)'?, (A9)

where w equals the FWHM of the line envelope.
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