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Abstract

First, we construct the Jones tower and tunnel of the central sequence
subfactor arising from a hyperfinite type II; subfactor with finite index and
finite depth, and prove each algebra has the double commutant property in
the ultraproduct of the enveloping II; factor. Next, we show the equivalence
between Popa’s strong amenability and the double commutant property of the
central sequence factor for subfactors as above without assuming the finite
depth condition.

1 Introduction

Subfactor theory was initiated by V. F. R. Jones in the 80’s ([J2]). The central
sequence subfactor, which is the key concept in this paper, is one of the important
notions in the analytical approaches to subfactor theory. We review the historical
background.

Let R be the hyperfinite II; factor, G a finite group and a an outer action of G on
R. We fix a free ultrafilter w on N. Originally, it has been known that the classification
of group actions can be understood conceptually in terms of the subfactor RS C R,

where R, stands for a central sequence algebra R“ N R’'. We considered the following
subfactor of S. Popa ([P3])

Qgy (SL’)

N = r€R } CM:=R® M,(C),

ay, ()

where o, is the image of ¢ € G under a homomorphism (“action”) a of G into the
group Aut(R) of x-automorphism of R. (This example was initially hinted by Jones.)
Then we have N N M’ = RS and M, = R,. This is a special case of the central
sequence subfactor N* N M' c M“ N M’. The central sequence subfactor has been
introduced by A. Ocneanu with intention of generalizing the classification theory of
group actions on factors to that of “actions” of new algebraic objects called paragroups



([O1], [EK]). That is, let N C M be a hyperfinite type II; subfactor with finite index
and finite depth, and we construct a paragroup G from N C M, then the idea of the
paragroup theory is to regard N C M as “N C N xG.”

S. Popa has proved in [P4] that we can reconstruct the original subfactor from
the paragroup. This is the generating property of Popa. It gives another proof of the
uniqueness of outer actions of a finite group on the hyperfinite II; factor. He has
also defined a notion of amenability of subfactors based on an analogy with groups
and proved the equivalence of strong amenability and the generating property for
hyperfinite type II; subfactors with finite indices. This theorem of Popa also implies
several classification results about group actions on factors.

We obtain another type II; subfactor from N C M, which is called the asymptotic
inclusion. It is defined by M Vv (M’ N M) C My, where we denote the enveloping
algebra of N C M by M. Recently it has been studied in various fields such as
topological quantum field theory ([EK, Section 12]), sector theory ([LR]), quantum
doubles and so on.

Several properties of the central sequence subfactor have been studied by Y.
Kawahigashi and Ocneanu. The following theorem of Ocneanu is especially impor-
tant. ([02], [EK, Theorem 15.32].) We discuss it later in Section 4.

Theorem (Ocneanu) The paragroups of the central sequence subfactor and of the
asymptotic inclusion are mutually dual.

Looking at the proof of the theorem, we notice that (M*NM')NM2 C (N*NM')'N
MY has the same higher relative commutant as the asymptotic inclusion, and

NNnM = ((N“NM)YnM) NnM,

MYNM = (M“NM)YNnML) N M.
We construct the Jones towers and tunnels from

NNM c M“nNM
and
(MM nM2 c(N*NM) M
in MY. We set Py := NN M', P, .= M“nN M, P§ = (N*N M) N M and
Pf = (MYNM') N M, where “c” stands for the relative commutant in M. Then
we have,
"'CP_QCP_lCPQCP1CP2CP3C"'CPOOCM:O
rCR3CQR 2 CPICPCQiCRaC--C QR C M.

Actually, we could choose them so that they satisfy P_, = Q5 and Q_; = Pf.

In the first half of this paper, we aim to show the double commutant properties,
such as P = P, and Q5° = Q; for k= 0,1,2,---,00. When k < oo, the conclusions
follow just from estimating the Jones indices [Pf¢ : Py] and [Q5° : Q). It is not



so complicated. However, in case of k& = oo, we could only prove Q5 = (. The
other one P = P, is still open. The proof deeply owes to the special form of
Py = M“ N M'. More precisely, when we have a sequence in P;, we actually have a
sequence of sequences of operators. Then we would like to construct a new sequence
of operators within P; using these sequences. Such a construction works for P;, but
not for @Q);.

In the second half of this paper, we eliminate the finite depth condition of N C M,
and we shall prove the equivalence of the following conditions.

(1) The subfactor is strongly amenable in Popa’s sense.

(2) The central sequence factor M“ N M’ has the double commutant property in
M.

In the rest, we explain the outline of this proof. Since M is hyperfinite, we could
identify it with ®°° M,(C), and set Ay := ®F_, My(C). The direction (1) = (2) is
easy from Ocneanu’s central freedom lemma. For the converse direction (2) = (1),
we set A := (M'N M) N My and consider the following non-degenerate commuting
squares.

M - A
U U with k = 1,2,3, - - -
ANM C ANA

What we want to prove is that the next commuting square is non-degenerate.

M C AY
U U
MMy Cc MnNAv.

Our idea is to “pile up” the first commuting squares and show the non-degeneracy of
the second one. This proof owes much to the paper [PP] as we see in Section 5.

A part of this work was done at Universita di Roma “Tor Vergata”. The author
thanks R. Longo for the hospitality. She is also grateful to R. V. Kadison for instruc-
tive advice on English, Y. Kawahigashi for discussions and encouragements and S.
Popa for his comments on the first draft of this paper.

2 Preliminaries

In the next section we shall study properties of the Jones tower arising from a central
sequence subfactor M'NNY C M'NM<“. We use the following notations. Let M be a
hyperfinite II; factor and N C M be a type II; subfactor with finite index and finite
depth. (Here we do not assume the trivial relative commutant condition.) In the
following, we denote the Jones index by [M : N, i.e., [M : N] = dimy L*(M). (This
definition makes sense whenever N is a II; factor. In fact, in Section 5 we define the
Jones index without assuming the factoriality of M.) Then we have the Jones tower

NCcCMcM CcM,CMsC---C M.



Here M, means the weak closure of U;—, M}, in the GNS-representation with respect
to the trace.

In the following, we recall some results about the central sequence subfactor.

