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Abstract

We first give necessary and sufficient conditions for a new induction, which
we define, for completely positive (CP)-maps between type II; factors, in terms
of bimodules of type II; factors. Our induction is characterized by a condition
weaker than that for a half braiding and contains a-induction as a particular
case.

Based on the above result, we define an inclusion of pointed bimodules
and find an extension procedure of an inclusion of pointed bimodules, which is
compatible with the Jones basic construction.

1 Introduction

Significance of bimodules in theory of von Neumann algebras was first emphasized
by A. Connes in an analogy to representations of compact groups, and well studied
in [11]. In the paragroup theory, introduced by A. Ocneanu [9] for the purpose of
classifying subfactors, bimodules play an important role. Moreover, systems of bi-
modules give rise to 3-dimensional topological invariants, which is also a contribution
of Ocneanu, and they are extensively studied in the field of tensor categories.

It is a discovery of Longo and Rehren, that one can induce a certain endomor-
phism of the smaller algebra to the larger of a net of subfactors. Xu [14] later found
the dual form of their induction and applied it especially to the subfactors associated
with the conformal inclusions. His work was so stimulating that it has been exten-
sively studied by a number of people. For his construction, braiding property of a
system of endomorphisms is essential. Izumi defined a notion of a half braiding of an
endomorphism with respect to a finite system of endomorphisms [4] and proved that
the existence of a half braiding is a necessary and sufficient condition for an induc-
tion of sectors associated with the Longo-Rehren inclusion. Categorically, a system
of sectors of a type III factor with the intertwiner spaces corresponds to a system
of bimodules arising from a type II; subfactor with the intertwiner spaces. In the
first part of this paper, we aim to generalize both of their inductions in the language
of bimodules or CP-maps of type II; factors. We succeed in giving a necessary and
sufficient condition for an induction of a bimodule or a CP-map.
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Based on this study, we define an inclusion of pointed bimodules. Suppose we
have two Jones towers [5] of type IT; factors NC M C M; C---, PCQ CQy C -,
an N-P bimodule yKp and an M-@) bimodule pHg. Assume K C H and this
inclusion is compatible with the left N and the right P actions. We define an inclusion
~vKp C amHg if they satisfy the conditions of our induction (see Definition 3.4 for the
precise notation).

Our next concern is to construct an M;-Q); bimodule s, Lg, from yKp C yHg
such that yyHg C a, Lg,. We take the relative tensor products for both side of yKp
and obtain », Lo, and we can make a tower of bimodules. This type of iteration
for constructing a tower does not work within the framework of a-induced endomor-
phisms of type III factors, because in general, an a-induced system does not have a
braiding.

2 Correspondence between CP-maps and bimodules

In this section, we summerize the identification of CP-maps and bimodules. Although
this was first introduced by A. Connes in his unpublished manuscript and nowadays
is a well-known fact, we give a review of relationships of CP-maps and bimodules
because they play essential roles in this paper. (See [11] for a general theory of
bimodules.)

Let M, Q be type II; factors. Let us fix a notation for a pointed bimodule. We
denote a pair of an M-Q) bimodule ,;Hg and an M-Q) cyclic and the right Q-bounded
vector £ by (ymHg,§). Here the M-Q cyclic condition means that MEQ) is a dense
subset of H and the right ()-boundedness means that there exists a positive constant
C¢ such that ||€ - ¢|] < C¢||q|| for any ¢ € Q. We say pointed bimodules (y,Hg, &) and
(mHg, ) are isomorphic when there exists a unitary u € Hom(y Hp, 3 Hg) such that
5 — u¢. Here we denote the set of bounded linear operators from H to H compatible
with the left M and the right Q-actions by Hom(a Hg, 1y Hop).

(1) Let us explain how to use the Stinespring dilation theorem to obtain (s Hg, §)
from a given (not necessarily unital) CP-map ¢ : M — Q. Consider an algebraic
tensor product of M and () which we denote by M ®a5, Q. Define an inner product

(x®a|y®b) :=trg(p(y*z)ab™), (2.1)

where trg is the unique trace for (). We take the quotient by the kernel of the inner
product and take a completion of M ®,, @, then we get a Hilbert space which is
naturally regarded as an M-() bimodule. We denote it by ;M ®, Qq.

Let o(x) = V*r(x)V be the Stinespring dilation decomposition where V' is the
map from L*(Q) to M ®,Q with V : § — 1®, ¢ and 7 is the representation of M on
M ®, Q with 7(z)(a ®,b) = (ra) ®,b. It is easy to see that V1 = 1®, 1 is an M-Q
cyclic and right @-bounded vector. We have obtained a pair (M ®, Qg,1 ®, 1)
from the original CP-map .

