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Abstract

In a model with matching frictions, we provide conditions under which re-
purchase agreements, or repos, co-exist with asset sales. Repos are preferable
whenever agents face uncertainty regarding the future use of the asset. As this
uncertainty decreases, asset sales becomes more prevalent. We show that while
total repos volume is always increasing with the uncertainty, while total sales
volume is hump-shaped.

1 Introduction

Many assets are traded on a repo market where the seller agrees to repurchase the
asset at a later date at a given price, and repo markets coexists with simple asset sales
(numbers for repos for a given class of assets). But this begs the questions: Why do
agents engage in repos rather than just buying the asset? and what is the impact of
the repo market on asset sales? It is natural to expect that repo and sales volumes
co-move negatively for a given set of traders, as these might be seen as two susbsitute
activities. However, there is no model that explaining the co-existence of repos and
asset sales markets for the same asset (Duffie 1996?).

Some have argued that private information on the quality of assets can explain the
existence of a repos markets: The very fact that the seller is willing to repurchase
the asset is a guarantee that the asset is of good quality (see, e.g. Koeppl and Chiu,
2011). However, in a dynamic setting, this result may fail to hold as there is learning
on the quality of the asset. Others have argues that repos are useful in order to cover
counterparty risk, but there is then no difference between repos and collateralized loans
(see, e.g. Mills and Reed).
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In this paper, we show that repos can co-exist with assets sales even when the quality
of the asset is known and when there is no risk exposure. The essential elements are
1) trading frictions which impairs the efficient allocation of the asset, and 2) valuation
uncertainty. We assume that agents receive some preference shocks on the current
utility from holding the asset, which may be more or less persistent. Once the shock
hits, agents meet in pair. We concentrate on properties of allocations that are in the
pairwise core, so that our result does not depend on the game played in each pairwise
meeting. The degree of persistence explain why agents can be more or less certain on
their future valuation of the asset. Once agents trade, they have to wait until the next
trading session (say the next day) to change their position. This is the extent to which
there is trading frictions: Positions can only be changed every so often.

To simplify the analysis, we assume directed matching in the sense of Corbae,
Temzelides and Wright (2003): Those agents who switched valuation are matched with
each other. While this simplifies the analysis, it does not eliminate the distribution
of asset holdings. We develop the model for random matching as well. With directed
matching and two types of preference shocks (high and low) we show that the invariant
distribution of assets has a two point support. The difference in these two points is
increasing in the persistence of valuation shocks: As the probability to change valuation
is increasing, agents tend to equate their asset holdings. Inversely, as the persistence
increases, agents tend to hold different amount of the asset.

Interestingly, the total volume of asset sales is directly linked with the range of the
support: As the difference in asset holdings increases, the sale of asset in a match is
also increasing. This is intuitive: With directed matching, agents who just switched
their valuation from high to low are matched with those agents who switched valuation
from low to high. Therefore, as the difference in their asset holdings grow, also does the
gains from trade, so that they trade a larger amount of the asset. However, since types
are more persistent, fewer agents switch types so that the total volume of sales can
either increase or decrease. We show that it is hump-shaped. Similarly, as the future
valuation becomes uncertain, i.e. types are not persistent, agents are unwilling to undo
their position through asset sales, but they are willing to engage in repos. Therefore,
the total volume of repos is decreasing with persistence and it is higher than total sales
volume when the uncertainty is high (or persistence is low).

This has interesting implications for the organization of the repo market. In par-
ticular our theory predict that the repos market will be thinner when there is little
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uncertainty about one’s future preferences. This implies that monetary policy (which
is operated in the repo market) will have a higher impact then, as a lower quantity of
repos can affect the market. Similarly, starting from a situation where agents know their
future preferences, as uncertainty is growing, so is the volume of asset sales. Therefore,
more sales have to be conducted in order to move the market. If we associate “normal
times” with times when agents have a good idea about their future preferences, then
monetary policy should be conducted with repos. However, with uncertainty growing
overly large, monetary policy will be more effective in moving market if it is conducted
via asset sales/purchases.

The paper proceeds as follows. In Section 2 we describe the model. In Section
3 we define and characterize pairwise core allocations. In Section 4, we solve for the
equilibrium when there is random matching, in the extreme cases when there is full
persistence of the preference shocks and no persistence at all. Section 5 analyzes the
case with directed matching and solve for the equilibrium distribution and volumes in
general. Section 6 presents an example with Nash bargaining rather than pairwise core
allocations.