(1) If we fix a free ultrafilter w over N, we obtain an inclusion of type II; factors;
M' N NY c M'n M. We write M*“ for the ultraproduct algebra and M’ N M for
the central sequence algebra. The subfactor is called the central sequence subfactor
of N C M. It has been introduced by Ocneanu [O1], [02]. (See [EK, Section 15.4].)

(2) It is known that M’ N N¥ C M’ N M% has a trivial relative commutant.
(See [EK, Lemma 15.25]. From the proof of this Lemma, one sees easily that the
trivial relative commutant condition of N C M is not needed for proving that of
M' N NY C M' N M)

(3) Let {X;}; be the set of (isomorphism classes of) the N-N bimodules arising
from yMy. We set v = Y,[X;] and call it the global index of N C M, where
we denote by [X;] the Jones index of the bimodule X;. As in [EK, Theorem 12.24,
Lemma 15.25], we know that the index of the asymptotic inclusion of N C M, i.e.,
MV (M' N M) C M, is equal to the global index of N C M, and the index of the
central sequence subfactor is also equal to the global index. That is,

IM'N MY : M NN =My : MV (M N My)] =1.

(This was first noted by Ocneanu [O1].) The asymptotic inclusion has been recently
studied from many points of view, such as topological quantum field theory, group
actions on factors, sector theory, and so on. When a subfactor is given by a crossed
product by an outer action of a finite group G on the hyperfinite II; factor R, i.e.,
R C Rx@, the global index equals to #G. And the asymptotic inclusion of R C RxG
is given by Q9*¢ C QY, where @ is another hyperfinite II; factor, and G is embedded
into G X G by g — (g, g). Recalling that a paragroup is a generalization of a group, we
may consider that the global index is the “order” of a paragroup and the asymptotic
inclusion gives the quantum double of a paragroup in an appropriate sense. (See [EK,
Section 12.8].)

(4) The principal graph of the asymptotic inclusion of N C M is the connected
component of the fusion graph of the bimodule system arising from N C M containing
the vertex corresponding to the bimodule ,;M},. Since N C M is of finite depth, so
is MV (M' N My) C M. (See [02], [EK, page 663].)

(5) The algebra MY is a II; factor. For simplicity of notations, we set Py :=
M'NN¥ and P, := M'NM*“. We denote P, N M by P¢. Then, both P§ and Py are
I1; factors and they satisty [F§ : Pf| = [Py : ] = 7. (See [EK, Lemmas 15.26, 15.27
and 15.30].)

(6) We also recall the important facts. From the string algebra theory, the central
freedom lemma of Ocneanu (we later explain it in Section 5) and Popa’s generating
property, we have PS¢ = Py and P;° = P;. (This is also due to Ocneanu. See [EK,
Theorem 15.32].) In the next section we study this topic in more detail.

(7) If we choose a downward Jones projection e € Py with Epe(e) = 1/ and set
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Py = (P, e), Py = Pf n{e}, then we have both Py C P, C P, and Py C Pf C P§
are standard. By repeating this procedure, we can construct the Jones tower

P()CP1CP2CP3C"'CM:O

such that
- C Py CPyCP CPFy

is a tunnel. (This has been noted by Ocneanu. See [EK, Lemma 15.30].)
(8) Since Pf C Ff§ are type 1I; factors and P§® = Py and P{¢ = P, as we have
mentioned in (5) and (6), we also have the Jones tower

PPCPyCQiCQCQsC - C M

such that
S CQsCCQiCh=R"Cch=rP"

is a tunnel. (See [EK, Lemma 15.30].)

We recall the Kosaki index and the Pimsner—Popa index.

Let A C B be von Neumann algebras, and P (B, A) be the set of all faithful normal
semifinite operator-valued weights from B onto A. In [H, Theorem 5.9], Haagerup
has proved the equivalence between P(B, A) # @ and P(A’, B') # o. Later, Kosaki
has noticed the existence of the canonical order-reversing bijection from P(B, A) onto
P(A’, B') in [K], which we denote by E +— E~'. When A, B are factors with a fixed
normal conditional expectation E, Kosaki defined in [K, Definition 2.1] Index E as
the scalar E~1(1), and proved that Index E does not depend on a Hilbert space H on
which B is represented, i.e., B C B(H). (See [K, Theorem 2.2].) When Index E < oo,
by setting 7 = (E~1(1))7}, he also noted that 7E~! is a conditional expectation from
A’ onto B'.

Especially when A and B are type II; factors and E : B — A satisfies tryoF/ = trp,
the Jones index [B : A] := dima L?(B) equals to Index E. (See [K, page 133].) In the
following, we write [B : A]x g for Index E to distinguish this index from the Jones
index and the Pimsner-Popa index which we define below.

E
Definition 2.1 [PP, Section 2] [P5, Definition 1.1.1] Let A C B be an inclusion
of von Neumann algebras with a conditional expectation E from B onto A. Then we
denote

(sup{\| E(x) > A\z,x € B.})™*

by [By : Ba)pp.g, with the convention 0~! = oco.

In case both By and By are type II; factors, this index coincides with the Jones index.
(See [PP, Proposition 2.1].)



Definition 2.2 [P5, section 1.1] Let A & B be as above. If C C D is another
incluston of von Neumann algebras with a conditional expectation F' from D onto C
such that C C A, D C B, and F = E|p, then we call the square

A C B
U U
c &b

a commuting square. If SpAD = B, we call it a non-degenerate commuting square.

This is a generalization of a case having a trace, which has been studied in [P2],
[GHJ]. When the square

A& B
U U
c &b

is a commuting square, we trivially have [B : Alppg > [D : C]ppr by the definition.
The relation between the Kosaki index and the Pimsner—Popa index is noted in
[BDH, page 224] and [L, Theorem 4.1, Corollary 4.2] as follows.

E
Proposition 2.3 Let A C B be an inclusion of infinite dimensional factors with a
conditional expectation E from B onto A. Then we have [B : Alxk g = [B: Alppp.

3 Double commutant property

In this section we shall prove the double commutant property of the Jones tower of
N' N M* C M'0 M*. We need the following two easy lemmas.

