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ABSTRACT. We construct a knot whose braid index is not detected by the
Morton-Franks-Williams (MFW) inequality but is detected by a related KR-
MFW inequality that comes from the Khovanov-Rozansky homology. We also
construct infinitely many knots whose braid indices are not detected by the
KR-MFW inequality.

1. INTRODUCTION

Alexander’s theorem states that any knot or link is isotopic to the closure of
a braid [20]. We can measure the complexity of knot K by the minimal possible
number of braid strands, which is called the braid indez bi. Morton [13] and Franks-
Williams [5] found an inequality which gives a lower bound for the braid index.

Let K C 82 be an oriented knot or link and Bix be the infinite set of closed
braid diagrams of K. For an oriented closed braid diagram D, let bp denote the
number of the braid strands and wp the writhe, which is the number of positive
crossings minus the number of negative crossings of D. Then the braid index of K
is b := min{bp|D € By }.

We adopt the following definition of the HOMFLYPT polynomial Px(a,q) de-
fined by the skein relation:

(1'1) aPy_ (av Q) - a71P’C+ (a7 Q) = (q - qil)P’CO (av Q) and Punknot(av Q) =1,

where Ky, K_, Ky are knots or links that differ at a single site as indicated in

Figure 1.
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FIGURE 1

Let d+(K) be the maximal (resp. minimal) a-degree of Pi(a,q). Now we state
the Morton-Franks-Williams (MFW) inequality:
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Theorem 1.1 (Morton-Franks-Williams inequality [5, 13]). For any closed braid
diagram D € By of knot or link K we have

wp —bp +1 Sd_(IC) < d+(’C) <wp+bp — 1.
Moreover (d4+(K) —d_(K))/2+ 1 < bg.

The Khovanov-Rozansky homology [10, 11] is a categorification of the HOM-

FLYPT polynomial. In this paper, we use the reduced HOMFLY homology " (K)
introduced by Rasmussen [15, Definition 2.13] whose graded Euler characteristic is

the HOMFLYPT polynomial: Ziﬁjyk(—l)(k_j)majqi dimﬁi’j’k(lC) = Px(a,q).
Dunfield-Gukov-Rasmussen [3] and Wu [19] found a Khovanov-Rozansky homol-
ogy version of the MFW inequality. We call it the KR-MFW inequality.

Theorem 1.2 (KR-MFW-inequality [3, 19]). Let K be a knot or a link and
3+ (K) := max{j | ﬁi’j’k(lC) # 0, for some i,k},

d_(K) := min{yj | Fi’j’k(lC) #0, for some i,k}.
Then for any closed braid diagram D € Bx of K we have
wp—bp+1<I_(K) <64(K) <wp+bp—1 e, (04+(K)=0_(K))/24+1 < bk.

Definition 1.3. The MFW (resp. KR-MFW) inequality is called sharp on K if
there exists D € By such that the both equalities wp — bp + 1 = d_(K) (resp.
0_(K)) and dy(K) = wp +bp — 1 (resp. 64(K)) hold.

Since §_(K) < d_(K) < d4(K) < 64(K), we have the following.
Proposition 1.4. The sharpness of the MFW (resp. KR-MFW) inequality implies
(d+(K) —d-(K))/2+1=bc  (resp. (6+(K) —0-(K))/2+1=bx).

Elrifai [4] has enumerated all the 3-braids on which the MFW inequality is non-
sharp. Let o; be the standard generator of the braid group satisfying o;0; = o;0;
when |i — j| > 1 and 0;0;410; = 04110;0,41. For simplicity we denote o; by i and

its inverse o; ' by i or i1,

Theorem 1.5 (Elrifai’s example [4]). On all knots and links of braid index = 3 the
MFW inequality is sharp except

K= (1221212721 gnd £;, = (122 1)2F+1 1 272~F1
for k € N and their mirror images Ky, L.

As the Euler characteristic of the KR homology gives the HOMFLYPT poly-
nomial, the KR-homology contains more information than the HOMFLYPT poly-
nomial. It is interesting to find concrete examples that show the “gap” between
the KR-homology and the HOMFLYPT polynomial. Elrifai’s examples seem to be
natural candidates to see such gap. In fact, we have:

Theorem 1.6. Let K* := K1 = (122 1)21222. On K* and its mirror image
K* the MFW-inequality is not sharp but the KR-MFW inequality is sharp.