2 The Model

This is a version of Koeppl, Monnet and Temzelides (2008). Time is discrete and the
horizon is infinite. Each period has two sub-periods: A trading stage, followed by a
settlement stage. There is a continuum of agents. In each period, there is a measure 1/2
of two types of agents, type h and type �. The type of an agent switches randomly and
with probability 1− π ∈ [1/2, 1] at the start of the transaction stage. The law of large
numbers then guarantees that there is the same measure of each type in each period.
Agents are anonymous in the trading stage and their type is private information. A
clearinghouse records the transactions of an agent, if he so wishes.

There is a long-lived asset in fixed supply A. As in Lagos and Rocheteau (2009),
we associate this asset to a Lucas-tree: One unit of the asset yields one unit of some
fruit in the settlement stage. Agents of type i ∈ {h, �} derive utility ui(a) from holding
a units of the asset.1 For simplicity, we impose the following condition,

1 There are several interpretations for this formulation: Lagos and Rocheteau argue that this is
the utility derived from the tree’s fruit. Duffie, Garleanu and Pedersen (2009) explain that these are
preferences from liquidity, hedging or other benefits that holding the assets may yield.
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Assumption 1. u�
h(a) ≥ u�

�(a) for all a.

Therefore, for a given asset holding, the agent with the high type have a higher
marginal utility than the agent with the low type. To be concise, we will refer to agents
of type h as agents h and to agents of type � as agents �.

In the trading stage, each agent h is matched with an agent �. We describe the
matching technology later. In the trading stage, agents can agree to trade the asset,
in which case the seller transfers the assets and the fruits in the settlement stage. Or
agents can only agree to trade the fruit of the asset: Then the seller only transfers the
fruits that it yields, while he maintains ownership over the asset. We interpret this
second trade as a repo trade, as the buyer surrenders the asset back to the seller once
he enjoyed the benefits of holding it this period.

While the trading stage can be seen as a market, there is no market in the settlement
stage. In the settlement stage, agents are endowed with a production technology for
the numeraire good m. It costs them one unit of disutility to produce one unit of this
good. Agents also consume the numeraire good and derive one unit of utility for each
unit they consume. If utility is transferable, the settlement stage does not generate any
net utility gains. The numeraire good will be the settlement asset. In the settlement
stage, agents settle the terms of the trade that were agreed upon in the previous trading
stage.

3 Pairwise core allocations

We consider allocations in the pairwise core. To define an allocation, we will con-
sider a generic meeting between an agent h holding a generic amount of the asset
ah and an agent � holding a generic amount of the asset a�. An allocation is a triple
{qs(ah, a�), qr(ah, a�), d(ah, a�)} where qs denotes the quantity of the asset that the agent
h buys from the agent � (sells if negative), qr is the quantity of the asset that the agent
of h buys or repo from the agent � (sells or reverse repo if negative) and d is the nu-
meraire transfer that the agent h makes in the settlement stage to the agent � (receives
if negative). We only focus on stationary and symmetric allocations. An allocation is
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feasible if

qs(ah, a�) ∈ [−ah, a�]

qr(ah, a�) + qs(ah, a�) ∈ [−ah, a�]

We will denote by (qs,qr,d) the feasible allocations for all possible matches such
that (qs,qr,d) defines invariant distributions of asset holdings for agents h and �. We
denote these distributions by µi(a) for i ∈ {h, �}, where we have dropped the reference
to the allocation for convenience. If they exist, a property of any invariant distribution
is that

1

2

ˆ
adµh(a) +

1

2

ˆ
adµ�(a) = A

Then we can define recursively the expected value for agent i ∈ {h, �} of holding
asset a, before entering the trading stage, Vi(a), as

Vh(a) = π

ˆ
[uh(a+ qs(a, a�) + qr(a, a�))− d(a, a�) + βVh(a+ qs(a, a�))]dµ�(a�) (3.1)

+ (1− π)

ˆ
[u�(a− qs(ah, a)− qr(ah, a)) + d(ah, a) + βV�(a− qs(ah, a))]dµh(ah)

With probability π the agent h remains an agent h. Then he meets an agent � with
asset a� according to the distribution µ�. Since he remains an agent h, he enjoys instant
utility uh(.) from his asset holdings a+ qs(a, a�) + qr(a, a�) at the end of the settlement
stage. However, he only carries a + qs(a, a�) over to the next period since repos do
not involve the transfer of the asset but only of fruits. The agent values this portfolio
according to βVh(a+ qs(a, a�)). With probability 1−π the agent h becomes an agent �.
In this case, he meets an agent h according to the distribution µh and he enjoys instant
utility u�(.) from his asset holdings a − qs(ah, a) − qr(ah, a). He values his remaining
portfolio according to βV�(a− qs(ah, a)). Similarly for agents �,