E

Lemma 3.1 Let A C B be type I, subfactors of MY and we represent these von
Neumann algebras on L*(M¥). Let E be the unique trace-preserving conditional ex-
pectation from B onto A with Index E < co. Then we have

[A": Bk g1 = [B: A

Proof By the definition of Index E and the property of the map E — E~!, we have
the following.

(A" Blk,g-+ = Index (rE7Y) = (tE~") (1)
= 7 EYHY ' )=r"=[B: Ak =[B: A

The fourth equality follows from the fact (E~1)~! = E. (See [K, page 126].)
O



Lemma 3.2 Let A C B and B C A be inclusions of I, factors contained in MY,
and represent them on L*(MY). Let E be the unique trace-preserving conditional
expectation from A onto B¢. Then the square

Ac/ TEEI Bc/
U U
Acc g Bcc

where ' = (TE7Y)|gee and 7 = (E7Y(1))7Y, is a commuting square. Furthermore,
when we assume that F(B) C A and AN B = C, F|p is the unique trace-preserving
conditional expectation from B onto A.

Proof Since M. C A C B and M = M, the commuting square condition
easily follows. To make it sure, let x and y be arbitrary elements of B and MY’
respectively. Since M¥' C A® C B¢, y is in A°’. Then we obtain

TE Y 2)y = TE" (xy) = TE" (yx) = yrE (),

ie.,
TE N (z) € (M2 NAY = M2 N A = A®,
for any € B°“. Therefore F' is a conditional expectation from B onto A.
When A’'NB = C, it is known that A has the unique conditional expectation onto

B. (See [S, Proposition 10.17].) Thus in this case F|p is the unique trace-preserving
conditional expectation from B onto A. O

Now we have two main theorems about the double commutant property.

Theorem 3.3 We have P{¢ = P, and Q5 = Qy for any k € N.

Proof We prove the theorem by induction on k. We have already known that
P§¢ = Py and P{° = P;. Suppose we have P = P,. We denote the unique trace-
preserving conditional expectation from P to Py, by E. And we set 7 as above. We
remark that the square

P TC P,

U U

F

P C 1
where F = (TE™1)| Pge ., Is a commuting square by Lemma 3.2. As we have mentioned
at the beginning of this section, P, C Py,; has a trivial relative commutant. Thus
Lemma 3.2 also implies that F'|p, | is a trace-preserving conditional expectation from
P4y onto Py. Applying Lemma 3.1 and Proposition 2.3 to P{, ; C Py C Mg and
using the Pimsner—Popa inequality, we have

v = [Pi: Pyl =105 Piglke =[Py P lkre = [Py By lppre—

> [Py Bflppr = [Pri1 s Prlppr = [Py s Bl = 7.
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Thus we have Y= [Pk—l—l . Pk]pp = [Pkc_ci_l . Pk]pp.
Since Py, is a II; factor and P, C P{$, , we obtain

PN Pkc—cl—ll C P NP, =((P) NnML)NPL,
= (Pkc+1)/ N (PI;+1 N Mé}o) = (Pkc+1)/ N PI§+1 =C.

Hence P{S, is a II; factor. Then we have [Pyyq : Pilpp = [Pigq ¢ Pi) and [P, :
Pk]pp = [Pk—l—l Pk] Thus [Pk+1 : Pk] = [Pkc_ci_l . Pk], which means Pkc_ci_l = Pk+1-

In the same way, we have [Q{ : Bf|pp = [Q1 : B§|pp, i.e., Qf° = Q1. We can also
prove Q5 = Q) in the same way. O

Let Py and Q.. be the weak closures of U2, P and Up2, Qr on L*(MY) respec-
tively. Both P, and () are II; factors, because P, Qr and MY are all II; factors.
We have the following theorem.

Theorem 3.4 We obtain QF = Q.

At first glance, this statement may seem strange. As we mentioned in Section 2, when
we construct (Jx, we have an ambiguity of choosing a Jones projection at each step.
This theorem claims that whatever Jones projections we may choose, the identity
Q% = Qoo holds. In Theorem 3.3, we used only estimates of the Jones index and
nothing particular about ultraproducts was used. But for this theorem, it is essential
that P; is an ultraproduct algebra.

Proof We have

Q% = (VQ)nMY M

=1

= ﬂ QENMZ)) VMg = ([ Q) VM,
=1 =

and

Q=V Q- VQ — V(@ M),

=1 =1

It is enough for us to show the following equality.

(e NML =V (QF N M)
=1

=1

It is easy to see that the right hand side is a subalgebra of the left hand side. To
prove the converse inclusion, we choose

r={x,}n € (ﬂ Q) N M.
=1



If & were not in \/{°,(Qf N M%), there would exist ¢ > 0 such that for any /,
Eaprmass () = ol >

Thus, there exist unitaries y' = {y.}, € Qf such that ||zy’ — y'z|2 > /2. Here
we may assume y. € M because Qf C P;. We denote the Jones projection of the
subfactor Qf,, C Qf., by f' = {f.}, € Qf. Let {a;};en be an L?-dense subset of M.

Then we have
Poe Q5 = Qsnify
N

f2oe Qs = Qin{fy
ftoe CS? = Rn{/ Yy
e ko= Pn{fy
e P = MNM

2 e P = (M'nMYV{f?}

M,
which means
yl € QIC: M“}ﬂM/ﬁ{f_27f_1’f0’...’fl_2}/_
Let Fy := N and
||xnylnC - ylnfan? > <C:/2

Fp:=F, 1Nk, 00)N n||fiyk—yrfilla <1/k, fori=—-2,-1,--+ k—2
laiyk — ykalls < 1/k, fori=1,2,---,k

Then, each F}, is in w and (32, F, = @. If we set y := {y*},, for n € F}, \ Fiy1, then
y e Mme/m{f_2>f_laf0a"'}/: ﬂ Q2>
k=1

and ||zy — yz||2 > ¢/2. Thus, x ¢ (N2, QF)' N MY, which is a contradiction. O

Unfortunately, we cannot prove PS¢ = P, in the same way. In the above proof,
we choose every y* in M, thus y = {y*},, € M“. However, since F§ is represented
as P§ = Vi1 (Ao V Agk)?, (here the string algebra Ay, does not matter, see [EK,
Section 15] for more details), if we construct an element of the filter and y as above,
we are not sure whether such y could be in F§ or not.
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4 Applications to paragroups

In this section we study the double sequences of the higher relative commutants of
the subfactor M’ N N* C M' N M*“. Owing to the double commutant properties, we
can see the relations among the higher relative commutants clearly.

