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We compute Markov-perfect equilibria and study the effects on long-

run innovation of changes in taste heterogeneity (transport costs) and

firms’ costs of relocating products. Innovation rises as the industry’s

long-run position moves toward products that are permanently co-

located in the space of horizontal tastes. A large enough fall in taste

heterogeneity will raise long-run innovation, while more costly product

relocation lowers innovation if taste heterogeneity is high, and raises

it otherwise.
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1 Introduction

This paper aims at incorporating the dynamics of product location into the

study of competition and innovation. A number of recent theoretical ap-

proaches have used infinite-horizon models of dynamic stochastic oligopoly

to examine the competition-innovation relationship – see for example Budd,

Harris and Vickers (1993), and Aghion et al. (2001). These contributions

look at how oligopolies compete on investment in a single dimension of differ-

entiation, i.e., cost reduction or quality improvement. Here we allow firms to

invest in multiple dimensions. We study innovation in a discrete-time game

of repeated price competition between two firms who may invest in both ver-

tical and horizontal differentiation. Using numerical techniques we elicit the

relationship between equilibrium long-run innovation and the primitives of

the model, namely the heterogeneity in consumer tastes and firms’ costs of

product relocations. To add to the ‘vertical composition’ effects uncovered

by previous authors, we find that the effects of the primitives on the indus-

try’s horizontal composition – the proportion of time spent in horizontally

differentiated states – can also be an important influence on innovation.1

Examples of firms’ strategic use of horizontal differentiation may be found

in many industries. Computer manufacturers change platforms (micropro-

1Interest in the competition-innovation relationship has a long heritage in economics,

stretching back at least to the seminal work of Schumpeter (1942) and Arrow (1962). See

Gilbert (2006) and Van Cayseele (1998) for surveys of the theory, and Cohen and Levin

(1989) and Symeonidis (1996) for surveys of the empirics. See also Sutton (1998).
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cessor architecture), radio stations change formats, retail clothing chains re-

stock with different fashions, and so on. At the same time firms in these in-

dustries may invest in lower costs, or improved quality of service. Since these

investments are jointly determined with their product locations, one might

expect that, for example, changes in the costs of horizontal differentiation

would have indirect effects on firms’ quality investments. To capture both

strategic dimensions we model a repeated Hotelling game between two firms

each selling a single perishable good. Stage-game profits depend on firms’

relative qualities and product locations, which in turn depend on firms’ per-

period investment choices. These investments have stochastic outcomes. We

restrict firms to locating at either end of the Hotelling line, but investment

in location shifts may see firms in any given period operating at the same

location (i.e., producing homogeneous products), or at different locations

(i.e., producing differentiated products). Rivalry in quality upgrades takes

the form of a quality ladder in which, for simplicity, a firm can be in one of

three states – one step ahead, neck-and-neck, or one step behind. The size of

the step is an exogenous parameter representing the returns to successfully

drawing ahead in the quality race.

We seek symmetric pure-strategy Markov-perfect equilibria (MPE’s) of

the infinite-horizon dynamic game of investment in location choices and qual-

ity improvement, in which the industry’s current state is the configuration of

firms’ qualities and locations. Solving the game with the algorithm of Pakes

and McGuire (1994, henceforth ‘PM’), we study the effect on long-run inno-
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vation of changes in the model parameters. Since it is fairly intuitive that

innovation increases when we raise the size of the ‘quality step’, we generally

fix this parameter and focus on changes in two other quantities: consumer

taste heterogeneity and the costs of location switching.2

Taste heterogeneity, or ‘product substitutability’, is represented by a

Hotelling transport-cost parameter. The effects of changes in product substi-

tutability on a duopoly’s long-run innovation rate were previously studied in

Aghion et al. (2001). Working in continuous time with a CES representative-

consumer model of preferences, they identified two countervailing effects

of greater substitutability on long-run innovation. The first is the escape-

competition effect, whereby the increased incremental returns to gaining an

advantage over one’s rival lead firms to invest more when they are neck-and-

neck in quality (or cost) competition. The second is the vertical composition

effect, whereby, as a result of intense investment competition between neck-

and-neck firms, the industry spends more time overall in states of asymmetric

quality, where innovation is relatively lower. As products become more sub-

stitutable these two effects exert opposing influences on long-run innovation,

but Aghion et al. argue that for ‘most parameter values’ the former effect

will dominate, leading to a rise in innovation overall (p. 470).3

2Since innovation rates dwindle to nothing as the quality step goes to zero, we consider

quality steps that are not too small.
3In Aghion et al. (2001) firms invest in cost reduction rather than quality improvement.

However there is a direct correspondence between their results and those of a quality-ladder

model, since in either case profits depend solely on the difference between firms’ current
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One disadvantage of the CES framework is that changes in the elasticity of

substitution compound two distinct types of changes that might be observed

in real-world industries. Products might become more substitutable because

consumer tastes are more homogeneous (lower transport costs), or because

firms change positions in the product space. The framework presented below

allows us to separate these distinct effects, and to study their interactions.

As a first step in this direction, in a companion paper (Narajabad and

Watson 2008) we studied innovation in a continuous-time dynamic duopoly

in which a heterogeneous-agent Hotelling model of consumer preferences re-

places the CES framework of Aghion et al. (2001). Firms’ locations are

fixed at opposite ends of the Hotelling line. We showed that the two effects

identified by Aghion et al. are still present, and that long-run innovation is

always maximized when consumers have homogeneous tastes (i.e., zero trans-

port costs) for the two goods. This latter result arises because homogeneous

tastes imply that there is no competition between firms for the marginal con-

sumer. Inframarginal consumers then get relatively less surplus, and more of

the overall surplus in the market accrues to the quality leader, causing firms

to innovate more because they are fighting over a bigger pie.4

In the present work we move to discrete time, and show that when prod-

uct locations are endogenous a third effect arises, a horizontal composition

technological states – whether qualities or costs.
4A difference that arises in moving to Hotelling preferences is that the innovation rate

will exhibit a U shape as tastes become more homogeneous, rather than the inverse U

emphasized in Aghion et al. (2001).
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effect. Take an industry where consumers have heterogeneous tastes (high

transport costs), and where firms initially operate at separate locations in

the product space. Reducing transport costs will eventually give the current

quality leader an incentive to join the rival’s location, in order to nullify the

rival’s local market power. The rival in turn will have an incentive to shift its

product away, but as tastes become more homogeneous the quality leader’s

incentive will dominate, and over the long run the industry will spend more

time in states where products are co-located. We find that in discrete time,

as in the continuous-time model, these states are where the innovation rate

is highest. Hence with endogenous locations the effect of a large enough fall

in taste heterogeneity will be to raise innovation overall.