These are the first examples which show that the Khovanov-Rozansky homology
is “stronger” than the HOMFLYPT polynomial in terms of detecting the braid
index. (Though it is natural to expect that the statement of Theorem 1.6 holds
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for all Elrifai’s 3-braids, our proof seems to work only for a knot of small crossing
number and K* is the simplest among them.)

However, we will also see that the Khovanov-Rozansky homology is not almighty.
We study an obstruction to sharpness of the KR-MFW inequality and give infinitely
many (and also first of their kind) examples of knots whose braid index is not
detected by the KR-homology.

Let BMy . where z,y,z,w € Z be the closure of 1 2¥ 3 2% 1¥ 2 3 2 2 3,
where n” is a simplified notation of (¢,,)*. See the left sketch of Figure 2. It has

FIGURE 2. The BM-diagram: 1% 2¥ 3 2% 1¥ 2322 3,

been known [8] that the BM-diagram contains the five knots 942, 949, 10132, 10150,
10156, on which the MFW inequality is not sharp [6]. Furthermore, it contains
infinitely many four tuples (z,y, z, w) where the MFW inequality is not sharp [8].
A parallel result holds for the KR-MFW inequality:

Theorem 1.7. There are infinitely many four tuples (x,y, z,w) such that the KR-
MFW inequality is not sharp on BMy y - w.

Elrifai’s examples have another interesting feature related to the generalized
Jones conjecture [12, 8] and the maximal Bennequin number conjecture as we state
below. See [6, page 357] for Jones’ original conjecture.

Conjecture 1.8 (Generalized Jones conjecture). Let ® : Bx — N x Z be a map
with ®(D) := (bp,wp) for D € Bi. Then there exists a unique wx € Z such that

(1.2) ®(B) ={(bx + 2 +y,wx +x —y) | x,y €N},

which is a lattice in the shaded infinite region sketched in Figure 3.

writhe

wic+bxc

WK |---- o
|
|
|

wi —bi !

|
\

» braid index

FIGURE 3. The region of braid representatives of K

We can apply Conjecture 1.8 to contact geometry. Bennequin [1] proved that
any transversal knot in the standard contact structure (S3,&sq) can be identified
with a closed braid in R®. The Bennequin (self linking) number Bp := wp — bp of
braid diagram D € Bx is an invariant of transversal knots in (S®,£44). We denote
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the mazimal Bennequin number of K by Sk := {#p | D € Bk}. Conjecture 1.8
implies the following:

Conjecture 1.9 (Maximal Bennequin number conjecture). The maximal Ben-
nequin number G of IC is realized at the minimal braid index and Ox = wi — b.

By Definition 1.3 of sharpness, it follows that:

Proposition 1.10. The sharpness of the (KR-)MFW inequality implies Conjec-
tures 1.8 and 1.9.

Namely, the two inequalities wp —bp +1 < d_ and dy < wp +bp — 1 in
Theorem 1.1 correspond to the two boundary lines of the region in Figure 3.

Conjecture 1.8 holds for many classes of knots: Franks-Williams [5] proved the
sharpness of the MFW inequality for knots and links that can be represented by
a positive braid with a positive full twist, given by a word of the form PAZ2. This
class includes unlinks, torus links and Lorenz links. Murasugi [14] affirmed the
sharpness for alternating fibred links and 2-bridge links. Jones [6] verified the
sharpness for all knots of 10 crossings or less in the standard knot table except
942,949, 10132, 10150, 10156. Thus, Conjecture 1.8 holds for these knots and links by
Proposition 1.10. In [9], we proved Conjecture 1.8 for 942,949, 10132, 10150, 10156,
by computing deficits of the MFW inequality of their cables. In [8], more general
results are given: If Conjecture 1.8 holds for K, £ then Conjecture 1.8 also holds
for the connect sum K#L and the (p, g)-cable of K.