Lemma 4.1 We have the following identities.
(1) Vizo(P.N Q) = Pa N Qy
(2) ViZo(Pe N Q1) = P N Qoo
(3) VZO:O(Pkaoo) = Py ono
(4) \/?io(Poo le) = P N Qe

Proof (1) It is clear that the left hand side is contained in the right hand side. We
prove the converse inclusion. Since Qi = Q); and ()f C P, C P, the square

P.N@Q C PuN@
N N

E
P, C P,

is a commuting square. Then for any z € P, N @)y, we have Ep g, (r) = Ep, (x) and
|1 Ep.ng, (2)]|oo < [|2||loo- Since V32 Py, = Py, we have

& = Epne ()2 = |l = Ep, (@)ll> = 0,

which means Ep,nq, () converges to z strongly. Therefore, we have Ey (p,nq..)(T) =
x for any x € Py N Q.
(2), (3) Since Pf¢ = P, and Q% = (Qw, then the squares

P.N@Q C @
N N

Pkaoo - Qoo
and

N N

P, C Py

are commuting squares. Thus we obtain equalities (2), (3) in the same way as is the
proof of (1).
(4) The equalities below show (4).

o0

V@nr) = V@r'nr)=aynr=eynmnn
=1

=1 =1

~

— (V@ N ME) NP = \/Q AP — 0P

=1

Both the second and fourth identities follow from the same arguments as in the proof
of Theorem 3.4. O
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In addition to the properties mentioned in Section 2, the subfactor N“ N M’ C
M' N M¥ is known to have the finite depth property. To prove it, the next theorem
of Ocneanu has been very useful.

Theorem 4.2 (Ocneanu) Let N C M be a subfactor of the hyperfinite I, factor
with finite index and finite depth. The paragroups of the central sequence subfactor
NN M C M'nM® and of the asymptotic inclusion M NV (M' N My) C My are
mutually dual.

This has been noted by Ocneanu in [O2]. One can see a proof in [EK, Theorem
15.32]. In general, we say that two paragroups are dual to each other if and only if
the corresponding subfactors are dual to each other. (See [EK, page 570].) Originally
the adjective “dual” comes from the following duality of groups. When G is a finite
group and R a II; factor, we have a fixed point algebra and a crossed product by an
outer action, i.e., R C R and R C R x G. It is known that the R“-R% bimodules
are indexed by G and the R-R bimodules are indexed by G. Thus we say RS C R
and R C R x G are dual. Extending this duality, we say N C M and M C M, are
dual when N C M C M; is standard.

The finite depth condition of N N M C M’ N M¥ follows from this theorem
and the finite depth condition of M Vv (M' N M) C M. Thanks to the above
arguments, especially using the double commutant properties (P¢ = Py and Qf° =
@), we simplify the proof of [EK, Theorem 15.32]. That is, in [EK] they have shown
PiN P, = (Pf)' N F§ by using several inclusions and two anti-isomorphisms. However,
with the double commutant properties, it is quite natural for us to write the higher
relative commutants by the combination of algebras, one from

e CR5CQsCQiCRhcPCRPRCPC---C M
and the other from
CPfCPyCPICPyC@Q1CQaCQsC---C M.

Proof The double sequence of the higher relative commutants of the central se-
quence subfactor N¥ N M' C M’ N MY is given as in the following diagram. Here we
note that N“ N M’ C M’ N M* has a trivial relative commutant, (see [EK, Lemma
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15.25]), and use the conventions of Lemma 4.1.

C C C
N N

C C C C PNF§
N N N

C C C CplﬂQl CPQﬂQl
N N N N

C C C CP()ﬂQQ Cplng CPQﬂQQ
N N N N N
N N N N N

QSQQOO C QiﬁQoo C Poono - PlﬁQoo C P2ono

C

C PsNQx

Py Py
PN FS
PsN@y

P3N Qs

N

cC .-

. C PoNP
. C PunPg

N
C P NQu

On the other hand, the double sequence of the higher relative commutants of
MV (M'NMy) C My is equal to that of Pf C P§. (See [EK, Lemma 15.31].) Then

the double sequence is as follows.

C C C
N N

C C C C 1Nk
N N N

C C C CPNP, C Q1NPkE,
N N N N

C C C C PPNP; C P{NPy C NP
N N N N N
N N N N N

PsNPy C PsNP C PPNP, C PSNPy C Q1NPy C Q2NPy C ---

-

C

C

Q2N Fy
N

Q2N Py
N

Q2N Py
N

Q2N Ps
N

N

- C Qe NEBy

N

- C Qooﬁpl

N

- C QoomP2

N

cC QuNbs

N

N

C Qoo NP

Since the asymptotic inclusion is anti-isomorphic to itself, its paragroup is opposite
to itself, so the above double sequence is isomorphic to the following.
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C C C C---C PoNPs
N N N
C C C C PsNPf C---C PNkt
N N N N
C C C C BbNFy C BBNFS C -+ C PoNF§
N N N N
C C C CplﬁQl C PQﬂQl C PgﬁQl C - C PooﬁQl
N N N N N N
C C P()mQQ C PlﬂQg C P2mQ2 C Pgﬂ@g C --- C PooﬂQQ
N N N N N N
N N N N N N

QSNQo C PhNQoo C PiNQoo C PoNQoo C PsNQo C -+ C PuuNQx

By shifting the first diagram by one line vertically, we get the third diagram, which
means the paragroup of N*NM’" C M’'NM* is dual to that of MV (M'NM,) C M.
O

Theorem 4.3 The von Neumann algebra Py N Qo is a hyperfinite 11y factor.

Proof Since
PPC---CPFCFCQiCQaCQsC---

is the Jones tower with [P§ : Pf] = v < oo, we have dim(Q; N P) = dim(Q; N P{’) <
0o. Thus Lemma 4.1 and the finite depth property of Py C F§ imply that Py N Qs
is a hyperfinite II; factor. O

Corollary 4.4 The I, factors P, and Q« are strictly smaller than M.