V�(a) = π

ˆ
[u�(a− qs(ah, a)− qr(ah, a)) + d(ah, a) + βV�(a− qs(ah, a))]dµh(ah)(3.2)

+ (1− π)

ˆ
[uh(a+ qs(a, a�) + qr(a, a�))− d(a, a�) + βVh(a+ qs(a, a�))]dµ�(a�)

We assume that there is limited commitment, and an allocation (qs,qr,d) is indi-
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vidually rational if all agents prefer the allocation to being in autarky this period. That
is, for any porfolio a, an agent h matched with an agent � with a portfolio a� prefers
the allocation than not trading today, i.e.

uh(a+ qs(a, a�) + qr(a, a�))− d(a, a�) + βVh(a+ qs(a, a�)) ≥ uh(a) + βVh(a),

and similarly for an agent � matched with an agent h with portfolio ah,

u�(a− qs(ah, a)− qr(ah, a)) + d(ah, a) + βV�(a− qs(ah, a)) ≥ u�(a) + βV�(a).

From now on, for concision and whenever there is no risk of confusion, we will drop
references to the agents’ portfolios in an allocation. We are interested in allocations
from which no agent in a match or the pair of agents, has an interest in deviating.
That is, as in Zhu, Wallace and Kennan (2009) and Rocheteau (2011), we concentrate
on allocations that are in the pairwise core. Given an increasing and concave utility
function U(.), we define the pairwise core in a match where agent h and � hold portfolio
ah and a� respectively, as the set of allocations that satisfy

(qs, qr, d) = argmax[uh(ah + qs + qr)− d+ βVh(ah + qs)]

s.t. qs ∈ [−ah, a�], qs + qr ∈ [−ah, a�]

u�(a� − qs − qr) + d+ βV�(a� − qs) ≥ U(a�) (3.3)

uh(ah + qs + qr)− d+ βVh(ah + qs) ≥ uh(ah) + βVh(ah)

The first set of constraint is the two feasibility constraints. The second constraint is the
participation constraint for type 2 agents, while the first constraint is the participation
constraint for type 1 agents. Clearly, we must have U(a�) ≥ u�(a�) + βV�(a�) for all
a�. Notice also that the participation constraint of type 2 agents is always binding:
Otherwise, it would be possible to lower d and raise the utility of the type 1 agent.

Given a pair (ah, a�) a pairwise core allocation with qs ∈ (−ah, a�) satisfies the
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following first order conditions,

qs : (1 + µ)[u�
h(ah + qs + qr) + βV �

h(ah + qs)]

−λ[u�
�(a� − qs − qr) + βV �

� (a� − qs)] + ξh − ξ� = 0

qr : (1 + µ)u�
h(ah + qs + qr)− λu�

�(a� − qs − qr) + ξh − ξ� = 0

d : −1 + λ− µ = 0

These three conditions give us2

V �
h(ah + qs) = V �

� (a� − qs) (3.4)

and

u�
h(ah + qs + qr) = u�

�(a� − qs − qr) if ξi = 0, i = h, � (3.5)

qs + qr = a� if ξ� > 0

qs + qr = −ah if ξh > 0

Equations (3.4) and (3.5) characterize the pairwise core allocations qs(ah, a�) and qr(ah, a�),
while d(ah, a�) is given by (3.3) holding with equality. Notice that the allocation depends
on the distributions of asset holdings µi for i = h, � as they affect the value functions
Vi. To fully characterize the equilibrium with an invariant distribution, we need to
specify how agents are matched. In the next section, we assume that agents are ran-
domly matched. Then we assume that agents are matched according to a pre-specified
matching rule.

4 Random Matching: Special Cases

Here, we study two extreme cases when an agent h is randomly matched with an agent
�. The two extreme cases of interest are the ones for which π = 1/2 and π = 1. In the
case with π = 1/2, types have no persistence and each types are as likely for an agent
independently of his history of type. In the case with π = 1 types are fully persistent
as types are fixed for ever.

With no persistence and random matching, we obtain the following result.

2In the case where qs = a�, (3.4) becomes V �
h(ah + qs) > V �

� (a� − qs).
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Proposition 2. With random matching and π = 1/2, the pairwise core allocations
defines a unique equilibrium characterized by a distribution of asset holdings for each
type that are degenerate at some level ā with qs(ā, ā) = 0, and qr(ā, ā) > 0.