Thanks to Elrifai (Theorem 1.5) we can improve the understanding of Conjec-
tures 1.8 and 1.9 for the set of 3-braids Bs. Let B := B3\ { K, Lx, K¢, Lr | K € N }.
Rudolph’s slice Bennequin inequality [16] will play an important role to prove:

Theorem 1.11. Conjecture 1.8 holds for B}, Ky and Ky, for k € N. Congecture 1.9
holds for BY, Kk, Ly and Ky, for k € N.

The rest of the paper is organized as follows. In Section 2, we compute the
Khovanov-Rozansky homology of K* and prove Theorem 1.6. In Section 3, we
discuss non-sharpness of the KR-MFW inequality and prove Theorem 1.7. In Sec-
tion 4, we prove Theorem 1.11.

Acknowledgments The author would like to thank the referee and the editor
for patiently reading this paper and giving her many valuable suggestions, com-
ments and corrections. Conversations with Joan Birman, Michel Boileau, John
Etnyre, Nathan Ryder, Alexander Stoimenow and Hao Wu were very helpful to
finish this work. She is especially grateful to Jacob Rasmussen for explaining the
KR-homology and pointing out Claim 2.3.

2. PROOF OF THEOREM 1.6

Throughout this section, we use the conventions and notations used in Ras-
mussen’s paper [15].
Let ﬁw’k(IC) be the reduced HOMFLY homology [15, Definition 2.13] with

(2.1) > (=1)ED2alg dim T (K) = Pe(a,a),

1,5,k
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where ¢ is the ¢-grading and j, k& the homological gradings. Let Ff\}J(IC) be the
reduced sl(N) homology of Khovanov-Rozansky [10], [15, Section 2.9] with

(2:2) >_(-1)7¢ dm Ty (K) = Pe(g.q)

1,7
where I is the ¢g-grading and J the homological grading. Due to Rasmussen [15,
Theorem 5.1], there is a spectral sequence Ej(N) whose Ej-term is H(K) and
it converges to H n(K). Especially, [15, Proposition 7.3] tells us that when K is
KR-thin (defined shortly), the spectral sequence converges at the Fq-term and the
isomorphism

—=I,J —1,7,k
(2.3) Hy' (K)~ @ H(K)
i+ Nj=I
(k—3)/2=J

holds for all N > 1. Moreover, [15, Theorem 1] proves that for any K, the isomor-
phism (2.3) holds for all sufficiently large N > 1.

Let o(K) denote the signature of K so that positive knots have positive signatures.
We introduce a new grading § := i+ j+k. A knot K is called KR-thin if Fw’k(lC) =
0 whenever ¢ # o(K), [15, Definition 7.2]. We say a two-component link £ is KR-
thin if H (L), the totally reduced homology of L, is 0 whenever § # o (L) modulo
(2N —4) for all N > 1, [15, Section 7.3]. From the definition and (2.1), when
K is KR-thin, its homology H(K) is completely determined by o(K) and Px(a, q).
Rasmussen proved the following.

Theorem 2.1. (1) [15, Corollary 7.7] Let Ky, K_, Ko be knots or links that differ at
a single site as in Figure 1. If K_, Ky are KR-thin and det K_ 4+2det Ky = det K,
then K4 is also KR-thin.
(2) [15, Corollary 7.9] The connect sum of two KR-thin knots is also KR-thin.
(3) [15, Proposition 7.10] Among the knots with less than or equal to 9 crossings,
only 819,942,943, 947 are not KR-thin.
(4) [15, Proposition 7.6] There is a long exact sequence
(24) U HNK-) SR HN(K) T Hy(Ky) R Hy(Ko) S
where the pairs of numbers over the arrows indicate the degree of the corresponding
map with respect to the (gq,9)-bigrading.

This KR~thin property and the skein long exact sequence (2.4) will play impor-
tant roles in the proof of Theorem 1.6.