By the definition of Py, it is not separable and quite a large algebra. Thus P, is
extremely large. Once we take an ultraproduct of M, it becomes extraordinarily as
large as it contains P, strictly.

Proof Suppose P, = MY on the contrary, then we have Py N Qo = MY N Qo =
(Qo- Since (Y, contains F§ which is not hyperfinite, ()« is not hyperfinite. By Lemma
4.3, Py, N Q) is hyperfinite, which is a contradiction. We remark that if we suppose
Qoo = MY, we similarly obtain a contradiction. O

5 The strong amenability and the central sequence factor M“ N M’

In this section we shall prove the following theorem.
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Theorem 5.1 Let M be a hyperfinite II; factor and N C M be a type II; subfactor
with finite index. (Here we do not assume the trivial relative commutant condition
nor finite depth condition.) The following are equivalent.

(1))(M' N My) N My, = M.

(2)(M, " ML) N ML = M,.

We remark condition (1) is equivalent to the strong amenability of Popa. (See
[P4, Theorem 4.1.2].) He has proved that the strong amenability is equivalent to his
generating property. When a subfactor has a finite depth, it is easy to see that it
is strongly amenable. In Section 3, we have assumed the finite depth condition of
N C M, therefore condition (1) always holds.

Before the proof, we recall Ocneanu’s central freedom lemma ([O1], [EK, Lemma
15.20]) as follows, since we use it here for several times.

Lemma 5.2 (Central freedom lemma, Ocneanu) Let L. C P C @ be finite von
Neumann algebras and L a hyperfinite factor. Then we obtain

(L'NPYYNQ“=LV (P NQ)"~.

In this lemma, the hyperfiniteness condition is indispensable because we approx-
imate L by L, := ®",M>(C) and use the finite dimensionality of L,, essentially.

Proof (Theorem 5.1 (1) = (2)) By using the central freedom lemma twice it is
straightforward to see that (2) follows from (1), i.e.,
(M,NnM£) NMe = (M NMYNME) NME =(MV (M N M)“) NM
= M'N(MNM)*" NM=Mn((MNM) NMyg)*
= M'nM~.

We prove the converse direction in the following way.

The case [AY: M¥] < o0
(5.8)

((2) = (1)) @ (5.7) The case [4 : M¥] = o0 The case dim(M' N A) = oo
(5.3)(5.4) The case dim(M' NA) < o
(5.9)(5.12)

Though we do not know whether A is a factor or not, [A : M| has a meaning in
the sense of Section 2, i.e., [A : M] := dimys L?>(A). We denote the unique trace-
preserving conditional expectation from M., onto M by E,;.
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Proposition 5.3 Let A be a finite von Neumann algebra with a fixed trace tr, and
M its type I, subfactor. If, for any € > 0, there exists a non-zero projection p € A
such that Ey(p) < elyy, then we obtain [A: M|pp = 0.

In [PP, page 71], this proposition has been used since it is trivial from the defi-
nition of the Pimsner—Popa index. We include a proof here since A is not a factor
now, but actually this does not cause any trouble.

Proof We suppose [A : M]pp < 0o on the contrary, then there exists ¢y > 0 such
that for any x € A, we have Ey(x) > 2e¢px. From the assumption there exists a
projection 0 # pg € A such that Ey(p) < golps. Then we have 2z9pg < Ey(p) <
golar. If we multiply all the three operators by py both from the right and left, we
obtain 2eopo < poErv(p)po < €opo, which is a contradiction. O

We also need the following easy lemma, so we remark it here.

Proposition 5.4 Let A be a finite von Neumann algebra with a fixed trace tr, and
M its II; subfactor. Then we have the following.
(1) When dim(M' N A) < oo, we have the following identity.

. [A%‘ : M(h]
A Mler = 1% )

In particular, the condition [A : M|pp = 00 is equivalent to the condition [A : M| =

0.
(2) When dim(M' N A) = oo, we obtain [A: M]pp =00 =[A: M].

Proof (1) Since dim(A’'N A) < dim(M' N A) < oo, there exist a finite number of
minimal central projections ¢, -+, qx € A, such that A = Aq; @ - - - ® Agy. If we set
the isomorphism ¢; : Mq; — M by ¢;(yq;) ==y, for any = x; + - - -+ x, € B Ags,
we have

k

Ex(z) = Y Eum(zig) =Y 6 Earg(2:))tr(q)

i=1 i=1

k k k
= > _tr(g Z (Bag (2))g5 = D t0(qs) Eng, ()

i=1

Zk: tr(q-)xi - (max [Ag; : qu-]>_1$.

[Agi : Mq;] — \1<isk tr(g;)

v

Thus we obtain

[Ag; : My;]
[A: M]pp < max g

15



In case [A : M]pp = oo, the above inequality is enough for us, because the
following identities

k
[A:M] = Y dimy L*(¢;:Ag;)
i=1
k k
= > dimg L*(¢Aq) =D [g:Aq : Mg,
i=1 i=1
imply [A : M] = oc.
In case [A: M|pp < oo, for any i € {1,---,k} and x € A, we have the following

inequality:.
Lq;

[A : M]pp
Because the left hand side is equal to tr(g;) Z?;l ¢i(Eng (2:))q;, we obtain

Ey(xq;) >

Lq;
[A . M]pp.

Thus [Ag; : Mg;|pp < 00. Since [Aqg; : Mq;|pp = [Aq; : Mq;], we have [Aqg; : Mgq;] <
0. Let 75 be an index with

tr(qi) Enrg, (i) >

[Agi : Mq;]  [Agy, : My,
max - ~
<<k tr(g) tr(qi, )

Let e; € Ag; be a Jones projection of M¢q; C Ag; for the downward basic construction.
Then we have

1 -1
E (6' ) — max M > max M €;
Mo 1<i<k  tr(q;) sk tr(g) v

Thus we obtain

: _ [Ag; - Mqi]
A Mlpp = max — 5=

The identity
k

[A: M] = lg:Ag; - Mgj]
i=1
implies that [A : M| = oo is equivalent to [A : M|pp = 0.