(2) On the other hand, we make a CP-map from a given pair (y,Hg,&) of M-
() bimodule and M-@Q cyclic and right -bounded vector. Let V be a map from



Q C L*(Q) to H satisfying V : ¢ — & - ¢ for ¢ € Q. We may define the map V on the
entire space L?(Q) because £ is right @-bounded. Denote the representation of M on
H by m: M — B(H). For x € M, note that

o(z) = Vr(z)V

sits not only in B(L?(Q)) but also in Q, since ¢(x) commutes with the right Q
multiplication on L?*(Q), that is,

p(r) € (JQJ) NB(L*(Q)) = Q"N B(L*(Q)) = Q,

where J is the conjugation operator of (). It is easy to prove that ¢ is a CP-map.
Thus we construct a CP-map ¢ from (3, Hg, §).

Now we discuss (1) and (2) more in detail, namely, that the correspondence is
one-to-one, and it is compatible with the adjoint operation of CP-maps (¢ +— ¢*)
and the conjugation (,yHg —¢ Hy) (see [11, Page 22]).

Definition 2.1 Let ¢ : M — Q be a CP-map with a (both left M and right Q)
bounded vector 1 ®,1 € yM ®,Qq. Put ®4(z) = trg(p(x)q) with 0 < ¢ € Q. Since

Oy (27) = trq(p(272)q) < llglloo(x(1 @, 1) | 2(1 @4 D)me,o < Cllgllootrar(z”z)

for some C > 0 (here we use left boundedness of 1 ®, 1), there exists a unique
element 0 < p*(q) € M satisfying tro(¢(z)q) = trar(zp*(q)) by the Radon-Nikodym
type theorem. (The uniqueness follows from the faithfulness of try;.) We may extend
the domain of ©* to @, and obtain a CP-map ¢* : ) — M which we call the adjoint

of .

Theorem 2.2 We have a one-to-one correspondence between a CP-map ¢ : M — @Q
with a bounded vector 1 ®, 1 € y M ®, Qq, and a pair of an M-Q bimodule and an
M-Q cyclic and bounded vector, via the above procedures (1), (2). Moreover, they
are compatible with the adjoint operation of CP-maps and the conjugate operation of
bimodules.

(wHg, ) Y2 o.M —Q
! !

= 7 0O
(@Hm, &) — ¢":Q—=M

Proof One-to-one correspondence holds by the descriptions of (1) and (2). (Here,
we only need to assume the right boundedness of the vector.)

Suppose we have a CP-map ¢ : M — Q. Construct (Q ®,« M,1 &, 1) from ¢*,
then it is conjugate to (M ®, Q,1 ®, 1) with

QRp M 3 q®Ru m—m"R,q¢" € Mo, Q.



Construct a CP-map ¢ from (gH s, €). Then, we have
trar(@(@)m) = (¢-&|&-m")=(-m[qg-&=(m -] q)
= (§-qIm”- &) = tro(p(m)q),

where m € M,q € @Q and ¢ is a CP-map obtained from (y,Hg,&). The above
computation shows that ¢ = ¢*. O

Claim 2.3 Suppose that a CP-map ¢ : M — Q) corresponds to a pair (mHg,§).
Then we have the following:

1. When ¢ : M — @ is unital if and only if the pointed vector € is Q-tracial, i.e.,
tro(q) = (§q | §) forq € @ ;

2. The CP-map preserves the trace of M, i.e., trg o ¢ = tryr, if and only if £ is
M -tracial, that is, try(x) = (x€ | &) for any x € M.

Proof 1. (=) Let p(z) = V*r(z)V be the Stinespring decomposition as in (1). Since
§=1®,1="VI1, we have

(€q1€)=(vVq|vi)=(Vvqll) = (p(1)il 1) = tr(q).
(<) For any g € @, we have

tr(p(1)g) = tr(V*r(1)Vq) = (Vg | V1) = (€ q] &) = tr(a),

thus ¢(1) = 1.

2. (=) Since (z(1®, 1) | 1 ®, 1) = trg(p(x)) = try(x), the vector 1 ®, 1 is
M-tracial.

(<) It follows from tro(p(z)) = (V*r(2)V1 | )2 = (@€ | &)u = tru(2).
O

Definition 2.4 Let (nXp,&) , (NYp,n) be pointed bimodules. If s€®tn € y(X DY )p
is N-P cyclic, for positive numbers s,t, we define a direct sum by

(N X ®Y)p,sEdtn). (2.2)

Let o, : N — P be CP-maps corresponding to (nXp,§), (nYp,n), respectively.
Then (2.2) corresponds to s*p + t*i).