Proof of Theorem 1.6. We first specify resolutions of *:

Kr=Ky = 122112211222
K. = 122112211222=122112 (=5, mirror image of 5)
Ko = 12211221222
Koo = 12211221222=122111222
Koo = 1221121332 (=5,)
Kooo = 122111333=1111222 (=Ts_3#Ts.4)
Ko—o = 12111222 (= unknot)

where T, 4 is the (p, ¢)-torus knot or link. See Figure 4.
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FIGURE 4. Resolutions of K*

Thanks to Theorem 2.1-(2) and (3), the unknot, 52 and Ts,_3#T5 4 are KR-thin.
By Theorem 2.1-(1) and

det(ICo,,) + 2det(lC0,0) =1242=14= det(ICo,),

link KCy_ is also KR-thin. We have the following table. Though we do not know yet
whether K and Ky are KR-thin or not, we will see that they are actually non-thin.

o det KR-thin
Ky =K* knot 2 7 (non-thin?)
K_ = Koo 5_2 knot 2 7 thin
Ko link 1 0 (non-thin?)
Ko_ link 1 14 thin
ICQ__ Tg)_3#T274 link 1 12 thin
Ko_o unknot knot 0 1 thin

Let M be a free module of rank = 4 whose graded Poincare polynomial [3] is
(q/t +t/q)?. Applying (2.4) to triple (K. = K*,K_ = 52,K) and its analogous
version (when K are links and Ky is a knot) to (Ko, Ko—, Koo = 52), we have (2.5),
(2.6) respectively:

s HyE) S Hy(ke) S Ay O HyG)
(2.6) N0 H iy (Koo) & HN(52) oM SN Hy(Ko) 5 Hy (Koo ) &8
o ¢]

the HOMFLYPT polynomials of the resolutions of * are computed by MATH-

EMATICA:

(2.7) Peo = a*(—¢"-1-q Y+’ ++q?+q")

(2.8) Py = —af+a'(@®—1+q¢ )+ (@ —1+q¢?)

(29) (¢-¢)?P;= (- +2-¢*)+a'(¢" -3 +4-3¢>+¢ ")
+a%(¢* —3¢° +4 -3¢+ ¢%

(@—a NPc, = d(¢"+q ) =a’(@+1+¢°)+a* (¢ ~1+q7?)

(210) (¢—a DPcy= (@'~ +2-q 2 +q7")
+a®(—¢® +¢* =3¢ +3 -3¢ +¢ " —¢°)
+a(g* =2 +3-2¢ % +q¢7%)
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In the following, we investigate the HOMFLY homology H(K*) in a similar way
to Rasumussen’s computation of H(942), see [15, Section 7.5].

Fix a sufficiently large N > 1. Recall that 55 and Ko_ are KR-thin. Thus we can
explicitly compute H n(52), Hn(52) ® M and H n(Ko_), from (2.8), (2.9), (2.10)
and their signatures with the aid of (2.3). Figure 5 is a superimposed diagram of
generators of these homologies. Squares (o) represent generators of H(52), solid
dots (e) for H(55) ® M and hollow dots (o) for H(Ko_). The j-gradings are shifted
so that they correspond to the power of a in the HOMFLYPT polynomial P« (a, q)
of K*.
Claim 2.2. The ¢-gradings of the generators are (o) = d(c) = 2 and §(e) = 4.
Proof. Since 55 is KR-thin with o(52) = 2 and the §-degree of the map H y(K*) —
Hy(52) in (2.5) is 0, the square generators have §(0) = o(52) — 0 = 2. Also, since
both of the é-degrees of Hy(52) ® M — Hpn(Ko) in (2.6) and H x(Ko) — H n(K*)
in (2.5) are 1, the solid dots have (o) = o(52) + 1+ 1 = 4.

Since Ko is KR-thin with o(Ko_) = 1 and the §-degree of H x(Ko) — Hn(K*)

in (2.5) is 1, the hollow dots have §(0) = o(Ko—) +1 = 2. O
j A
8 o co oo N c o
L] .D.
6 o ao d 9990 000 000 ! °oa °
. o0 eese g o0e °
1 b ek @ o gV
° o *eh o °
> 1
6 4 2 0 2 4 6

FIGURE 5. Possible generators of H(K*). The J-gradings are
d(c) =6(n) =2, d(e) =4.