(2) Since A is a finite von Neumann algebra and dim(M'NA) = oo, for any £ > 0,
there exists a non-zero projection e € M’ N A such that 0 # tr(e) < e. Since the
square

M - A
U U
MNM=C Cc MnA

is a commuting square, we have 0 # Ej/(e) = tr(e) < eljp,. Lemma 5.3 implies the
first equality [A : M]pp = 0.
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In the rest of the proof (2), the idea is given by [PP, page 71]. They use Jones’
identity. In our case A is not a II; factor, then we cannot use it in his original form.
Thus we replace the identity as follows.

We suppose dim(M’' N A) = oo and [A : M| < oo. For any non-zero projection
p € M NA, we have

[Ap: Mp] = dimy, L*(pAp)
= dlmM L2(A)tI'M/(p)tI'M/(p/)

Here p’ means right multiplication of p. We remark that M’ is a II; factor by the
assumption [A : M| < oo. For any m, there exist projections py, - - -, p, € M'NA such
that >/, p; = 1. Then we have [A : M| = Y7, [Ap; : Mp;|/tr(p;) > m. Therefore
[A: M] = oo, which is a contradiction. O

We need the next two lemmas to show the invariance of the Jones indices under
taking ultraproducts.

Lemma 5.5 [PP, Proposition 1.10] Let N' C M be I, factors. Then [M* :
N¥ = [M: N]

This identity also holds in the case of the infinite index. Thanks to the above
lemma, the next one is quite natural, where we have dropped the factoriality of Q).

Lemma 5.6 Let () be a finite von Neumann algebra with a fized trace tr, and P be
a Iy factor. We have [Q : P] = [Q“ : P¥].

Proof When dim(P'NQ) = oo, by the central freedom lemma, we have P*'NQ¥ =
(P'N Q)% then dim(P*' N Q) = oo. Thus [Q¥ : P¥] = oo = [ : P] by Proposition
5.4.

When dim(P’' N Q) < oo, there exist minimal central projections ¢, -+, ¢, € @
such that () = @} ;(Q)¢;. Then we have

Q°: PY = [07,Q% : O, Pq) = Y 1Q%: : P4q)
=1
— S (Qa: Pal = [Q: P)

i=1

The third equality owes to Lemma 5.5. O

In order to prove the direction (2) = (1) of Theorem 5.1, we shall prove a more
general statement as follows.

Theorem 5.7 Let A be a finite von Neumann algebra with a fized trace tr, and
M C A be a hyperfinite 11, factor. Then we have [A¥ : M*] = [M' N A : M' N M¥“].

17



First we consider the case when [A : M| < oo, and use the idea of the Pimsner—
Popa basis. Here we recall their statements as below.

F

Proposition 5.8 [PP, Proposition 1.3] Let N' C M be II; factors with the trace-
preserving conditional expectation F from M onto N'. When [M : N] < oo, there
exists a family {m;}1<j<ni1 of elements in M, where n is the integer part of [M : N],
such that

(a)F (mimy) =0, j #k,
(b)F(mim;) =1, 1<j<mn,
(¢)F(m;, . ymn41) is a projection of trace [M : N —n.

Now we fix some notations as follows. Since M is hyperfinite we may represent
M = @2 My(C) and set A, := Q" My(C),A := (M'N My)' N My and B :=
JaM'J 4 on L*(A). We easily notice that the following squares are commuting squares.

M© C AY

U U
U U
A,NMY  C AL NAY
U U
rpn NMYC Ay NAY
U U
U U

MM c MnA¥
Our aim is to show the non-degeneracy of the next commuting square.

M@ C AY
U U
MnMY c MnNA>“.

One can find a similar situation in [P5, Proposition 2.2 and Theorem 2.9], but we do
not assume the factoriality of A nor the finiteness of the index. The hyperfiniteness of
M is essential in main Theorem 5.1. We use the above presentation of M throughout
the proof.

Proof (Theorem 5.7, the finite index case) Since M is a II; factor and Aj ~
My(C), the relative commutant A, N M is also a II; factor. Since dim(A' N A) <
dim(M'NA) < oo, there exist a finite number of minimal central projections ¢, - - -, g, €
A such that A = Ag & --- & Aq,. We set each factor A® := Ag; for 1 < i < a and

18



n; to be the integer part of [A® : Mg;]. Since

[(Apg) MAD : (Apg) N Mq] < [AD: (Arg)' N Mg,]
= [A(Z) : Mq;] x [Mg; : (Apg:)' N Mg
< [A: M) x 2% < oo,

Proposition 5.8 implies the existence of an orthonormal basis {mg?}ogjgni of (Arg;)'N
Mg; C (Apgi ) ﬂ A ) such that

(1) Bagg, (miy "mi) =0, j#j,
2) Euig (D m®) = g, 0 < m
(3) Equ(m(k) mﬁ’jﬁz) is a projection of trace [A®) : Mq;] — n;,
(4) X m( )m )* =[AD . Mg]g.
Because
AD ~ Avg @ ((Apgs) N AY) € 5p Mg;((Argr) N AY),
the square
Bl 40 .
Mqi é A(Z)
U U

(Apq)) N Mq;  C  (Agg)' N A®

is a non- degenerate commutlng square. Therefore, {m }J is also an orthonormal
basis of Mq; C AW, and [AD : M¢] = [(Apg;) N AW (Akql) N Mg;].

We set m; ; := {mg?}k, then {m,;}, is an orthonormal basis of both (Mg;) N
Mg C (Mg)' N A®D« and M«“q; ¢ AD®

Therefore, we have

(M'NAY M M) = Y [(Mg) nADY: (Mg) N M*q]

i=1

a tr(Ygmi ms a.
_ Z I<ZJ—0 J ZJ) _ Z[A(l)w : qui] _ [Aw : Mw].

i=1 tr(ql) =0

|

Proof (Theorem 5.7, the infinite index case with dim(M’' N A) = oo) Since
A is a finite von Neumann algebra and dim(M’' N A) = oo, for any € > 0, there exists
a non-zero projection e € M’ N A such that 0 # tr(e) < e. Since the square

M C A
U U
MNM=C c MnA

is a commuting square, we have 0 # Ej/(e) = tr(e) < ely,. Then if we set € := {e},. €
M’'NAY we have € # 0 and Eppaye(€) = Eye(€) < e. By Proposition 5.3, we obtain
[M'NA“ : M'NM*]|pp = co. By Proposition 5.4 (2), we have [M'NA“ : M'NM*“]| = oo

O
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The next proposition will play an important role for the rest of the proof of
Theorem 5.7. Pimsner and Popa have mentioned this statement as a Remark to
Theorem 2.2 and Lemma 2.3 in [PP] and say that this follows from a maximality
argument. We shall include a full proof for the sake of completeness.