In the case without persistence, (3.1) and (3.2) imply that Vh(a) = V�(a) for all
a, such that agents h and � value future payoff of holding the asset in the same way.
In this case, (3.4) implies that ah + qs(ah, a�) = a� − qs(ah, a�) with qs(ah, a�) > 0 if
and only if a� > ah and qs(ah, a�) < 0 otherwise. Therefore, the unique equilibrium is
one where the distribution of asset holding is degenerate at ā = A/2 and qs(ā, ā) = 0.
This is very intuitive: Since all agents give the same value to future returns, they
extinguish all surplus from trading the asset by averaging their asset holding (i.e. once
an agent holding ah trade with an agent hoding a�, they both end up with (ah + a�)/2)
and in equilibrium they hold the same amount of the asset. Then (3.5) together with
assumption 1 imply that qr(ā, ā) > 0: While agents value future asset returns the same
way, they differ in their valuation of current return. Therefore, there is a benefit from
repos, where only the current return is traded.

With full persistence, the result is that there is neither asset sales nor repo in
equilibrium.

Proposition 3. With random matching and π = 1, the pairwise core allocations defines
an equilibrium characterized by a distribution of asset holdings for each type that are
degenerate at some level āh and ā� with āh > ā� where qs(āh, ā�) = 0 and qr(āh, ā�) = 0.

We will first verify that the proposed allocation is an equilibrium. Since qs(āh, ā�) =

0 and qr(āh, ā�) = 0, the allocation must be such that d(āh, ā�) = 0 as agents would
otherwise prefer autarky. Using (3.1) and (3.2), we then have for i = h, �,

Vi(āi) =
ui(āi)

1− β
(4.1)

and (3.4) and (3.5) imply that āh and ā� are uniquely given by

u�
h(āh) = u�

�(ā�)

with āh = A/2 − ā�. This verifies that there is no asset sales or repos in equilibrium.3

Also, this verifies that āh > ā�. This equilibrium is unique whenever endowments
3Notice that ā� = 0 is only an equilibrium if ā� = 0 was agents � initial endowment (since they

would prefer autarky otherwise) and U(ā�) = 0.
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are symmetric across all agents (and no constraint bind – which may happen if some
agents � are endowed with too many securities in the first place) so that all agents �

hold the same amount a� and all agents h holds ah. To see this notice that if an agent
h endowed with ah meets an agent � endowed with a�, then the pairwise core dictates
that they trade so that (3.5) holds. But the unique solution is that ah + qs(ah, a�) = āh

and a� − qs(ah, a�) = ā�. Since ah + a� = A/2, such a qs exists and takes the agents
directly to the equilibrium distribution of asset holdings. [is this unique even if original
distribution is not symmetric?].

For general levels of persistence π ∈ (0, 1) and random matching, we are unable to
determine analytically the total volume of sales and repos as we cannot solve analytically
for the invariant equilibrium distribution of asset holdings. However, we can partially
characterize sales and repos within one match.

Proposition 4. With random matching and π ∈ (0, 1), if Vi is concave and differ-
entiable, any pairwise core allocation is such that qs(ah, a�) is increasing in a� and
decreasing in ah. Also qs(ah, a�) + qr(ah, a�) is increasing in a� and decreasing in ah.

We leave the proof in the Appendix. Proposition 4 gives us some indication of
how the distribution of asset holding moves in equilibrium. As an agent � is better
endowed, he will sell more to agent h, and as agent h is less endowed, he will by more
form agent �. This hints to more trade as agents valuation differ and we expect that the
distributions of asset holdings become more spiked around their respective mean āh and
ā� as π increases, where the means are diverging as π increases. However, since agents
can switch randomly form one type to the other, it is difficult to fully characterize the
equilibrium. We provide some examples that rationalize this intuition below [TODO].
Also, in the next section we show that this claim is true when matching is directed.

5 Directed search

We now describe the matching technology. Following Corbae, Temzelides and Wright
(2003), we use directed search and the matching function specifies that those agents
who just switched to new types meet with each other. Below we verify that matching
function is an equilibrium matching rule (where such a term is precisely defined). The
rest of this section is devoted to proving the following result,

Proposition 5. With directed search, the pairwise core allocations defines an equilib-
rium characterized by a distribution of asset holdings for each type that are degen-
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erate at some level āi with i = h, � with qs(āh, ā�) = 0, qs(ā�, āh) = āh − ā� and
qr(āh, ā�) = qr(ā�, āh) = qr where qr solves u�

h(āh + qr) ≥ u�
�(ā� − qr) (with equality

if qr < ā�).