The effect on innovation of a rise in the switching cost depends on the

degree of heterogeneity in consumer tastes.5 If tastes are rather homogeneous

then such a rise will tend to raise the long-run innovation rate, because it

eventually pushes the industry into a state of permanent co-location where

innovations are frequent. On the other hand if tastes are rather heterogeneous

then a rise in the switching cost will tend to reduce the long-run innovation

rate, because it eventually pushes the industry into a state of permanent

5The switching cost could represent the resources required to adjust product attributes

or learn about new markets. While we do not explicitly model intellectual property, this

parameter might also reflect the cost of gaining and defending a new patent (when a firm

differentiates away from its rival), or of overcoming an existing patent (when a firm moves

closer to its rival). For simplicity we make the switching costs non-directional – they are

held to be the same whether a firm is moving away from, or closer to, its rival.
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separation, where the incentives for quality investment are lower. Thus the

effects on innovation of policies designed to make it easier (or harder) for

firms to enter new product markets may depend crucially on market-specific

factors such as the heterogeneity in consumer tastes.

As a qualification to the above findings we note that when product lo-

cations are endogenous there is a potential selection effect in the observed

relationship between innovation and horizontal differentiation. The urge to

avoid intense competition in investment and prices may lead firms to bypass

the state where equal-quality firms sell undifferentiated goods. This state is

where the industry innovation rate would be highest. Conditioning long-run

innovation rates on the location state, we may then find that horizontally

differentiated firms innovate more, not less – the point is that such an empir-

ical finding could arise from the endogeneity of product locations, and need

not represent a causal relationship.6

Analysis of our model is complicated by the existence of multiple equi-

libria. Numerical searches throw up many such cases – fortunately we were

able to reduce almost all such cases to a single prediction by applying a

few simple criteria.7 First, multiple equilibria create no problems for our

6The pattern of equilibrium state transitions resembles the industry dynamics in Bres-

nahan and Greenstein (1999), who describe the phenomenon of ‘indirect entry’ in the

computer industry, whereby new platforms first avoid direct competition with existing

platforms by operating in uncontested market segments.
7We have no analytic results that conclusively demonstrate uniqueness at any point

in the parameter space. In fact Besanko, Doraszelski, Kryukov and Satterthwaite (2010)
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analysis if they predict the same ergodic distribution. Second, we assume

that Pareto-dominated equilibria are not played. Third, we assume that the

quality gap between a leader and a laggard is not too small. This has the

effect of ruling out ‘coordination failures’ in investment in the neck-and-neck

quality states. After applying these criteria we are left with one small area of

multiplicity. This area has a clear intuition which we explain in the appendix

by providing a complete solution to a deterministic dynamic infinite-horizon

game of location choices. As far as we are aware this solution appears for

the first time here, and thus may be of independent interest.

Our model is related to the literature on endogenous product locations in

spatial price equilibrium. Most of the main contributions in this area (e.g.,

D’Aspremont, Gabszewicz, and Thisse 1979, De Palma et al. 1985) deal with

symmetric (equal-quality) firms. A notable recent exception is Vogel (2008).

We are not aware of any previous treatments in this literature of the infinite-

horizon dynamic location problem. Caulkins et al. (2007) study dynamic

product relocations by a firm seeking to maintain horizontal separation from

its rivals, but in that model there is no quality (or cost) investment, and

the firm’s rivals do not behave strategically. Also related to our approach is

have shown that, because of instability, the PM algorithm may fail to find a substantial

portion of the equilibria that exist in cases of multiplicity. Thus, where we claim a single,

or ‘unique’ prediction at any given parameter values, this is in the weak sense of a sole

equilibrium remaining after a numerical search with various starting values, including

random starting values and equilibria observed at nearby points in the parameter space,

and after further applying the selection criteria referred to in the text.
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the growing literature which uses the PM algorithm to compute equilibria in

various forms of dynamic oligopoly. See Doraszelski and Pakes (2007) for a

survey and Doraszelski and Satterthwaite (2010) for a discussion of related

existence issues.8 As far as we are aware none of these computational papers

deal with endogenous location choices.9

Sections 2 through 4 respectively cover the stage game, the dynamic

model, and the computation of equilibria. Equilibrium state-conditional in-

vestments and their implications for the innovation rate are explained in

sections 5 and 6. In section 7 we discuss the case of fixed firm locations in

more detail, drawing comparisons with the equivalent continuous-time model.

Section 8 discusses the empirical possibility of observing a higher location-

conditional innovation rate among separated firms than among co-located

firms. Section 9 concludes. An online appendix posted on the journal’s

website draws on results from a deterministic dynamic model to discuss the

8Recent examples from this literature include Markovich (2008) and Goettler and Gor-

don (2009) – as in our work the latter paper allows each firm two control variables.
9For recent empirical work on the dynamics of product relocations, see Sweeting (2007)

and Bernard, Redding and Schott (2010). There is an extensive empirical literature on

the role of location-dependent spillovers in fostering R&D, along with some related theo-

retical contributions, such as Long and Soubeyran (1998) and Piga and Poyago-Theotoky

(2005). These latter papers study the tradeoff between spillovers and competition when

firms choose whether or not to locate near rivals. Since we assume location-independent

spillovers, our analysis of endogenous horizontal differentiation addresses a different trade-

off – that between the development of local market power and the full exploitation of

quality advantages over rivals.

8



multiplicity problem in more detail.

2 The stage game

The stage game is a standard Hotelling duopoly where two firms i = 1 and

2 may locate at either end (possibly the same end) of the unit interval. Let

ai ∈ {0, 1}, i = 1, 2, denote a firm’s location. Consumers are uniformly

distributed between 0 and 1 and have unit demands and quadratic transport

costs with parameter α.10 Each firm i produces a single non-durable good at

constant marginal cost of ci. For simplicity let ci = 0.

The firms’ goods each have an idiosyncratic quality qi. A consumer lo-

cated at τ ∈ [0, 1] who purchases a good of quality q at price p from a firm

located at a ∈ {0, 1} realizes net utility of z = − α(a − τ)2 + q − p. Con-

sumers are fully informed about prices and qualities in the current period

and purchase from the firm offering the highest net utility. We will assume

throughout that qi > 3α for both firms i = 1, 2. This ensures that the market

is always covered in equilibrium.

Denote the difference between the qualities of the firms as δ ≡ q2− q1, an

element of a finite set ∆ of possible such differences. Define s ∈ S ≡ {0, 1} as

the industry’s horizontal differentiation state (or ‘location state’), with s = 0

and s = 1 respectively denoting ‘firms are together’ (i.e., (a1, a2) = (0, 0)

or (1, 1)) and ‘firms are apart’ (i.e., (a1, a2) = (0, 1) or (1, 0)). Consider the

10All results to follow continue to hold if transport costs are linear.
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Nash equilibrium of the one-shot simultaneous price-setting game for given

locations and product qualities. Let πi denote the equilibrium profits of firm

i = 1, 2. If the firms are apart (s = 1), we have:

a. if δ > 3α, π1 = 0, π2 = δ − α.

b. if − 3α ≤ δ ≤ 3α,

π1 =
α

2
[1− (

δ

3α
)]2 , π2 =

α

2
[1 + (

δ

3α
)]2 .

c. if δ < -3α, π1 = − δ − α, π2 = 0.