Proposition 5.9 [PP, Remark 2.4] If[A: M] = oo and M'NA = C, in particular,
A is a factor, then, for any e € (0, 1), there exists a non-zero projection e € A such
that

tr(xe (Em(e))) > 1 —e.

We prove that the maximal projection which satisfies E)ys(e) < ely, is a one we
desire. This is based on the techniques in [PP, Theorem 2.2].

Proof By Zorn’s lemma, there exists a maximal family of mutually orthogonal
projections {e;}ier in A such that Ejy(e) < elp, where we have set 0 # e := Y, €;.
Suppose that the conclusion of the proposition dose not hold, i.e.,

r( /0 oo NAEN) > ¢,

where [; AddE(\) is the spectral decomposition of Ej/(e). Then there exists g9 € (0, €)
such that

([ Xoe (NAE(Y) > =
We set fo := 5 X[o,0](A)AE(N) € M. We need the following claim.

Claim 5.10 There exists a non-zero projection q € A such that g <1 —e, ¢ < fo
and EM(q) < (8 - 80)f0.

If we accept this claim we easily obtain a proof of this proposition as below. We
have

Ex(gVe) = Em(q)+ Em(e) < (e —eo)fo+ Enle)

S (6 — Eo)fo + EM(e)(l — f()) + EM(e)fo
< (e—eo)fot+e(l—fo) teofo=¢,
which contradicts the maximality of {e;}ie;. O

Proof (Claim 5.10) We set qp := fo A (1 —e) € A, then we obtain

tr(qo) = tr(fo) +tr(l—e) —tr(foV (1 —e))
> tr(fo)+tr(l—e)—1>e4+1—e—-1=0,

which means gy # 0. We denote JyM'.J, on L?*(A) by B and the Jones projection in B
by e, then B is a type 11, factor. Let ¢ be a semifinite trace on B satisfying ¢(eg) =
1. Since 0 < tr(go) < 1 and (goAqo)’ N (@Bgo) = q (A’ N B)gy = Cqp ~ C by [P1,
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Lemma 2.1], we know that goBqp is a type Il factor. Since tr(Ep(qo)) = tr(qo) # 0,
we have (eoqo)(eogo)” = eoqoeo = Enr(qo)eo # 0. Therefore, goeoqo = (e0go)*(eoqo) # 0
and goegqo € (qoBqo)+- By the normalization of ¢, we have
0 < llgoeogolls = ¢(g0€0d0€090)
= d(eoqoeogoco) = ¢(En(qo)eoEnr(qo)eo)
= ¢(Enm(qo)’e) = tr(En(qo)?) < o0
Next we apply [PP, Lemma 2.3] to the inclusion gyAqy C goBqo with e replaced by

Vtr(q0) (e — £0)%/llg0€0qoll 5. (We repeat exactly the same arguments as in [PP, page
72] below.) We obtain projections fi,---, fn € qoAqo such that >0 | fi = go and

IS Flaoeoqo) fil2 < SU0)E o)t
=1

||QO€0€IO||3>

A\

|QOQOQOH§$

— tr(qo)(e — 20)' = iltrm)(a "

Since the left hand side equals to 37, || figoeoqo fill3 = 27y || fico fill5, there exists j
such that

I fieofill < tr(f;)(e — o)™
We set p = X0, (e—e0)] (Er(f;)) € M. By the normalization of ¢ and 0 < ¢ —¢gp < 1,
we have
tr(f;)(e —e0)* > | fieafills = ¢(fieofienf;)
d(eofieofien) = lleafieoll?
= Bu(fi)eolly = 1 Ea(£)l3
= tr(Em(f5)Em(f;)) = (1 — ) En(f5) En(f5)")
> (e —¢go)*tr(1 —p) > (e — go)*tr(1 — p),
which means tr(p + f;) > 1. If we set ¢ :==p A f; € A, we have

tr(q) = tr(p) +tr(f;) — tr(p Vv f;) < tr(p) + tr(f;) — 1> 0.
Thus,
0#£q=pAN[;<fi<qp<1l-e,
0#q<q < fo
and
Ev(q) = Eum(pAfj) < Eu(pfip)
= pEu(fj)p < (e —eo)p.

Multiplying the both hand sides of the third inequality by fy from the left and the
right, we obtain

Eun(q) = En(foqfo) < (e — o) fopfo < (e — €0) fo.
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We need the next lemma as a preparation for Lemma 5.12.

Lemma 5.11 Let P C Q be type 11, factors with dim(P'NQ) < co. Let py, -+, p, €
P'NQ be projections such that Y1 | p; = 1. Then we obtain the following identity.

n

Q: Pl = Z[piQpi : Ppi]/tro(ps)
i=1
Proof When [ : P] < oo, Jones has already proved in [J2, Lemma 2.2.2].
When [@ : P] = 0o, we include a proof here for the sake of completeness, though
it has been noted in [PP, page 61].
For any x € @), we have

Ep(pixp;) = ijEP(pinz’)pj > piEp(pixpi)p;
=1

tr(Pi)pini
= Epp,(pixp;)tr(p;) > .
rr ( ) ( ) [piQpi : Ppi]PP

For any x € Q and y € P, we have

trp(Ep(pizp;)y) = tro(pizp;y) = tro(zyp;p:)-

Therefore, for any x € (), we obtain

By the above arguments, if [p;Qp; : Pp;lpp = [p:iQp; : Pp;] < oo for all i, we have

n

tr(p; )pixp;
Ep(x) = Ep(pizpi) >
; ; [piQp; = Ppi

. tr(p:) ) 1 ( tr(p:) )
> min | —————— pirp; 2 — min | ————— | T,
ISi<n ([piQpi - Ppi] Z; nisisn \ [piQp; : Ppi]
which contradicts [() : P] = co. The last inequality holds by [GHJ, Definition 3.7.5]
and [Jol, Corollaire 2.3]. Thus, there exists an index i such that [p;,Qp;, : Ppi,] = 00

O

Thanks to the following lemma, we can reduce the case of dim(M’' N A) < oo to
the case of dim(M’' N A) = 1, which is the assumption of Proposition 5.9.