[is this equilibrium unique?] We proceed by guessing and verifying that the two
distributions of assets are degenerate at āh and ā� for high and low types respectively.
As agents who did not switch are matched together and the distribution of asset holdings
is invariant, the pairwise core allocation is qs(āh, ā�) = 0 and āh and ā� satisfy

V �
h(āh) = V �

� (ā�)

with qr(āh, ā�) given by

u�
h(āh + qr) = u�

�(ā� − qr) if ξi = 0, i = 1, 2 (5.1)

qr = ā� if ξ2 > 0 (5.2)

For those agents who switched we have that a “new” agent � is holding āh while a “new”
agent h is holding ā�. Therefore, the pairwise core allocation for those agents who
switched is given by

V �
h(ā� + qs(ā�, āh)) = V �

� (āh − qs(āh, ā�))

so that
qs(ā�, āh) = āh − ā� (5.3)

We will guess and later verify that qs ≥ 0. A repo trade satisfies

u�
h(ā� + qs + qr) = u�

�(āh − qs − qr) if ξi = 0, i = 1, 2 (5.4)

qs + qr = āh if ξ� > 0 (5.5)

Hence, using (5.3) to replace qs(ā�, āh) in (5.4) and (5.5) and comparing the result with
(5.1) and (5.2), we obtain

qr(ā�, āh) = qr(āh, ā�).

In words, the property of any core allocations with direct matching is that agents who
just switched type adjust their asset holdings so that they hold their type’s portfolio.
Then they conduct repo as if they never switched. Agents who did not switch type
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just engage in repo. Loosely speaking, there is a sense in which agents first access the
asset market and then engage in repo. To verify that this is an equilibrium we need to
verify that an agent would not prefer to be matched with a different agent than the one
he is assigned to, or that no agent would prefer to interact with him to trading with
his assigned agent. In the terminology of Corbae, Temzelides and Wright (2003), the
proposed matching rule is an equilibrium matching if no coalition consisting of 1 or 2
agents can do better (in the sense that ui(qs, qr, d)+βVi(qs, qr, d) increases) by deviating
in the following sense: An individual can deviate by matching with himself (i.e. being
in autarky this period) rather than as prescribed by the matching rule; and a pair can
deviate by matching with each other rather than as prescribed by the mathcing rule.

It should be clear that pairwise core allocations are always better than autarky.
Therefore we only need to check deviations by a coalition of 2 agents. However, we can
rule out deviations that involve agents � as they always obtain utility U(a) whenever
they hold assets a (be it on or off equilibrium) and so they are unable to do better
by deviating. The only relevant deviation we need to check is one where an agent h

holding āh (an agent h who did not switch) is matched with an agent h holding ā� (an
agent who was � and just switched). However, both agents like to hold the asset this
period and so the agent h holding āh is indifferent trading with an agent � holding ā�

or an agent h holding ā� as the allocation would give him the same payoff:

uh(āh + qr(āh, ā�))− d(āh, ā�) + βVh(āh)

= ūh − d(āh, ā�) + βVh(āh)

= ūh + ū� + βV�(ā�) + βVh(āh)− U(ā�) ≥ uh(āh) + βVh(āh)

where ūh = uh(āh + qr(āh, ā�)) and ū� = u�(ā� − qr(āh, ā�)). However, the agent h

holding ā� would have to give at least uh(āh) + βVh(āh) to the other agent h and he is
worse off if uh(āh) + βVh(āh) ≥ U(āh). We show that this is the case in the Appendix,
so that an agent h holding ā� would never want to meet an agent h with āh. Therefore,
the proposed directed matching rule together with the pairwise core allocation define
an equilibrium where the distribution of asset holding for each type is degenerate. The
following proposition characterizes the support of the distributions.

Proposition 6. The degenerate supports āh and ā� of the two distributions are fully
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characterized by the following equations,

āh + ā� = A (5.6)

u�
h(āh + qr) = u�

�(ā� − qr) (5.7)

u�
h(āh + qr) =

1

(2π − 1)
{(1− βπ)πU �(ā�)− (1− β(1− π))(1− π)U �(āh)} (5.8)

The proof is in the Appendix. There we also show that the equilibrium asset holdings
are diverging in the persistence of the shock, i.e. as π increases.

Corollary 7. āh − ā� ≥ 0 is increasing in π. Sales volume is hump-shaped in π while
repos volume is strictly decreasing in π.