Without loss of generality, we may assume the positivity of s and ¢, since we could
change the pointed bimodules within their isomorphism classes.

Remark 2.5 Unfortunately, this correspondence of CP-maps and pointed bimodules
is not compatible with composition of CP-maps and the relative tensor product of bi-
modules. Consider the following simple example. Let N C M be a type II; subfactor,
@ : N — M the inclusion map and @) : M — N the unique trace-preserving condi-
tional expectation. The CP-maps ¢, correspond to (yL?(M)ar, 1), (mL*(M)y, 1)
respectively. We have (yL?*(M)y, 1) by taking their relative tensor product over M.
The composition of the CP-maps ¢ - ¢ is the identity map of N and it corresponds
to (yL*(N)y, 1) which is not equal to (yL*(M)y, 1), unless N = M.



3 Inclusions of pointed bimodules

Before we define an inclusion of pointed bimodules, we give the following theorem.

Theorem 3.1 Let N C M, P C @ be type II; subfactors with finite indices. Suppose
we have an N-P bimodule NXp of finite type, i.e., [vXp] == dimyXdimXp < co.
The following are equivalent:

1. There exists an M-Q) bimodule \Yq with (Y] < oo, such that X C Y as
Hilbert spaces compatible with the right P and the left N-actions, and the fol-
lowing hold. We have equalities of Jones indices and right dimensions of bi-
modules:

[M:N]=[Q:P], dimyX = dimyY. (3.1)
(From (3.1), we obtain dimXp = dimYy.) There exists an N-P cyclic and
bounded vector £ € X, such thatn € Y, the image of & by the embedding X — Y,
is an M-Q cyclic and bounded. Moreover, if we denote the corresponding CP-
maps to (nXp, &) and (mYg,n) by we : N — P and v, : M — @, respectively,
we have
wnlN:@& me:(pZa

2. There exists an M-Q bimodule pYq such that

T: X ®p Qo ~NM @y Yo, (3.2)
and
O—:MM®NXP2MY®QQP (33)
hold, and there exist & € X, an N-P cyclic and bounded vector, and n € Y
satisfying
T€®pl)=10umn, (3.4)
o(len ) =n®q1; (3.5)

3. We have an isomorphism of bimodules:
O yM Iy Xp~nX ®pQp, (3.6)
satisfying the following two conditions: (3a), (3b).
(a) There exists an N-P cyclic and bounded vector & € X such that
1@y &) =E@p L.

(b) Let s € Hom(yy M @y My, yyMys) be the conditional expectation from
My to M with the identification of yyM Qnx My, and py My, Define t €
Hom(oQ ®p Qg, oQq) in the same way. Then, for any ( € xM @n Xp,
we have

(ldM XN CI))(S* KRN ldx)<g) = ((I)_l Kp ldQ)(ldX Xp t*)q)(g)



It is well known that the right boundedness of a vector is equivalent to the left
boundedness in case a bimodule is of finite type (see [13, Lemma 23] for example).

Remark 3.2 Thanks to cyclicity of & € yXp, the conditions 2, & of Theorem 3.1
can be rephrased in the stronger forms as follows.

2°. The same isomorphisms as in (3.2), (3.3) hold so that any N-P cyclic and
bounded vector £ € N, there exists n € Y such that (3.4) , (3.5) hold.

3’. The isomorphism (3.6) holds so that for any N-P cyclic and bounded vector
¢ € X, we have (3a), and, we have (3b).

Remark 3.3 When N = P and M = @), we note that the third condition is related to
the half braiding [4, Definition 4.2] in the following sense. In (3.6), yXx commutes
only with yMpy, on the other hand, in [4], a sector has to commute with every
endomorphism of the system. For the pentagon type equality (3b), we only deal with
the specific homomorphism s(= t), so that (3b) is weaker than the braiding fusion
equation of [4].

So called a-induction (defined by Longo and Rehren [7], further studied in [14],
later in [1], and named in [1]) is a particular case of 3 = 1.

Moreover Kosaki’s result, on restriction of an automorphism of M to that of N
associated with vertices of the principal graph of N C M [6], is generalized in the
equivalence of 7 and 2 of Theorem 3.1. More precisely, when a CP-map « is an
automorphism, the adjoint o* and the inverse a~! coincide with each other, and one
can remove (3.3), (3.5) of Theorem 3.1.

By checking the second condition of Theorem 3.1, it is easy to see that the direct
sum of pointed bimodules (see Definition 2.4) is compatible with the inducution of
pointed bimodules.