Cases (a) and (c) here represent situations where one firm’s quality advantage

is sufficient to allow it to sell to the whole market in equilibrium. When firms

are located together (s = 0) we have the Bertrand outcome for homogeneous

goods:

a. if δ > 0, π1 = 0, π2 = δ,

b. if δ = 0, π1 = π2 = 0,

c. if δ < 0, π1 = − δ, π2 = 0.

It can be seen that firm 2 (resp. firm 1) gets a higher payoff in the ‘co-

located’ equilibrium than in the ‘separate’ equilibrium if and only if δ >

3α(2 −
√

3) ≈ 0.804α (resp. δ < − 3α(2 −
√

3)). Note also that, whether

firms’ locations are separate or coincident, equilibrium profits depend only

on the difference in product qualities δ, not directly on the quality levels
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themselves. This observation holds because the market is by assumption

covered in equilibrium, and it allows us to adopt a ‘quality ladder’ approach

in what follows.11 Furthermore the symmetric distribution of consumers in

the market implies that the horizontal differentiation between firms affects

stage-game payoffs only through the location state s. In keeping with the

‘payoff-relevant’ restriction on state variables in the MPE concept (Maskin

and Tirole 1988a,b), we therefore define the industry’s state at the start of

the stage game to be a vector (s, δ) ∈ S ×∆.

Note that if s = 1 and firm 2 advances its quality differential from δ =

−k < 0 to δ = 0, it receives incremental profits of:

KL1 =


α
2

if k > 3α, or

k
6

[
2− k

3α

]
if k ≤ 3α.

If s = 1 and it advances its quality differential from δ = 0 to k > 0 it receives

incremental profits of:

KH1 =

 k − 3α
2

if k > 3α, or

k
6

[
2 + k

3α

]
if k ≤ 3α.

For all α and k > 0 the incremental profits of the quality leader are decreasing

in α, while those of the quality laggard are increasing in α, i.e., dKH1/dα < 0

11The absence of an outside good is a key simplification here. Many applications of

the PM algorithm allow for an outside good with stochastically evolving quality, and (in

contrast to the present model) assume a decreasing marginal utility of quality in order

to keep the quality differential between the inside and outside goods within manageable

bounds. Note also that utility is linear in quality, which is necessary for the result that

profit depends only on the difference in product qualities, not on their levels.
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and dKL1/dα > 0. If s = 0 then stage-game profits are independent of α and

we have KL0 = 0 and KH0 = k.

It is useful to define the ‘leader’s surplus’ (LS) as the difference between

the maximum and minimum stage-game profits, conditional on s. Thus,

where k > 0 is the maximum possible value of δ, define LS1 ≡ π2(s = 1, δ =

k)− π1(s = 1, δ = k) = KL1 +KH1, so that:

LS1 =

 k − α if k > 3α, or

2
3
k if k ≤ 3α.

Also LS0 ≡ π2(0, k) − π1(0, k) = KL0 + KH0, which implies LS0 = k for all

α. The leader’s surplus is effectively the size of the pie over which firms are

fighting in the quality race, conditional on there being no change in s.

3 The dynamic game

Turn then to dynamic extensions of this Hotelling game in which firms may

invest to change product locations and improve their future qualities – such

investments have stochastic outcomes. Time is discrete and the horizon is in-

finite. Future profits are discounted at the rate β. We split each discrete time

period into two stages: one in which firms simultaneously choose investments

in horizontal differentiation, followed by a stage in which they simultaneously

invest in quality improvement. Outcomes of investment choices in a given

stage are realized and observed at the end of that stage. Let sh(t) ∈ S denote

the industry’s differentiation state at the beginning of the first (horizontal-
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differentiation) stage in period t, and let sv(t) denote this state at the be-

ginning of the second (quality-investment) stage. Let δ(t) ∈ ∆ denote the

industry’s quality differential at the beginning of period t – since this will

still be the quality differential at the beginning of the second stage in that

period there is no need to put a stage subscript on δ(t). For simplicity we

restrict ∆ to just three elements: ∆ ≡ {−k, 0,+k}, where k > 0 represents

the size of a single step in the transitions of the quality differential δ. At the

beginning of any stage in period t the industry’s quality differential can thus

be in one of three states: firm 1 is one step ahead (δ(t) = −k), the firms are

of equal quality (δ(t) = 0), or firm 2 is one step ahead (δ(t) = k). By varying

k we vary the value of leadership in the firms’ quality competition.12

Let ωl(t) ≡ (sl(t), δ(t)) ∈ S ×∆ denote the overall state of the industry

at the beginning of stage l in period t, for l = h or v, with initial values

ωh(0) ≡ (sh(0), δ(0)). We assume that each firm’s quality starts at qi(0) >

3α: since there is no depreciation of quality the market will then be covered

in any equilibrium of the Hotelling stage game. Within the first (location-

investment) stage in any period t the sequence of moves is as follows:

a. firms observe the current state ωh(t) and simultaneously choose invest-

ment levels.

b. stage-game payoffs are realized given the current state.

12Note that the quality step k can be interpreted as a marginal utility of quality in the

consumer’s utility function z.
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c. the investment plans chosen in (a) are implemented, their outcomes

(location switches) are realized, and the costs of the plans are incurred.

d. play moves on to the second stage, with the new state ωv(t) determined

by the realizations of the investment plans implemented in (c).

In the second (quality-investment) stage the same sequence applies, with

the exception that there is no step (b), because stage-game payoffs are only

received once per period. The current state in step (a) would be ωv(t), and

after the final step the new state would be ωh(t+ 1). We assume that firms

only discount future payoffs across periods, not across stages within a period.

The policy function for each firm is in two parts, corresponding to the

two stages in each period. Let hi : ∆ × S → R+ denote the first part, the

dollar value of investment in location changes (or ‘switching’) by firm i. If i

invests h in a given period, the investment is successful with probability

A(h) ≡ exp(−γ)h

1 + exp(−γ)h
, (1)

where γ is a cost parameter. Success in switching investment means that the

firm changes its location from ai = 0 to ai = 1, or vice versa. As γ increases

the dollar cost of implementing any given probability of switching success

also increases.

Whether switching success translates into a change in the industry’s dif-

ferentiation state s depends on the outcome of the other firm’s switching

investment. If both succeed in switching then there is no change in s; if one

switches and the other does not then s changes from 0 to 1, or vice versa.
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We assume that the stochastic outcomes of firms’ simultaneous switching

investments are independent. Where the differentiation state is represented

s for this period and s′ for next period, we thus have:

• s′ = s with probability (1− A(h1))(1− A(h2)) + A(h1)A(h2).