The intuition for this result is straightforward. When π = 1/2, agents future type
is independent of their current type. Therefore, two agents’ future value of the asset is
the same. Since the core pairwise allocation equates the marginal benefit of holding the
asset, all agents hold the same quantity of assets. Therefore, āh(1/2) = ā�(1/2) = A/2

and there are no asset sales, but only repos that allocate the fruits to those agents h

who like it most. As π increases, it is more likely that an agent h becomes once again
an agent h next period. Therefore his valuation for the asset increases, and starting
from ah = a�, there are gains from trade when an agent h meets an agent �. In this
case, āh > A/2 > ā�. In equilibrium only those agents who switch types have gains to
trade the asset and so the volume of asset sales is increasing. Also repos are decreasing
as agents hold more of the asset they like. Finally, when π = 1, agents know their type
for sure. Hence in equilibrium, all gains from trades (be it asset trade or fruit trade)
are extinguished, so that there is neither sales nor repos.

6 Directed Search With Nash Bargaining

In this section, we consider that the allocation is set by Nash bargaining rather than
considering an arbitrary pairwise core allocation. [To be completed]
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7 Appendix

7.1 Proof of Proposition 4

To show Proposition 4 we need to know V �
h and V �

� . Using the fact that the constraint
on agents � is always binding and the definition of value functions, we obtain

V �
h(a) = π

ˆ
[u�

h(a+qs+qr)(1−∂qs

∂a
−∂qr

∂a
)−∂d

∂a
+βV �

h(a+qs)(1+
∂qs

∂a
)]dµ�(a�)+(1−π)U �(a)

and

V �
� (a) = (1−π)

ˆ
[u�

h(a+qs+qr)(1−∂qs

∂a
−∂qr

∂a
)−∂d

∂a
+βV �

h(a+qs)(1+
∂qs

∂a
)]dµ�(a�)+πU �(a)

Since the participation constraint of the type 2 agents is always binding, we also
know that changing the asset holding of agent of type 1 will not change the utility of
type 2 agents, or

−u�
�(a� − qs − qr)(

∂qs

∂ah
+

∂qr

∂ah
) +

∂d

∂ah
− βV �

� (a� − qs)
∂qs

∂ah
= 0

Therefore,
∂d

∂ah
= βV �

� (a� − qs)
∂qs

∂ah
+ u�

�(a� − qs − qr)(
∂qs

∂ah
+

∂qr

∂ah
)

replacing this expression in V �
h and V �

� and using the fact that in the pairwise core (3.4)
holds, we obtain

V �
h(a) = π

ˆ
[u�

h(a+ qs + qr)(1− ∂qs

∂a
− ∂qr

∂a
)− ∂d

∂a
+ βV �

h(a+ qs)(1 +
∂qs

∂a
)]dµ�(a�)

V �
h(a) = π

ˆ
(
∂qs

∂a
+
∂qr

∂a
)[u�

�(a�−qs−qr)−u�
h(a+qs+qr)]+u�

h(a+qs+qr)+βV �
h(a+qs)dµ�(a�)
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Using the first order conditions we obtain

(
∂qs

∂ah
+

∂qr

∂ah
)[u�

�(a� − qs − qr)− u�
h(ah + qs + qr)] = 0 if ξi = 0

∂qs

∂ah
+

∂qr

∂ah
= 0 if ξ� > 0

∂qs

∂ah
+

∂qr

∂ah
= −1 if ξh > 0

where the last two equalities follows from the fact that when ξ� > 0 we have qs+qr = a�

while when ξh > 0 we have qs + qr = −ah (and u�
h(0) ≤ u�

�(a� + a) ). Therefore,

V �
h(a) = π

ˆ
{a�:ξh(a,a�)>0}

[u�
h(0)−u�

�(a�+a)]dµ�(a�)+π

ˆ
u�
h(a+qs+qr)+βV �

h(a+qs)dµ�(a�)

and as the set of a� such that ξh > 0 has measure zero by Assumption 1, we obtain

V �
h(a) = π

ˆ
[u�

h(a+ qs + qr) + βV �
h(a+ qs)]dµ�(a�) + (1− π)U �(a) (7.1)

and using a similar argument, we obtain

V �
� (a) = (1− π)

ˆ
[u�

h(a+ qs + qr) + βV �
h(a+ qs)]dµ�(a�) + πU �(a) (7.2)

How does (7.1) and (7.2) change as a is increasing? We have

∂

∂a
V �
h(a+ qs) = V ��

h (a+ qs)(1 +
∂qs

∂a
) < 0

and
∂

∂a
u�
h(a+ qs + qr) = u��

h(a+ qs + qr)(1 +
∂(qs + qr)