Proof of Theorem 3.1 (1 = 2) Since ¢ =1, on N, we have

12

NX ®p Qq NN @y, P) ©p Qg ~ NN Ry Qq
NM ®y, Qq

N

By (3.1), we have dimy (X ®pQ) = dimy (M ®),Y), then 7 : yX®pQg ~ xM @, Yo.
Applying the same procedure to ¢¢, ¢y, we obtain M @y Xp ~ yY @ Qp.

Since § € yXp corresponds to 1®,, 1 € xN ®,,, Pp, with the above computations,
we have 7(§ ®p 1) = 1 ®pr n. The other equation o(1 ®x &) = 7 ®¢ 1 holds in the
same way.

(2 = 1) Equalities (3.1) follow from the isomorphisms (3.2), (3.3). Let V :
L*(P)>p+—¢&pe X and let 7 : N — B(X) be the representation of N. Define a
CP-map ¢¢ : N 3 z — V*r(x)V € P. We regard ¢, as a map from N to @ and
denote it by @e. Let V: L2(Q) 3 G+ (E®@p1)g€ X ®pQ and 7 : N — B(X ®@p Q)
be the representation of N with # = 7 ®p idg. Then we have @¢(x) = V*7(z)V. Let



W :L*Q)> ¢ ngeY,and let 0 : M — B(Y) be the representation of M and
define ¢, (y) :== W*o(y)W. For n € N, q1, ¢ € (), we have

(@e(n)ar | G2)r2q) = (ME@p a1 | (E®p 1)) x0pQ
= (n(l@unaq | (1 @m1)a) meyy
= (y(n)d1 | G2)12(Q)

thanks to (3.2), that is, ¥, |n = @¢ = p¢. The isomorphism (3.3) yields ¥y |p = ¢

(2 = 3) We obtain (3.6) from (3.2) , (3.3). Let 6 : yM @y Xp — nYp be a
composition of o and the natural isomorphism Y ®qg @p > ( ®¢g ¢ — (g € mYp.
The isomorphism ®(() := 7711 ®; 5(¢)) with ( € yM @n X gives yM @n Xp
NX ®p Qp. It is easy to see that P(1 @y &) =& @p 1.

In the following, we are going to show (3b). Let {m;},{n;} be the Pimsner-
Popa basis of N C M, P C @ respectively. We embed the left hand side of (3b)
(ldM RN @)(S* RN ldx)(C) into NM R M RN X Xp QP and apply ldM Ry o Rp ldQ,
then we obtain

Y 1@n (c@pidg)(idy @7 ) (m;@nm @1 6(¢)) € WM @y Y RqQRpQp. (3.7)
J
On the other hand, we embed (idx ®p t*)®(¢) = X, 7 (1 Qs 6(¢))nkx ®p nj, into
NX ®p Q ®gQ ®p Qp and apply T ®g idg ®p idg to get

21®M&(C) Qg nk @png, € NM nY ®g Q @p Qp. (3.8)
k

From (3.9) in the below, (3.7) and (3.8) coincide with each other. Since ® ®p idg =
(77! ®¢ idg ®p idg)(idy ®pr 0 @p idg), we have proved (3b).

Applying the Frobenius reciprocity [2, Prop. 9.70] to 7 and ¢, we can embed yXp
into NYp with

%:NXP9a§bt—>7’(a§b®p1)®Q1:a(1®M77)b®Q1ENM®MY®QQP,

5'ZNXp9a§bl—> 1®M0(1®Na§b):1®Ma(n®Q 1)b€NM®MY®QQp7

where a € N,b € P. (Remark that {1} is a base of Qg and {1/} is a base of 5/ M.)
Therefore, 7 = . We naturally identify xM &y Y ®oQp with yYp. By the embedding
7 = 0, we may regard yXp as a subspace of yYp. Let p: vM @u Y ®g Qp — vXp
be the orthogonal projection. Then we have 771({;) = Y p(¢1 ®¢g nx) ®p nf and
o N G) = X;m; @ p(m} ®u (o), where (i € vM @y Yo, G € MY ®q Qp. The
isomorphism (¢ ®pidg)(idy @x 771) yields My @y Yo ~ uY ®q Q1¢, and we have

(0 @pidg)(idy @n 7 (1@ () =(®q 1 (3.9)
for ¢ € Y, because

idM®NT_1

MM @y M @y Yo ~ MM @y X ®@p Qq

Y my @y m; @y ¢ = > mj @n p(m Qur ¢ Qg ni) p 0y,
J J.k
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and

0‘71®pidQ
mY ®q Q ®p Qo ~ M Ry X @p Qg

D (@qm®@png = Y my @y p(m] @ @g nk) @p 1.
k sk
(3 = 2) We denote the Hilbert subspace