• s′ = 1− s with probability A(h1)(1− A(h2)) + (1− A(h1))A(h2).

A firm’s own quality qi advances from period to period in discrete incre-

ments of k units per step. These increments may be generated firstly by the

firm’s own investment in quality improvement, which is the second part of

its policy function, a function vi : ∆ × S → R+ indicating a dollar value

invested in better quality. Second, if the firm is lagging in the quality race it

may also benefit from spillovers from the leader’s technology. In particular,

we assume that a firm which has a one-step quality advantage cannot realize

any further improvements without automatically conferring the same incre-

ment on the quality of its rival. Our motivation for this restriction is that the

low-quality firm can reverse engineer the products of the high-quality firm,

and thus avoid falling too far behind. However there are limits to the efficacy

of this reverse engineering, and therefore quality differences do not evapo-

rate instantaneously and may persist over time. When a firm has achieved a

quality advantage of δ = k it may nevertheless continue to invest in quality

improvements, not to extend its advantage, but to prevent its lower-quality

rival from catching up.

Formally, let q̃i(t) be a random variable representing increments in firm
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i’s quality at time t arising from its own investment efforts. For a firm that

has invested an amount v ≥ 0 in quality improvement at t this increment is

equal to +k with probability

Q(v) ≡ exp(−φ)v

1 + exp(−φ)v
, (2)

and is equal to zero otherwise. Here φ parameterizes the cost of implementing

any given probability of success in quality improvement. We assume that,

conditional on firms’ actual quality investments in a given period, the random

variables q̃i(t) and q̃j(t) are independent (and also i.i.d. over time).

If a firm i is not a quality laggard, i.e., if qi(t) ≥ qj(t), then its realized

quality increment in period t conditional on vi(t) will be qi(t + 1) − qi(t) =

q̃i(t). However if the firm is a low-quality producer, qi(t) < qj(t), then

its quality can be improved not just by its own efforts but, alternatively,

by spillovers from the innovations of its rival. That is, qi(t + 1) − qi(t) =

q̃i(t) + 1(q̃i(t) = 0)[q̃j(t)], i 6= j, where 1 represents the indicator function.

Note that this specification allows the laggard i to benefit from positive

realizations of either q̃i or q̃j, but not both.

Since we are solving for a stationary equilibrium, we henceforth omit time

indices and instead represent next-period values of state values as, e.g., δ′.

Let θ(v1,v2)(δ, δ
′) denote the probability of transiting from quality differential

δ to δ′, given quality investments v1 and v2. We then have

θ(v1,v2)(k, k) = 1−Q(v1)(1−Q(v2))

θ(v1,v2)(k, 0) = Q(v1)(1−Q(v2)) .
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Probabilities for transitions (−k,−k) and (−k, 0) are formed symmetrically.

We also have

θ(v1,v2)(0, k) = Q(v2)(1−Q(v1))

θ(v1,v2)(0,−k) = Q(v1)(1−Q(v2))

θ(v1,v2)(0, 0) = 1− θ(v1,v2)(0, k)− θ(v1,v2)(0,−k) ,

and θ(v1,v2)(k,−k) = θ(v1,v2)(−k, k) = 0, because firms cannot improve their

quality by more than one step per period.

A firm’s strategy is a vector ui(ωh, ωv) ≡ (hi(ωh), vi(ωv)) of (non-negative)

real-valued functions of ωh and ωv. Firm i’s best response to a rival’s strategy

uj(ωh, ωv) will be the policy function generated by the two-part Bellman

equation:

Vi(ωh) = max
hi∈R+

{πi(ωh)− hi + Eωv [Wi(ωv) | ωh, hi, hj]} , (3)

Wi(ωv) = max
vi∈R+

{
− vi + βEω′

h
[Vi(ω

′
h) | ωv, vi, vj]

}
. (4)

Here Vi(ωh) is firm i’s value function in the first ‘switching’ stage and Wi(ωv)

is the value function for the second ‘quality’ stage. As noted above, we

assume that there is no discounting between stages, so that the discount

factor β only appears in (4). Stage-game payoffs only accrue in the first

stage. The dependence of Vi(ωh) and Wi(ωv) on uj is suppressed for brevity.

We seek an MPE in symmetric pure strategies. That is, we are looking for

a pair of policy functions u1(ωh, ωv), u2(ωh, ωv) and a pair of value functions

(V1(ωh), V2(ωh)) such that, for i, j = 1, 2, i 6= j:
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a. Vi(ωh) solves (3), given uj(ωh, ωv), where Wi(ωv) is defined as in (4);

b. given uj(ωh, ωv), the components hi(ωh) and vi(ωv) of ui(ωh, ωv) are

policy functions generated by Vi(ωh) and Wi(ωv) respectively; and

c. for every (ωh, ωv) = ((sh, δ), (sv, δ)), we have u2(ωh, ωv) = u1(ω̃h, ω̃v),

where ω̃h = (sh,−δ), ω̃v = (sv,−δ).

Condition (c) is the symmetry requirement: firm 2’s chosen action when the

differentiation state is s and his quality advantage is q2 − q1, should be the

same as firm 1’s chosen action given s and the same quality advantage.

Existence of MPE’s in dynamic oligopoly models of the present type

(specifically, in the framework introduced by Ericson and Pakes 1995) is

extensively discussed in Doraszelski and Satterthwaite (2010), building on

Whitt (1980). Their argument, which can be suitably adapted to fit our

two-stage framework, has a particular requirement of uniqueness in firms’

optimal investment choices. This uniqueness follows here from the concavity

in h and v of the success probabilities in (1) and (2). To see this, take for

example investment by firm 2 in the second stage in state ωv = (sv, δ). Let

x2(ωv;V2, u1) ≡ max {0 , Q(v1(ωv))[V2(sv, δ)− V2(sv,max(δ − k,−k))]

+(1−Q(v1(ωv))[V2(sv,min(δ + k,+k))− V2(sv, δ)]} .(5)

This quantity may be thought of as firm 2’s expected incremental benefit

from successful quality investment – the min and max operators inside the

braces take account of the upper and lower bounds on the quality differential
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δ. Given V2 and u1, firm 2’s unique optimal quality investment in state ωv

is then:

v∗2(ωv;V2, u1) = max
{

0, exp(φ)[
√
βx2(ωv;V2, u1) exp(−φ)− 1]

}
. (6)

A firm’s optimal switching investment may be characterized similarly.13

As outlined above the model has four parameters of interest: k, α, φ

and γ. (We hold the discount factor β to be fixed at 0.95 throughout.)

Alternatively, express the parameters as the vector ξ ≡ (k, α, exp(φ), exp(γ)).