∂a
) < 0

Where the inequalities follow from the first order conditions, as we get

u��
h(ah + qs + qr)(1 +

∂(qs + qr)

∂ah
) = u��

� (a� − qs − qr)(−∂(qs + qr)

∂ah
)

so that
∂(qs + qr)

∂ah
=

−u��
h

u��
� + u��

h

∈ (−1, 0)

and using (3.4) we also obtain (guessing that the value function is concave and differ-

14



entiable)
∂qs

∂ah
=

−V ��
h

V ��
� + V ��

h

∈ (−1, 0)

Therefore, given V �
i (a) is decreasing in a (verifying the initial guess). Also, increasing

a�, we have
∂

∂a�
V �
h(a+ qs) = V ��

h (a+ qs)
∂qs

∂a�
< 0

and
∂

∂a�
u�
h(a+ qs + qr) = u��

h(a+ qs + qr)
∂(qs + qr)

∂a�
< 0

where the signs are given by the following argument: Using the properties of the core
allocation we obtain that either ∂(qs + qr)/∂a� = 1 > 0 if ξ� > 0 and otherwise

u��
h(ah + qs + qr)

∂(qs + qr)

∂a�
= u��

� (a� − qs − qr)(1− ∂(qs + qr)

∂a�
)

so that
∂(qs + qr)

∂a�
=

u��
�

u��
h + u��

�

∈ (0, 1)

and using (3.4) we also obtain (guessing that the value function is concave and differ-
entiable)

∂qs

∂a�
=

V ��
�

V ��
h + V ��

�

∈ (0, 1)

7.2 Proof of uh(āh) + βVh(āh) ≥ U(āh)

First notice that the equilibrium payoff of an agent h holding ā� is

uh(ā� + qs(ā�, āh) + qr(ā�, āh))− d(ā�, āh) + βVh(ā� + qs(ā�, āh))

= ūh − d(ā�, āh) + βVh(āh)

= ūh + ū� + βV�(ā�) + βVh(āh)− U(āh) ≥ uh(ā�) + βVh(ā�)

where ūh = uh(āh + qr(āh, ā�)) and ū� = u�(ā� − qr(āh, ā�)) and where the inequality
follows from the participation constraint. Adding uh(āh) on both sides and rearranging
terms, we must have

ūh + ū� + βV�(ā�) + uh(āh) + βVh(āh) ≥ U(āh) + uh(āh) + uh(ā�) + βVh(ā�) (7.3)
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However, notice that

ūh + ū� + βV�(ā�) < uh(āh) + uh(ā�) + βVh(ā�) (7.4)

To see this, observe that

ūh + ū� ≤ uh(āh + qr(āh, ā�)) + uh(ā� − qr(āh, ā�))

(notice that we have changed the subscript from � to h in the last term, thus explaining
the inequality sign), and concavity of the utility function guarantees that

uh(āh + qr(āh, ā�)) + uh(ā� − qr(āh, ā�)) ≤ uh(āh) + uh(ā�)

Hence, ūh + ū� ≤ uh(āh) + uh(ā�) while we also have Vh(a) ≥ V�(a) for all a. Therefore
(7.4) holds. Given (7.4), the only way that (7.3) can hold is that uh(āh) + βVh(āh) ≥
U(āh).

7.3 Proof of Proposition 6

From (7.1) as well as our direct matching mechanism, we obtain for any (ah, a�)

V �
h(ah) = π[u�

h(ah + qr(ah, a�)) + βV �
h(ah)] + (1− π)U �(ah) (7.5)

as an agent h who did not switch only enters into repos with an agent � who did not
switch. Therefore,

V �
h(ah) =

π

1− βπ
u�
h(ah + qr(ah, a�)) +

1− π

1− βπ
U �(ah) (7.6)

Also, from (7.2) and the direct matching rule, we have for any (ah, a�)

V �
� (a�) = (1− π)[u�

h(a� + qs(a�, ah) + qr(a�, ah)) + βV �
h(a� + qs(a�, ah))] + πU �(a�)

as a type � who switched is matched with a type h who just switched.