(idy @y @)(s* @y idx) (M @n X) = (27" ®@pidg)(idx ®@p t*)(X @p Q)

of M @y X ®p @ by Y. This Y is closed under the left M and the right () actions in
the following way. Let a := (idy @n @) (s* @nidy) and 8 := (' ®@pidg)(idx @pt*).
For any ¢ € Y, there exist (; € M®@x X and (; € X®pQ such that ¢ = «(¢1) = B((2).
Since s is a homomorphism of M-M bimodules, we have

a¢ = aa(() = a(idy @y )(s™ @y idx)(C1)
= (1dM ®N Q))a(s* ®N ldx)(Cl)
= (idy @n @)(s" @y idx)(ali) = alady)

for a € M. We have (b = (({2)b = (5((2b) for b € @ in the same way. Therefore, we
may regard Y as an M-(@) bimodule. From the construction of 5;Yg, we have

NM @y Yy = yM @y (97 @pid)(id @p ) (X @p Qo
~ N[(@7 @pid)(id®@p t")(X @p Q)lg ~ v X ®p Qo
The isomorphism Y ®¢g Qp ~ yM @y Xp follows in the same way.

Put n:= (P! ®pid)(id®y s*)(1@x &) = (P ®@pid)(id®pt*)(E®@p 1) €Y, then
it satisfies 7(( ®@p 1) =1y n, and o(1 @y &) =N Qg 1. 0

Definition 3.4 Under the same notations as above, we define an inclusion of pointed
bimodules: (NKp,&) C (mHg,n) when they satisfy 1 or 2 of Theorem 3.1.

Let us explain some examples.

Example 3.5 Let
M D Q
U U
N D P

be a non-degenerate commuting square [12, P. 172] of type II; factors with [M : P] <
oo, then we have

(NNP7 i) C (MMQ, i)

This example means that an inclusion of bimodules is a generalized non-degenerate
commuting square.



Example 3.6 Let N C M be the GHJ subfactor [3, Sec. 4.5] with index 3 + /3.
The following are principal and dual principal graphs of N C M.
NXN

*

Each vertex of the graphs corresponds to an irreducible bimodule arising from
N C M (see [2, Chap. 10] for example). We can choose cyclic and bounded vectors
§ € nXn,§ € uYj,, such that

(vXNn: &) C (Y1 @ Ys)m,m ©m3)
(VXN €) C (M(Y1 @ Ya)m,m @ na)
(vXn,§) C (mYanr, &2)-

The first two inclusions follow from a-inductions. We get the third one because
X ~ X and Y, ~ Y, as bimodules with a map & — z*.

4 An application of the main theorem to the asymptotic inclusions

Let A:= MV (M' N M) C My =: B be the asymptotic inclusion obtained from
a hyperfinite type II; subfactor N C M with finite Jones index and finite depth [9].
By Popa’s generating property [12], we may naturally identify A with M ®c M°P.
Let Aycy = {mXj,,} (resp. Aucp) be the finite closed system of irreducible M-M
(resp. B-B) bimodules arising from N C M (resp. A C B). Assume 5 X1y = p M.
By > (A), denote the set of bimodules obtained as finite direct sums of bimodules in
A. Tt has been proved by Masuda [8] that the asymptotic inclusion and the Longo-
Rehren inclusion [7] are essentially the same objects. Longo-Rehren’s construction is
described in the sector language, on the other hand, the asymptotic inclusion is a type
II; subfactor and naturally studied in terms of bimodules. Translating the statement
of [4, Lemma 4.5] into our bimodule terminology, for any gYp € > (Aacp), there
exists p Xy € Y (Ancar) such that

T Al X ®c oo MPpop) @4 Bp ~ 4B ®p Vg,
0: B (Xy @c yorMPpr)a ~ pY ®@p Ba,

ie.,
A(X ®c MP)®4 B~ 4B ®a (X ®c MP) 4.

9



Since
aBa~a( B uXjm Oc merX;% ) A (4.1)

X;€EANCM

(by [10], see also [2, Sec. 12.6]), we have

P Al(X @ X;j) @c X;P]a ~ P al(X; @ X) @c X;]a.
J J

Since Hom (3 X, mXknr) =~ 9;,C, comparing the both sides component-wise with
respect to ®¢, we have

Px(j) : MX Oum Xy = uX; @ X, (4.2)

for any 3/ X;,, € Ancwm, which corresponds to [4, Definition 4.2., (i) (1)].