When represented in this form it may be seen that one of these parameters

can be normalized, because scaling all four up or down by the same factor

results in scaling of the value functions and investments and no changes

to equilibrium transition probabilities and ergodic distributions. Hence we

normalize φ to zero w.l.o.g.

4 Analysis of equilibria

The model outlined above is too complicated to solve analytically. This is

obviously not a virtue of the model but it is unavoidable given the different

elements that we want to incorporate. Instead we rely on the PM algorithm,

adapted to our two-stage framework, to solve for the symmetric pure-strategy

13Let firm 2’s expected incremental benefit from switching be denoted x2 ≡

max{0 , A(h1(ωh))[W2(sh, δ)−W2(1−sh, δ)]+(1−A(h1(ωh)))[W2(1−sh, δ)−W2(sh, δ)]}.

Then the expression for the optimal h∗2 is analogous to that in (6), with β deleted, γ re-

placing φ, and x2 replacing x2.
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MPE numerically.14 Given the small numbers of firms and states in our model

the computational burden of this algorithm is usually not excessive. When

coded in Matlab 7 the algorithm typically takes a few seconds to calculate an

equilibrium to a tolerance of 10−10 on a PC with a 2.7GHz processor. If an

MA(4) dampening procedure (or variation thereof) is used (see Judd 1998)

the algorithm is fairly stable and does not often fail to converge. An exception

is when switching costs are extremely low and taste heterogeneity is high.

In such cases the algorithm often has difficulty converging and we were not

always able to find an equilibrium. Our numerical analysis therefore avoids

this region of the parameter space, effectively assuming that firms’ switching

costs exceed some (very low) minimal level.

Figure 1 shows the various types of ergodic set that arise in equilibrium

at different parameter values. In this figure the taste heterogeneity param-

eter α is set at 1. The parameter γ determining the difficulty of switching

investment is on the vertical axis. On the horizontal axis is k, the size of the

leader’s quality advantage.

The equilibria are classified into four types according to the nature of the

absorbing differentiation state (or states). At the top of figure 1 is a region

of no movement (area I – indicated by bold dots). In this region γ is high –

14Briefly, we start with initial guesses for the equilibrium value and policy functions,

plug these into the RHS of (4), solve, plug into the RHS of (3), solve, and repeat until

convergence. The algorithm is a Gauss-Jacobi method: at each iteration we only update

the value functions after computing optimal investments at all states.
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switching locations is expensive, so no-one ever moves, i.e., hi(·) = 0 for all

ωh, i = 1, 2. On the right-hand side of the figure, crosses (area III) represent

equilibria where co-location is the only absorbing differentiation state. Here

switching costs are moderate and k, the leader’s advantage, is relatively

large, which encourages a quality leader to move close to the laggard when

s = 1. (Recall from the discussion in section 2 that a quality leader gets

higher stage-game profits when co-located than when separated if and only if

k > 0.804α.) Since k is high the laggard has little to gain from moving away

– indeed if k ≥ 3α then the laggard gets zero stage-game profits regardless

of where he is located. Then he does not respond to the leader’s moves by

switching, and as a result the firms will always end up together in the long

run.

If switching costs fall to a low enough level then the industry moves from

the co-location outcome into area IV, represented by the squares, where

there is no absorbing differentiation state. That is, conditional on s = 0 or

1, along any equilibrium path there is always a strictly positive probability

of reaching the other differentiation state 1 − s. For example when s = 1

the quality leader wants to switch so as to join the laggard and increase its

stage-game payoffs. But if he succeeds in doing this, thereby changing the

differentiation state to s = 0, the laggard may then want to move away. The

result (once shifts in the quality differential are also factored in) is endless

cycling through all possible states. Finally when the quality differential k

is low enough (and the costs of switching are not too high) a quality leader
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will lose his incentive to co-locate with his rival, since his stage-game payoffs

are higher when they are separate. Then both players want to differentiate,

regardless of their qualities, and s = 1 is the only absorbing differentiation

state. In the figure such outcomes are represented by x symbols – area II.

Figure 2 represents the same categories of equilibrium outcome, but with

γ fixed and − log(α) on the vertical axis. We include this figure to show

the path taken by the industry through the different equilibrium outcomes

as α changes. Increases in − log(α) represent lower transport costs, i.e., less

taste heterogeneity, but note that the figure plots − log(α) against k/α, not

against k.15 Therefore as α increases from a low level (with k fixed) the

industry follows a path along a curve such as that shown, moving to the

southwest as α increases. A ceteris paribus increase in k shifts the industry

downwards, to a lower such curve.

Several problems of multiplicity in this model must be addressed before

we can proceed to our analysis of the innovation rate. First, if there are

zeroes in investment then a given MPE may have multiple ergodic sets. The

case arising from zeroes in switching investment has already been explained

as area I in figure 1. Not represented in figure 1 are cases of zeroes in quality

investment. For example if vi(.) = 0 in all states, i = 1, 2, then each value of

δ in ∆ is itself an absorbing quality state. Such cases may arise when k, the

15We plot the figure this way because stage-game profits in any state can be expressed

as a function just of α and k/α (see section 2), and for consistency with figure ?? in the

appendix, which has δ/α on the horizontal axis.
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leader’s quality advantage, is small. From the present point of view they are

uninteresting, since they trivially imply zero innovation. Therefore we rule

them out of the subsequent analysis by restricting attention to values of k

that are not too small.

Somewhat thornier questions are raised by multiple equilibria, in partic-

ular when these imply multiple ergodic sets. To look for cases of multiplicity

we applied the PM algorithm over a grid of 4,225 points in (k, γ, α) space.

Initially feeding in eleven different starting values per point (six pre-set, five

random), we then took all equilibria found and used them as starting values

for further searches at neighboring points, iterating through the parameter

space until no new equilibria could be found. This method of search throws

up cases of multiplicity falling into four different categories, which we deal

with in turn below.

We should note that, while our method takes some care to produce a

list of possible equilibria that may be ‘reasonable’ candidates at any given

set of parameter values, we have no analytical results to guarantee that it

does in fact completely enumerate the set of all Markov-perfect equilibria.