Our N is large enough so that non-trivial components of the map Hy (Ko_) &
Hy(52) ® M preserve the lettered positions a,b,--- e’ of the generators corre-
sponding to o and e and the non-lettered hollow circle generators are the image of
the map H n(Ko) ‘=" Hy(Ko—). Noticing that square generators do not exist
at the non-lettered positions, and since (2.5) is exact, we conclude that H n(K*)
has generators at these non-lettered positions. Therefore, the maximal j-degree
5. (K*) of the HOMFLY-homology H(K*) satisfies 64 (K*) = 8, which is equal to
wrs +br —1=6+3—1.

We introduce the following claim, whose proof will be given shortly:

Claim 2.3. At position b in Figure 5, the group H(K*) has rank 2.

Assuming Claim 2.3 the generators at b attains 0_(K*) = 4 which is equal to
wicr — b +1=06— 3+ 1. Thus the KR-MFW inequality is sharp on K*. O
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It remains to establish Claim 2.3.

Proof of Claim 2.3. Recall that when N = 2 the reduced homology H is isomor-
phic to the reduced si(2) Khovanov-Rozansky homology [15, Proposition 3.12]. As
stated in [10, Section 1], the sl(2)-homology is equivalent to the Khovanov homol-
ogy. According to KhoHo by Shumakovitch [17], the Poincare polynomial of the
sl(2)-homology ﬁf\}JZQ(IC*) is

(2.11)

GG+ O+ B+ 5+ 0 42 0 4 ¢ 25+ 5 424144 4 16T g 818 1208

Recall the spectral sequence Ej(2) which relates FZ’]’]C(IC*) to ﬁg’J(IC*) [15, The-
orem 2]. Position b has (i,j) = (—4,4). The generators corresponding to the term
q*+q*t of (2.11) have g-grading: I = 4. Under the identification I = i+ Nj = i+2j
in (2.3), only position b, among the possible generators of H (K*) plotted in Figure 5,
meets I = 4. (]

Remark 2.4. Since K, = A**1 276k=1 and £, = A%%+21 2-6k—1 where A=121
is the positive half-twist, we notice that £ = A%2K}. If an analogous statement to
[7, Corollary 1.7] of Kdlman could hold, that is, the lower KR-MFW estimate for a
braid 3 is sharp if and only if the upper KR-MFW estimate is sharp for A28, then
Theorem 1.6 could imply the sharpness of the KR-MFW inequality for £, and L;.

3. PROOF OF THEOREM 1.7

Lemma 3.1. Suppose that D € By is a closed braid diagram of K realizing the
minimal braid index: bp = bx. Focus on one site of D and construct Dy, D_, Dy
as specified in Figure 1 (one of the three must be D). Let o, 3,y € {+,—,0} be
mutually distinct. Suppose D, = D.

If each of Dg, D~ can be positively destabilized p > 0 times, then

(3.1) (wp +bp —1) = 64(K) = 2p.

If each of Dg, D. can be negatively destabilized n > 0 times, then
(3.2) 0_(K) — (wp —bp +1) > 2n.

Therefore, if p+n > 0 the KR-MFW inequality is not sharp on IC.

Proof of Lemma 8.1. Suppose that D = D, ,Dg = D_ and D, = Dy. Similar
arguments work for the other two cases: D = D_ or Dy.

Let K4, K_, Ko be the topological knot types of D, D_, Dy respectively. Maps
Hy(K_) 2 Hy(Ko) &8 Hy(KL) in (2.4) raise g-grading by N. Assuming that
N > 1 (i.e., isomorphism (2.3) holds and i+ Nj = I) these maps raise j-grading by
1. So we shift the j-grading of K_ (resp. Ko) by 2 (resp. 1). Also by the exactness
of (2.4) all the generators of H (K, ) come from those of H(K_), H(Ky). Therefore,

min{d_(K_)+2, §_(Ko) + 1}
(3.3) <0 (Ky)

5-(K+)

<
< max{04(K-) +2, §4(Ko) +1}.
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Let D_ (resp. Dy) be a closed braid diagram obtained by applying positive desta-
bilization p times to D_ (resp. Dg). By the KR-MFW inequality, we have:

G (K)+2 < (wp +bp —1)+2={(wp_+bp_ —1)—2p}+2
(wp, —2)+bp, —1—=2p+2=(wp, +bp, — 1) —2p,
64 (Ko)+1 < (wp, +bp, —1)+1= (wp, +bp, —1—2p) +1
(wp, —1)+bp, =1 —=2p+1=(wp, +bp, —1)—2p.
Combining them with (3.3) we obtain
0+ (Ky) <max{o,(K_-)+2, 04+(Ko)+1} <(wp, +bp, —1)—2p,
which proves (3.1). Similarly, inequality (3.2) holds. O

Proof of Theorem 1.7. Define braid diagrams M, M_, My differing at the shaded
crossing in Figure 2:

M_ = 2v3V122°1% 2321 =BM;y.w (theright sketch of Figure 2)
My = 2¢3v122:1%2321 = M, =1%2vFl 12921 jw
My = 2°3v122°1v232 == Ny=2v 1+! g2+l quw+l g

+

Here = means a positive destabilization and braid isotopy whose intermediate
steps are shown in [8, Figure 5]. Note that bM+ = by;, = 3. On the other hand,
[8, Theorem 2.8] proves that there exist infinitely many (x,y, z, w)’s such that the
braid index of knot type BMj 4 .. is 4, i.e., the condition bp = bx of Lemma 3.1
is satisfied. Applying Lemma 3.1 we conclude that the KR-MFW inequality is not
sharp on infinitely many BM; y . 's. O

Remark 3.2. Although knot 9490 = BM_1 1 _o 1 is realized by the BM-diagram,
thus covered by Theorem 1.7, Rasmussen [15, Figure 14] has explicitly computed
its reduced KR-homology H (9,42) which exhibits non-sharpmness of the KR-MFW
inequality on 945.

4. MAXIMAL BENNEQUIN NUMBERS OF Kj; AND L}
The next lemma for Theorem 1.11 is due to Elrifai [4].

Lemma 4.1. [4, Proposition 2.2.8] The HOMFLYPT polynomial of Ky, (resp. L)
coincides with the one for the (2,6k + 1)-torus knot Ta erp+1 (resp. Tagkts)

P’Ck (a7 Q) = PT2,6k+1 (av q)? Pﬁk (av q) = PT2,6k+5 (a7 Q)'

Proof of Theorem 1.11. By Theorem 1.5 and Proposition 1.10, it follows that Con-
jectures 1.8 and 1.9 hold for the class Bj.

Noticing that braid words (2 1 2) and (2 1 2) are quasipositive factors, K, Ly
have quasipositive braid representations:

Dk, =2(12212%1, Dg =(12212)*11221)%1.

Rudolph’s slice-Bennequin inequality [16] is that for any D € Bx we have
2g4(K) > wp —bp +1 = Bp + 1. Moreover if D € Bg is quasipositive, then
equality holds.

Therefore, above quasipositive diagrams Dy, , Dy, attain the maximal Ben-
nequin numbers. Since bg, = bp,, = 3 and bg, = bp,, =3 (the minimal braid
index), Conjecture 1.9 holds for K and L.
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By Lemma 4.1 and the sharpness of the MFW-inequality on torus links [5, Corol-
lary 2.4], we can compute the minimal and the maximal a-degrees of Pk, (a,q) and

Pﬁk (a7 Q) :
d_(Kg) =6k, di(Ky)=6k+2, d_(Lg)=6k+4, di(Lr)=06k-+6.

Since wpy, +bp,, —1 =6k + 2, the right side of the MF'W inequality is sharp on
Kk, i-e., d4 (Ki) = wp + bp — 1. This means that on its mirror image Ky, the left
side of the MFW inequality is sharp: wg —bg+1 = d_(K},) where D is the mirror
image of Di, . Thus the both Conjectures 1.8 and 1.9 hold for K} and K.

We remark that since wp, +bp, —1=6k+8>6k+6=d(Lx) (the MFW
inequality is not sharp on L), the same argument does not apply to Ly. O

Remark 4.2. After completion of this paper, the author was informed that Conjec-
ture 1.8 for 3-braids is proved by Stoimenow [18, Theorem 7.1].
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