Take an M-M cyclic and bounded vector £ € X. (In general, ,y Xy € > (Ancwr)
is not irreducible. Assume that ,; X, is irreducibly decomposed as X'y & X'y @
mX" . Let &, € X' and £” € X" be non-zero vectors and &}, &, are linearly
independent. Because the set of bounded vectors is dense subset of the original
Hilbert space, we can take &, &5, &" so that & @& &, @ £" is M-M cyclic and bounded
for v X'm @ X v & M X" 11-)

Put n;,1m, € Y with 7((§ ®c 1) ®4 1) =: 15 ®p 1, and 0(1p @4 (( ®c 1)) =
N, ®p 1. We want to see

(idp ®@p o ) (T@pidp)(E®c1)@al1®p 1) =1051®4 (£ Rc 1),

in order that 7, = n, holds. Since y X1y = My, 6., 4As = 4(X1 ®c X7P)4, it
is enough to show that ®x(1)(¢) = &. In case of the above example, there exist a
unitary

e ( ZL 2) € My(C) ~ End(y(X' & X')ar)

and a” € C with |a”] = 1 such that

Ox(1)(& @& B E") = (aly + &) @ (c€) +d&) ® a”¢".

We can adjust 7,0, so that A = 1 and a” = 1. Apply the same arguments for a
general 5, X)y.

Let {p?’l(e)} be an orthonormal basis of Hom(a/X;,,, mXr ®u Xip). By the
formula of S of [8, p.256], and since the asymptotic inclusion has the trivial relative
commutant, i.e.,

dim[Hom(pB ®4 Bg, pBp)| = dim[End(pB4)] = 1,

*

s* = t* of (3b) is expressed as

pi(e) ©c ()™,

\1/2 Z

]kl
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where A := [B : A] and d(j) := [X;]"/2. Thanks to 2 = & of Theorem 3.1, we have

P ([@x (k) ©cidR) @4 lidy, ©cidP]) ([idy ©c id) @4 [0 () ®c o) (e)™])

7.k,
= P (lidx, @cid®] @4 [Px(e) ™ ®cidP))
7.k,
(o' (e) ®c o' (e)™) @ lidy @c id3]) (Px () @cidR) .
Since

Py (€) P (€)= 83500016
comparing the right components with respect to ®c, we obtain
(Px (k) @ar idx,) (idx @ar pf(e) = (idx, @ur Px(e) ) ()" (€) @ idx)Px(j)

for each j, k,l, e. In particular, for every p € Hom (s Xj,,, mXr @nm Xipr), we have

(@x (k) ®aridx,)(idx ®ar p) = (idx, ®ar Px(e) ™) (p @ar idx)Px(5) (4.3)

which corresponds to the braiding fusion equation of [4, Definition 4.2 (i) (2)]. From
(4.2) and (4.3), we have shown that this {®x(j)}x,eayc, is a half braiding.

5 Construction of a tower of pointed bimodules.

Let us first fix some notations. Assume that (vHop,&) C (mHg,&) (see Def 3.4)
and ¢o (resp. ¢) corresponds to (vHop,&) (resp. (mHg,E)). We denote the type
I1; factor obtained by the Jones basic construction for the original subfactor N C M

(resp. P C Q) by M; (resp. Q).

5.1 An extension of CP-maps.

Here we construct a CP-map ¢, from M; to (); which is an extension of ¢ : M — @
and makes the following diagram commutative

M, 7 Q1
el i
M 4 Q
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ie., F-¢ = ¢-&, where £ (resp. F) is the unique trace-preserving conditional
expectation from M; to M (resp. from @y to Q).

We identify aHq (resp. nHop) with yM ®, Qg (resp. NN ®,, Pp). From
Definition 3.4, we have dimHg = dimHyp. Put a := dimHg and n := [a] > 1, the
biggest integer less than or equal to «. Then the following hold:

(M ®,Q)g ~P L*(Q)g as right @-bimodules,

(N ®y, P)p ~P L*(P)p  as right P-bimodules,

where @ L?*(Q) means

D 12Q) = INQ) & & LX(Q) & pLA(Q)

n times

B I3(P) = IX(P) & - @ L*(P) @ pL*(P)

n times

with a projection p € P of its trace tr(p) = a —n. We may and do assume that these
isomorphisms are compatible with the embedding of N ®,, Pp C M ®, Q¢ as right
P-modules. We denote the corresponding vector of N ®,, P to

(0,---,0,1,0,---,0) € € L*(P)

J

by & € N®y, P for j =1,---,n. We define &, so as to correspond to (0,---,0,p) €
é L*(P). We may assume that & = 1 ®, 1, which means that we identify 1 ®, ¢ €
M®S0 Q with (qAJ 07 e 70) €®d LQ(Q)

Suppose a vector n € M ®,, @ corresponds to (g1, -, ) € @ L*(Q). Then we

have
n+1

n= ; &+ Gi-
Define u; € End(M ®, Qg) with
ui(n) =& -q, u;(n) =& -q =18, q;
In general, we take a sequence 7, = >_;¢n,; in the right ()-bounded subspace of

M ®, Qg such that lim,, ||n — 7,,,|| = 0, then we can define u;. We may naturally
regard these u;’s as elements of End(N ®,, Pp). If we express u; as an element of

12



B(® L*(Q)) ~ p(M,+1(C) ® Q)p, we have

0
uj — j—| 1 O € p(Mn1(C) @ Q)p
0
where
| 0
b= € My11(C) ® Q.