In what follows, claims of ‘uniqueness’ or ‘elimination of multiplicity’ should

therefore be interpreted in the rather loose sense of ‘apparent uniqueness

within a set of intuitively-reasonable equilibrium classes that we have been

able to find with the PM algorithm’. We particularly have in mind here the

limitations of the PM algorithm identified by Besanko et al. (2010). Those

authors used homotopy techniques to show cases of multiplicity in dynamic
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oligopoly where the PM algorithm is unable to compute a substantial portion

of the equilibria. (Specifically they find equilibria to which the PM algorithm

will never converge because it is unstable at those equilibria.) Such cases

may arise in the present application, but we leave a full homotopy-based

investigation of these as an interesting topic for future work. Instead we

simply identify a few classes of equilibria for which there is clear intuition, and

at each point in the parameter grid use continuity arguments to identify which

of these classes might be reasonable candidates for equilibria at neighbouring

points. Furthermore the random-starting-values part of our search method

gives us some probability of also turning up completely unexpected equilibria,

not otherwise indicated by observations at nearby parameter values.16

Our four different categories of multiplicity are discussed in detail in the

appendix, along with a simpler deterministic dynamic model which gives

some of the intuition for the multiplicity. That discussion shows that one of

the cases is of no consequence here because both equilibria imply the same

ergodic distribution over quality states, and a second one is a pathological

case that can be eliminated by imposing a Pareto-superior criterion. Of the

two remaining cases the first occurs as a result of coordination failures in

16Of course the results of Besanko et al. (2010) would indicate that even with many

random starting values there is effectively zero probability of converging to any of the PM-

unstable equilibria (if such exist). Nevertheless it would seem that under mild regularity

restrictions one could construct an argument whereby an increased density of random start-

ing values at least raises the probability of catching all the PM-stable equilibria (leaving

aside the question of whether PM-stability is a useful economic restriction).
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quality investment. Consider for example the case of equal-quality firms

located apart (ωv = (1, 0)). Suppose for simplicity that they do not invest

in switching. One equilibrium may be for neither firm to invest in quality

improvement, in which case ωv = (1, 0) is an absorbing state – both firms

‘cruise’, incurring no investment costs and earning stage-game payoffs of α/2

per period. There may also be an equilibrium where both firms invest in

quality improvement in this state – given that one’s rival invests something

it will be optimal for the own firm to do likewise. Such cases of multiple

equilibria in quality investment are frequently observed in the present model

when k is low. As k rises such cases will disappear because firms start to

‘defect’ from the zero-investment strategy profile. Therefore we rule them

out by assuming again that k is not too low – in particular we assume k ≥ 1

(i.e., k/ exp(φ) ≥ 1⇔ log(k) ≥ φ).

The final case of multiple equilibria involves overlaps between the edges

of the four areas in figures 1 and 2. Those figures indicate such cases by

superposing the symbols representing the different types of ergodic set. For

example in figure 1 at γ = 2 and k = 0.8 there is an equilibrium with no

switching at all and an equilibrium where firms end up separated. We found

that in many such cases one of the equilibria Pareto-dominated the other.

In such cases we restrict our attention to the single Pareto-dominant profile.

Some overlaps survived this process of deletion – of these survivors (which

are the only ones shown in figures 1 and 2) some occur at low values of k,

and will be ruled out by the assumption k ≥ 1 mentioned previously.
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Finally we are left with just one ‘troublespot’ – the overlap between areas

II and III, represented by, e.g., the point γ = 0.5, k = 2 in figure 1, where

firms end up separated in one equilibrium and co-located in another (and

neither outcome is Pareto-dominant). The multiplicity in this region of the

parameter space has a clear intuition which is explained in the appendix.

In presenting our numerical results below we generally gloss over this region

of multiplicity by choosing parameter values that avoid it. Our discussion

centers on how the industry transitions from the interior of one area with a

‘unique’ ergodic set to the interior of another region of ‘uniqueness’, with-

out special regard to the details of what happens at the boundary between

these regions. Any multiplicity along these boundaries will not affect our

main conclusions, as long as it is restricted to a relatively small area of the

parameter space.

In summary, subject to the above caveats concerning our search procedure

and the stability of the PM algorithm, we argue that we can ensure ‘unique-

ness’ of the equilibrium ergodic set over a relevant region of the parameter

space by assuming:

a. k ≥ 1,

b. Pareto-dominated equilibria are not played.

We also assume that log(α) < 4+γ, i.e., that the cost of switching is not too

low relative to the heterogeneity in consumer tastes. As noted previously,

this keeps us out of a region where the algorithm has trouble converging.
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Some of the computations represented in the figures to follow violate this

restriction, but they simply represent particular cases where we did succeed

in computing equilibria in this region of the parameter space.

5 Equilibrium investments

5.1 Quality investments

Figures 3 and 4 show equilibrium quality investments, represented as state-

conditional probabilities of success in quality improvement, conditional on

s = 1 and s = 0. The bottom, middle, and top panels in each figure re-

spectively show success probabilities for the three states δ = −k, 0,+k, as

functions of α, for various values of γ, with k fixed at 4.45. These are the

probabilities Q(v∗i ) of improvement resulting from the firm’s own efforts, de-

fined in (2). For the laggard spillover probabilities are not included.

If the cost of switching γ is high then there is no movement between prod-

uct locations – firms start out either separated or co-located, and stay that

way forever. Quality investment in this case is represented by the solid line in

each figure, for γ = 5. Under permanent homogeneity of products (figure 4)

this solid line is constant in α, because stage-game profits are then unaffected

by changes in taste heterogeneity. On the other hand if products are perma-

nently differentiated then α does affect the equilibrium investments. Figure

3 shows investment in that case to be monotonic in all three quality states –

increasing for δ = −k, and decreasing for the other two states. This result is
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not general – at least for the laggard and for neck-and-neck qualities we have

found examples where their equilibrium success probabilities are U-shaped

in α rather than monotonic. However in all the cases that we have examined

(with fixed locations) the slope in α of quality investment by the laggard is

certainly more positive than for the leader (unless quality investment by the

latter is zero everywhere).

This latter observation is a natural consequence of the convexity of stage-

game profits in the quality differential δ. When α is low, stage-game profits

are quite convex in δ, which tends to foster investment by a leader and

suppress investment by a laggard. As α increases profits become less convex

in δ, which raises the incentives for investment by the laggard and reduces

those for the leader.17 For a neck-and-neck firm the investment incentives

are a weighted average of those faced by firms at the extremes. If positive

amounts are invested at all values of δ, then equilibrium investment at δ = 0

has a slope in α somewhere between the slopes for firms at δ = −k and

δ = +k.

Of particular note in figure 3 is the change in firms’ investment incentives

around α such that k = 3α, i.e., around log(α) = 0.39. As noted in section

2, when taste heterogeneity falls below that level the quality leader gets the

whole market, and as α falls the leader’s surplus LS then increases, because

the leader is able to extract more surplus from consumers. The figure shows

17The convexity of πi can be expressed as KH1 −KL1. Recall that KH1 (resp. KL1) is

everywhere decreasing (resp. increasing) in α.
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that as log(α) falls below 0.39 (with γ = 5), investments by the leader and by

neck-and-neck firms both start to increase more steeply. Simultaneously the

decline in investment by the laggard is attenuated (and at some parameter

values may even begin to increase). Since firms are now fighting for a ‘larger

pie’, the incentives to invest are enhanced.