Using the pairwise core allocations qs(a�, ah) = ah − a� and qr(a�, ah) = qr(ah, a�)

we obtain
V �
� (a�) = (1− π)[u�

h(ah + qr(ah, a�)) + βV �
h(ah)] + πU �(a�)
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and using (7.6) and simplifying we obtain4

V �
� (a�) =

1− π

1− βπ
u�
h(ah + qr(ah, a�)) +

π

1− βπ
U �(a�) (7.7)

Simplifying, we obtain V �
h(ah)− V �

� (a�) = 0 if and only if

(2π − 1)V �
h(ah) = π2U �(a�)− (1− π)2U �(ah)

Using equation (7.6) we simplify this expression to

u�
h(ah + qr) =

1

(2π − 1)
{(1− βπ)πU �(a�)− (1− β(1− π))(1− π)U �(ah)} (7.8)

as follows: Starting from

(2π − 1)V �
1(ah) = π2U �(a�)− (1− π)2U �(ah)

use equation (7.6) to obtain

π(2π − 1)

1− βπ
u�
1(ah + qr) +

(1− π)(2π − 1)

1− βπ
U �(ah) = π2U �(a�)− (1− π)2U �(ah)

so that

π(2π − 1)

1− βπ
u�
1(ah + qr) = π2U �(a�)− [(1− π)2 +

(1− π)(2π − 1)

1− βπ
]U �(ah)

4or V �
2(a�) =

1−π
π [V �

1(ah)− (1− π)U �(ah)] + πU �(a�).
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And arranging,

u�
1(ah + qr) =

(1− βπ)π

(2π − 1)
U �(a�)−

1− βπ

π(2π − 1)
[(1− π)2 +

(1− π)(2π − 1)

1− βπ
]U �(ah)

=
(1− βπ)π

(2π − 1)
U �(a�)− [

(1− βπ)(1− π)2

π(2π − 1)
+

(1− π)

π
]U �(ah)

=
(1− βπ)π

(2π − 1)
U �(a�)−

(1− π)

(2π − 1)
[
(1− βπ)(1− π)

π
+

(2π − 1)

π
]U �(ah)

=
(1− βπ)π

(2π − 1)
U �(a�)−

(1− π)

(2π − 1)
[
(1− βπ)(1− π) + (2π − 1)

π
]U �(ah)

=
(1− βπ)π

(2π − 1)
U �(a�)−

(1− π)

(2π − 1)
[
(1− π)− (βπ)(1− π) + (2π − 1)

π
]U �(ah)

=
(1− βπ)π

(2π − 1)
U �(a�)−

(1− π)

(2π − 1)
[
−(βπ)(1− π) + (π)

π
]U �(ah)

=
(1− βπ)π

(2π − 1)
U �(a�)−

(1− π)

(2π − 1)
[
−(β)(1− π) + 1

1
]U �(ah)

=
1

(2π − 1)
{(1− βπ)πU �(a�)− (1− β(1− π))(1− π)U �(ah)}

The conditions for the core equilibrium then become

u�
1(ah + qr) = u�

2(a� − qr)

u�
1(ah + qr) =

1

(2π − 1)
{(1− βπ)πU �(a�)− (1− β(1− π))(1− π)U �(ah)}

ah + a� = A

7.4 Proof of Corollary 7

Notice that we can rewrite (5.7) as

u�
h(āh + qr(āh, ā�)) = α�(π)U

�(ā�)− αh(π)U
�(āh)

where
α�
�(π) = α�

h(π) =
2βπ(1− π)− 1

(2π − 1)2
< 0

Therefore, using āh + ā� = A and the implicit function theorem, we have

u��
h(1+

∂qr

∂ah
)dāh = α�(π)[U �(ā�)−U �(āh)]dπ−α�(π)U

��
� (A− āh)+αh(π)U

��
h (āh)]dāh (7.9)
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Notice first that so that ∂qr

∂āh
= −1: Since u�

h(āh + qr) = u�
�(A− āh − qr) we have

u��
h(1 +

∂qr

∂āh
) = −u��

� (1 +
∂qr

∂āh
)

since u��
h < 0 while −u��

� > 0 the only solution is that

∂qr

∂āh
= −1 (7.10)

Therefore using (7.9) we obtain

dāh
dπ

=
α�(π)[U �(ā�)− U �(āh)]

α�(π)U ��
2 (A− āh) + αh(π)U ��

1 (āh)

Since both the denominator and the numerator are negative we have dāh/dπ > 0.
Given π the volume of repos in this economy is given by qr (since all agents use

repo) while the volume of asset sales is given by (1− π)qs = (1− π)(āh − ā�). Clearly,
the sales volume is hump shaped as when π = 1/2 we have āh = ā� so that qs = 0 while
when π = 1, qs = 0 as well. However, (1− π)qs > 0 for all other values of π. Since the
problem is continuous, sales volume is hum-shaped. Also, (7.10) implies that the total
volume of repo is declining in π. Since there are no repo when π = 1, the volume of
repo is declining to zero.
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