0 p

Let p(z) = V*n(z)V with x € M be the Stinespring dilation decomposition,
namely, 7 : M — B(M ®, Q) is the representation of M and V satisfies V : L*(Q) 3
§—1®,qe M®,Q.

Now we are interested in how our m, V' and vectors in M ®, ) are expressed in
the matricial notations. The following correspondences hold:

J

m(r) e k- | V¥uim(x)u,V | € p(M,+1(C) ® Q)p,

Vv

: n+1
V — j— V*u;‘-V = @ Q

* *
Viuy, 4V

and

Vauim(x)Vy
: n+1

TR,y i— | Vuir(z)Vy € P L*Q).

Veus ()i

13



Definition 5.1 We exstend this © to a *-homomorphism m : My — B(M ®, Q) by

setting
n+1

mi(e) = Z uV V",
i=1
where e, f are the Jones projections of N C M, P C @ respectively.

With the matricial notations, 7 (e) is denoted by

f
m(e) «— € M,+1(C) ® B(L*(Q)).
f

To show well-definedness of m; we need some claims.

Claim 5.2 The vector § € N ®g, P is right P-bounded, i.e., right Q-bounded.
Proof For each j and for any p € P, we have

||§k 'p||N®¢,P = H<07 o 7137 T 70)H « = HﬁHLQ(P)

DL p)
O

Claim 5.3 Foranyx € M and k =1,---,n+ 1, the vector x - & is right (Q-bounded

and we have
n+1

o= (& | xE)o.
j=1

Proof 1t is easy to see the right (Q-boundedness of x - &, from the following. For an
arbitrary q € ), we have

Gz &) - all = llz - ue (1 @ QI < [#]locl[1 @ gl = [[#]loclgl]2-

According to [2, Definition 9.7] and Claim 5.2, we can uniquely define the right
Q-valued inner product of §; and z - § and denote it by (§; | = - &)g. Suppose
x-& = Z?j &, - x; is the right () decomposition with the right ()-basis, then we have

Glao- o= 1> & g =1
!

The orthogonality implies (&; -y | &; - 2)¢ = di;y"2.

Claim 5.4 For any j,k=1,---,n+1, and x € M, we have

Fp(Vuim(z)uV) = Viuim(En(z))ur V.

14



This claim means that the commutativity Fp - ¢ = ¢ - Ey also holds in the matricial
level, namely, the following diagram is commutative.

l
M>z — j— VEusm(x)urV
l |
k
1
N3&y(z) — - Vi*usm(En(x))urV

Proof 1t is enough to show
fVium(v)ueV fp = Vuin(En(z))uVp for p € P.
Take a sequence §; ,, € N ®$1§ P such that nh—>n;lo |€; —&inl| = 0. Since the right Q-valued

inner product (£, | 7+ &)y converges to (§; | ¥-&x)g in the weak operator topology,
we have
n+1

fViir(@)u VD = fViui(e-& - p) = fV*u;(;a (& | 26k)g p)
JVE(& - (& | 2&)g p) = Fr({& | 2€e)g)p
= Wl Fp((&n | 26 )D
and
Vism(En()uVp = Vui(En(z) - & - p)
= (& | En(@)&) PP = W-Tm(&jm | En(2)Ekn) PP
thanks to Claim 5.3. Recall the equality

(a®,b | c®,d)g =b"pla™c)d (5.1)
holds on M @%%Q and &, € N ®%8 P. Since we obtain ¢g - Ex = Fp - ¢ by (3.3), we
have Fp((§jm | 28rn)g) = (Eim | EN(2)En) p- 0

Proposition 5.5 The x-homomorphism m is well-defined.

Proof 1t is enough to show the following equality: m(exe) = m(En(x)e) for z € M.
From Claim 5.4, we have

n+1
m(ere) = m(e)m(z)m(e) = Y w;V fVuim(x)u,V fV uy
gk
n+1
= Y uVViuin(En(x)uV fVuy, = m(En(z))mi(e)
ik
= m(En(x)e).
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O
Now we are ready to define a CP-map from M; to (); which is an extension of .