Lemma 5.12 Let A be a finite von Neumann algebra with a fized trace tr, and M C
A be a type I, factor with [A: M] = oo and dim(M’' N A) < co. Then there exist a
minimal central projection ¢ € A'NA and a minimal projection p € (Mq)'N(qAq) such
that qAq is a type I, factor, [pgAqp : pgMqp] = 0o and (pgMqp)' N (pgAgp) = C.
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Proof Since A is a finite von Neumann algebra and dim(A'NA) < dim(M'NA) < oo,
there exist minimal central projections ¢y, ---, ¢, € A’ N A such that A = &' ,¢;Ag;.
We have 3, L*(A) ~ &% L*(q;Ag;) as a left M-module, that is,

oo = [A:M]= ZdimM L*(q;Aq;)
i=1

= > dimpg, L (¢:Ag) =Y [qiAg : Mg;).
i1

=1

Then there exists an index j such that [¢;Ag; : Mq;] = oco. Since we have

dim((Mgq;)' N (q;Aq;)) = dim(M' N (g;Ag;)) < dim(Di, (M’ N g Ag;))
= dim(M'NA) < oo,

there exists a finite number of minimal projections py, - - -, pm € (Mg;) N(g;Ag;) such
that >, p; = 1. By Lemma 5.11, we obtain

m

0o = [q;Agq; : Mq;] = [pig;Ag;pi - Mq;pi]/tr(pi).

i=1

Then there exists an index ¢ such that [p;q;Ag;p; : Mq;p;] = oo and (pig;Mg;p;)’ N
(pigjAq;p;) = C by [P1, Lemma 2.1] and the minimality of p;. O

Lemma 5.13 Let N be a type II, factor and M D N be a finite von Neumann
algebra. If fo € N' N M is a projection and f < fy is a projection, then we obtain
the following.

Ex(f)fo = tr(fo) En(f)

This is also noted in [PP, page 71], but we include a proof.
Proof For any x € N we have

tra s (En (F)o)traa(fo) = tras, (f for)tram(fo)
= trm(ffox) = trm(f)
= tey(En(f)z) = tryp (En(f)z fo)-

Since fo € N N M, we obtain the identity En(f)fo = tr(fo)Ens (f)- 0

Proof (Theorem 5.7, the infinite index case with dim(M’' N A) < o) By
Proposition 5.12, there exist projections p € A’N A and q € (Mgq)' N (gAq) such that
[pgAqp : pgMqp] = oo and (pgMgp) N (pgAgp) = C. And by Lemma 5.9, for any
e > 0, there exists a non-zero projection e € pgAgp such that Ep, nq(e) < egp and
tTpgrtgp (X (e} (Epgrigp(€))) > 1 —¢. Then by Lemma 5.13 (here we use the idea of [PP]),
we have Ep(e)qp = tra(qp)Epgnrgp(e) < etra(qp)qp.
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Since gp € M' N A, M is isomorphic to Mgp, thus Ey(e) < etra(gp)la. We also
have,

trar(En(e)) = tra(e) = tra(egp) = trpgag(eqp)tra(pg)
= trpgrrgp(Epgrgp(€))tra(pg) > e(1 — €)tra(pg) # 0.

Since pg € M'N A= (A, N M) N (A, NA), we have

(pq( Ay 0 M)gp)' N (pg(Aj, N A)gp) = C

and
[pa (A} N A)gp : pg(A}, N M)gp] = oo
in the same way. Then for any ¢, there exists a non-zero projection e; € pg(Aj N
A)gp C Al N A such that Earnn(er) < etra(gp)l and tr(ex) > e(1 — €)tr(pg) # 0.
By setting e := {ex}r € M' N A¥, we have e # 0 and Epprpe(e) < elppanse.
Thanks to Propositions 5.3 and 5.4, we obtain [M' N A : M’ N M¥“] = oc. O

Proof (Theorem 5.1 (2) = (1)) Thanks to Theorem 5.7 and Lemma 5.6, we
obtain
(M'NMy) N My, =A= M.

O

Remark So far we have considered only the larger algebra of M’ N N¥ C M’ N M%
and proved the equivalence between the double commutant property of M’ N M% and
Popa’s strong amenability. It is known that when N C M has an infinite depth, we
have [M'NM* : M'NN¥] = oo. Thus if we define P, by the Jones basic construction
of M' N N“ ¢ M' N M*, it does not make sense to consider the double commutant
properties of Py, (k > 2), because Py ¢ M¥ .

As for the smaller algebra, we have not considered yet. In general, the condition
(M'NN®)Y N ML) NM = M NN does not imply the strong amenability. (We
recall that the converse direction always holds, see [EK, Section 15.5].) For example,
let Ry be a hyperfinite II; factor. We set G := PSL(2,Z) ~ Z/2Z « Z/3Z, R :=
®gecRo(x~ Ryp), and a to be an outer action of G on R defined by the Bernoulli shift.
We restrict the action a to Z/2Z and Z/3Z regarded as subgroups of G, and set
N := RZ?Z and M := R x (Z/3Z). Since G is non-amenable, by [J1, Proposition
2], we have N* N M’ = (R,)¢ = C. This example in [B, page 211] is due to Jones
and based on [J1]. Then N N M’ = C = (N“ N M’). If the subfactor were strong
amenable, the generating property (see [P4, Theorem 4.2.1]) would imply

(NC M) ~ OJMQNCLM%QM)
k=1 k=1

12

(GU“MWWWR®NM:GGWMMWMR®M0
k=1 k=1
(RN CR® M),

12

24



where - -+ Ny C N; C N C M is a generating tunnel. Then we have

C ~ NNM ~(ReN)*N(Re M)
D R,@C~R,,

which is a contradiction.
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