At lower levels of the switching cost γ there may be some movement

between product locations in equilibrium. To understand these cases recall

from figure 2 the path traced through the different outcomes as α increases.

At low α there is little differentiation between locations – hence quality lag-

gards have little incentive to run away from the leader, and the absorbing

state sees both firms co-located (s = 0). That is, we are in region III of

the figure. On the other hand for high α firms have substantial potential

market power if they locate separately. Then the absorbing state sees firms

permanently separated. In figure 2 we would be in region II. As soon as

firms reach this state s = 1 they cease all further location switching – hence

quality investments conditional on s = 1 do not depend on γ. For any γ the

value of α at which this situation of permanent separation is reached can be

read from figure 3 – it is that α at which the probability-of-success curve

merges with the solid curve.

For intermediate levels of α there may be no absorbing state in equilibrium

– the industry may pass through region IV in figure 2. In this region there

is enough heterogeneity in tastes to make it worthwhile for a laggard to

run away from a co-located leader. At the same time there is not so much
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heterogeneity that the leader does not want to give chase. Although the

relationship between quality investment and γ is not monotone, it appears

that separated firms invest more at low γ – where product locations are in

continual flux – than if their locations are fixed (as at γ = 5). Such behavior

is consistent with the idea that firms innovate more when they are fighting

over a bigger leader’s surplus. We have LS = k if firms are co-located, and

LS = 2k/3 if they are separated. The more time the industry spends in

co-location, the larger is the leader’s surplus in the quality race, which feeds

into higher investments by firms in the separated states. Conversely figure

4 shows that, at the levels of α and γ that induce switching, investment by

co-located firms is in all three quality states lower than if locations are fixed.

5.2 Switching investment

Figures 5 and 6 show equilibrium state-conditional probabilities of success

in switching investment, for the same parameter values as in figures 3 and

4, conditional on s = 1 and s = 0 respectively.18 The middle panels show

that firms of equal quality only invest in location switching when co-located.

That is, we have hi(sh = 1, δ = 0) = 0. Since our numerical search does not

18If α is high and γ is not too high (say log(α) = 2 and γ = −0.5) then the state s = 0

is off the path of long-run equilibrium, under which firms are permanently separated. As

discussed in the appendix, there may be multiple equilibria in this case, distinguished by

‘who moves away’ in state s = 0. The figures plot equilibria where the laggard is the one

to move in state s = 0.
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completely exhaust the parameter space, the generality of this result is not

certain. Nevertheless the underlying intuition is clear, since equal-quality

firms earn πi = 0 when co-located.

Explanations for the top panel in figure 5 and the bottom panel in 6 are

also straightforward: leaders switch in order to co-locate with rivals, while

laggards switch in order to develop their own product niche. In both cases

the investment is naturally decreasing in γ. Investment by the laggard is

non-decreasing in α, reflecting his increased returns to local market power

when tastes are more heterogeneous. Investment by the leader is highest at

intermediate α, reflecting the shape of the profit differential π2(s = 0, δ =

+k) − π2(s = 1, δ = +k), which is maximized at α = k/3, i.e., at log(α) =

0.39 (see Narajabad and Watson 2008). For higher α the leader prefers the

current location state (s = 1), while at lower α a costly relocation is relatively

less attractive, since the products are in any case more homogeneous.19

These two figures also show that if γ is sufficiently low then there may

be investment in switching by laggards in state s = 1, and by leaders in

state s = 0. Such investments may seem counterintuitive, in light of the

19It will be noted that when α is very low the leader may cease switching altogether

in state s = 1 (e.g., if γ = 1 and log(α) < −0.5), because products are already very

homogeneous. That is, travelling far enough to the northeast along the curves in figure 2

eventually takes the industry into a no-movement equilibrium of area I. Since α is very low

in this area, there will be little difference between location states in the rates of quality

improvement, as may be seen from figures 3 and 4. Hence the innovation rates conditional

on s = 0 and s = 1 will be approximately equal.
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incentives for horizontal differentiation discussed above. Closer examination

reveals that the explanation lies in firms’ incentives to pre-empt rivals’ prod-

uct relocations. For example in figure 5 at γ = −2 and log(α) = 1 the leader

switches locations with around 50% probability. Given that switching is not

too expensive, the laggard finds it optimal to forestall closer competition by

attempting a product relocation of his own. A similar observation applies

for γ = −2, log(α) = 1.5 in figure 6, where the laggard is moving away with

probability in excess of 50%, and the leader attempts to follow him.

6 Innovation with endogenous product loca-

tions

Following previous authors, long-run innovation is defined as the average

probability of an advance in the industry’s frontier technology, under the

equilibrium invariant distribution over the three quality differentials δ =

−k, 0,+k. An advance in the frontier technology means improvement by the

leader, in states where δ = −k or +k, or by either firm in states where δ = 0.

The invariant distribution weights the probabilities of such advances by the

amount of time the industry spends in each state over the long run.

Figure 7 shows innovation over a range of (α, γ) which covers all four

regions in figures 1 and 2. The leader’s quality advantage is fixed at k = 4.45.

Note that if the switching cost is high enough (e.g., γ near 2), then there is no

movement in equilibrium, in which case there are two invariant distributions,
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one for the absorbing state s = 0 and one for the absorbing state s = 1.

In such cases (which correspond to area I in figures 1 and 2), figure 7 for

simplicity only shows innovation for the absorbing state s = 1.

Two flattish areas in the figure constitute lower and upper bounds for

the innovation rate, and respectively represent the cases of permanently sep-

arated and permanently co-located firms. Thus the upper area, where α is

low and γ is not too high, corresponds to area III in figure 1. The lower area

corresponds to areas I and II in that figure – it combines both areas because

of the convention noted above of plotting innovation for s = 1 when there

are two ergodic sets.

Consider then the trajectory of innovation as we vary α with the switching

cost fixed at, say, γ = −1. Start from high taste heterogeneity, which puts us

in area II in figure 2, where firms are permanently separated. As α is reduced,

long-run innovation is initially fairly flat.20 Moving to the northeast along

the curve in figure 2, the industry eventually enters area IV, where location

switching persists in the long run. Since this results in firms spending more

time in co-located states, innovation leaves its lower bound and starts to

increase. Eventually α is so low that there is little incentive for a laggard to

move away from the leader. Then the industry reaches area III, where firms

are permanently co-located in the long run and innovation is maximized.

20Innovation is not in general constant in α in this region. Although it appears flat in the

figure, depending on the parameter values it may be monotone increasing, or U-shaped,

as α falls.
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Although innovation is not necessarily monotonic over its whole trajectory,

as long as k is not too small a large enough fall in α raises innovation overall

at all the parameter values that we have examined.