Theorem 5.6 Let V : L*(Q) — M ®, Q be the linear map as above. For x € M;,
let

o1(z) = Vi (z)V.
Then 1 1s a CP-map from M, to Q)1 and have a property such as F¢g - o1 = ¢ - Enm,
which means, ] = ¢ on Q. Moreover, if ¢ is unital, so is ;.

Proof Since p1(z) is in JPJ, ¢1(x) is an element of Q.

It is known that an arbitrary element of M; is finite sum of elements such as aeb
where a,b € M [2, Proposition 9.28], so that we only have to check Fg - ¢1(aeb) =
¢ - En(aedb). We have

Fq - p1(aeb) = Fo(Vimi(a)m(e)mi(b)V)
n+1
= Z Fo(Vim(a)u;V fV*u;m(b)V)

n+1

= 2 (V'm(a)u;V) Fo(f)(Vum(b)V)

J
n+1

= Y Q: Pl 'Vrn(a)u;VV*uin(b)V = [Q : P]"'V*m(a)m(b)V

= [Q: Pl 'p(ab) = ¢ - Eprlaeh).

Example 5.7 (cf. Example 3.5.) Let
M > Q
U U
N D P

be a non-degenerate commuting square of type II; factors with [M : P] < oco. Let
p: M — @ and ¢y : N — P be the unique trace-preserving conditional expectations
which correspond to (3 Mg, 1) and (yNp, 1) respectively. Applying Theorem 5.6, we
also obtain ¢ : M; — () the unique trace-preserving conditional expectation.

Proof First we remark that Jones projections of N C M and P C ) can be identified
naturally, and denote it by f. Let V, 7, m; be as above. For z,y € (), we have

m(zfy)V =V(zfy) on  L*Q),
Vim(xfy) = (xfy)V*  on  yM®,Qq = uMg.
Thus for a € M; and p,q € @1,
¢1(paq) = V*mi(p)mi(a)m(q)V = pV*mi(a)Vq = poi(a)q

holds. Since ¢;(f) = f, the trace-preserving condition follows easily. O
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5.2 An extension of an inclusion of pointed bimodules
We translate back the extension procedure of CP-maps into the bimodule language.

Definition 5.8 Suppose we have an inclusion of bimodules (yHop,&) C (mHg,§).
Let {m;} C M (resp. {ny} C Q) be a Pimsner-Popa basis of N C M (resp. P C @),
and ® : H — Hy be the orthogonal projection, compatible with the left N and the right
P-action. By using the relative tensor products, we construct an My-Q1 bimodule

(MlHlQl,&) as fOllO’ws.

& =1[Q: P]_1/2 ij SN @(m;fnk) ®p ny,
ik

For aeb € My,pfq € Q1,2,2 € M,y,w € Q and £,n € Hy, bimodule structure and
an inner product of Hy are well-defined as

(aeb) -z @y E@py - (pfq) = aln(bzx) @n & @p Fp(yp)q,
(zonNE@py|z@Nn@pw)n, = (En(Z"0)EFp(Yyw™) | ) m,-

Since
diliHl = dlliMdlmNHodlme = diIIlNHO = dlmMH,

we have (pHg,§) C (a, Hig, &) (see Def 3.4) with the following map:

MHQ o5n+— [Q : P}_l/Qij KRN @(m;nnk) Xp nz € M1H1Q1'
7.k

Remark that this map is norm-preserving because
1> my @ @(mjnm) @p il = Z @) || = Z 171 (e) () |1*

j.k
= Z I (e) (nnk)|!2

= Z(Wl(mjemj)ﬁnk | )
7.k

= S | ) = @ ¢ Pl

k

and we have ¢ = & by the map.
Theorem 5.9 With the same notations as in Subsection 5.1, we have
M1M1 ®g01 QlQl = M1M N (N ®<P0 P) Qp QQ1

and
Q1Q1 ®<p’{ M1M1 = Q1Q Qp (P ®808 N) ® MMl‘
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Proof On the dense part, consider the following map:

M1M1 ®<P1 Q1Q1 - MlM N (N ®<P0 P) Kp QQl
w w
aeb ®<,01 xfy = [Q : P]il/Qa ®N (I)(b ®§00 w) ®P Y,

which gives an isomorphism. The second isomorphism follows in the same way.
O

Example 5.10 (cf. Example 3.5, Example 5.7.) Let N, M, P,Q be as in Example
3.5. If we extend (yNp, 1) C (MMg, 1) by Definition 5.8 and Theorem 5.9, we have

mM&n N ®@p Qg = M &N (N @y, P) @p Qg = v, M1 @y, Qig, =~ M, Mig,

by the map ) e
i@y b@pé—[Q: PYafbfc

with the common Jones projection f of N C M and P C Q.
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