Now consider varying the switching cost at fixed levels of taste hetero-

geneity. From figure 7 it is clear that the effect on innovation will depend on

α. Suppose that the switching cost and taste heterogeneity are both fairly

low, e.g., log(α) = 0.5, γ = −2. Then the industry will initially be in area

IV in figures 1 and 2, with continual changes in product locations in the long

run. As γ rises with α fixed the industry heads for s = 0 as an absorbing

state, spending longer and longer in co-location. Since the leader’s surplus

is higher in such states this leads to an overall rise in the innovation rate.

On the other hand if taste heterogeneity is high (log(α) = 1.25, say), then

an opposite effect is seen. Increases in the switching cost push the industry

toward s = 1 as an absorbing location state, where long-run innovation is

lower than under permanent co-location.

The distinction between these two cases is striking. It suggests that the

long-run effects of policies designed to enhance firm mobility depend on,

among other factors, the heterogeneity in consumer tastes. Such policies

might, for example, include measures designed to lower the costs of entry or

adjustment, to facilitate the planning of new stores, to weaken patent pro-

tection, and so on. Impacts of such ‘γ reducing’ measures depend on the

degree of heterogeneity in consumer tastes. If heterogeneity is not too high

and firms start out producing homogeneous products, then reductions in γ
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encourage quality laggards to invest more in horizontal differentiation, lead-

ing eventually (if k is high enough) to falls in innovation. If heterogeneity is

high and firms start out producing differentiated products, then the opposite

is true, as lower switching costs encourage quality leaders to minimize differ-

entiation. On this basis it might be argued that models which, for example,

examine the link between patent protection and innovation without regard

to horizontal differentiation run the risk of missing important elements of the

true relationship between these variables.

Aghion et al. (2001) emphasized a tradeoff between escape-competition

and composition effects in explaining the innovation-competition relation-

ship. Composition in that model might be termed ‘vertical composition’,

i.e., the proportion of time that an industry spends in states of asymmetric

and equal quality. The preceding discussion suggests that, when locations

are endogenous, ‘horizontal composition’ is also important, i.e., the propor-

tion of time that firms spend separated and co-located. This is borne out

in figure 8, which shows industry probabilities of co-location under the equi-

librium invariant distribution, for the same parameter values as in figure 7.

Clearly there is a close correspondence in the shapes of the curves between

the two figures.21 Through its effect on the returns to quality improvement,

the propensity of firms to seek either maximal or minimal differentiation from

rivals can have substantial effects on industry innovation rates.

21Figure 8 maintains the convention used in figure 7, to plot the outcome conditional

on s = 1 in cases where γ is high and there are two ergodic sets.
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7 Innovation with fixed locations

In this section we shut down switching investments and compare innovation

under fixed locations with the results from our continuous-time model in

Narajabad and Watson (2008). That paper analyzes a three-state quality-

ladder framework in which firms compete Hotelling-style from opposite ends

of the unit interval.22 Apart from the timeframe, the framework there corre-

sponds to the present model with the location state fixed at s = 1.

A common property of continuous-time models of investment competition

is that a firm with the maximum quality advantage (δ = +k) always invests

nothing – it waits for a laggard to start catching up before responding with

its own innovation activity. In our model we further show that equilibrium

investment by neck-and-neck firms is monotonically decreasing in α, and

investment by laggards is U-shaped in α. Using these results we prove that

in the continuous-time model:

i. long-run innovation is always strictly quasiconvex in α, with interior

minimum at α = k/3;

ii. long-run innovation is maximized at α = 0.

In the discrete-time model, with firms at separate locations, the leader’s

22The paper also analyzes an alternate model in which qualities are fixed but locations

are endogenous. The endogenous-quality version of the model is similar to that in Aghion

and Howitt (1997), with the exception that it studies Hotelling competition rather than

Cournot or Bertrand.
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equilibrium quality investment may be non-zero: see figure 3. It is more

likely to be non-zero when α is low and k is high, which are the situations

in which the leader’s profit increment KH1 is high. This distinction with the

continuous-time model feeds into a different pattern of quality investment

by laggards. Such investment may now be monotonic increasing in α, rather

than U-shaped. This is because the leader has greater incentives to invest

at low α, which in turn dampens the laggard’s incentives at those values, by

reducing the probability that it will be able to successfully catch up. Hence

as α declines quality investment by a laggard may fall monotonically.

Quality investment by neck-and-neck firms in discrete time may be U-

shaped in α, rather than monotone decreasing. In contrast with the continuous-

time situation, in planning their quality investments such firms must now fac-

tor in the probability of falling behind in the next period. The loss in πi from

this eventuality would be KL1. Since this quantity is everywhere increasing

in α, quality investment may be increasing in α for some parameters.

These differences mean that property (i) of the continuous-time model

may not hold in discrete time. In particular our discrete-time computations

suggest that when k is large the long-run innovation rate may be mono-

tonically declining in α. This possibility is driven by the leader’s quality

investment, which in discrete time makes a non-zero contribution to innova-

tion when k is high, and which is monotonically declining in α. On the other

hand all the numerical examples that we have computed suggest that result

(ii) still holds in discrete time, if k is large enough. That is, innovation is
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maximized among undifferentiated firms. When k becomes very small the

innovation rate goes to zero at all α, and hence in those cases the innovation-

maximizing value of α becomes difficult to calculate with certainty.

8 Empirical implications: innovation condi-

tional on locations

The preceding discussion indicates that if locations are fixed then we should

expect more innovation when firms are co-located than when they are sep-

arated. (The innovation rate among co-located firms is the same as when

they are separated and α = 0.) It may be possible to test this prediction

empirically, by, for example, combining data on product characteristics with

firms’ patent activity or R&D expenditures. In any such analysis it would

be crucial to first determine whether or not product locations may truly be

regarded as exogenous. If locations are endogenous there are reasons why we

might expect the opposite: more innovation by differentiated firms.

To see the reason for this consider first the probability that firms are of

equal quality, under the equilibrium invariant distribution, as a function of

α. Set γ equal to −1, say, so that the proportion of time spent at separate

locations increases with α (see figure 8). For brevity we omit the relevant

figure, but it may be seen that the long-run probability of firms having equal

quality is also increasing in α. The reason is that at low α stage-game profits

are quite convex in δ, which gives a quality leader a strong incentive to
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maintain its position, and simultaneously diminishes the laggard’s incentives

to catch up. Then in the long run the industry spends relatively little time

in the state δ = 0. When α is high the opposite is true, because the leader’s

incentives to defend its quality ranking are somewhat reduced, while the

laggard’s incentives to catch up are increased.

Regardless of the location state, firms innovate most intensely when δ =

0.23 Changes in quality-state frequencies as α increases may then produce

the location-conditional innovation rates shown in figure 9. The figure shows

long-run innovation as a function of log(α) for γ = −1 and k = 4.45. Along

with the unconditional innovation rate (the dashed line), also shown are the

innovation rates conditional on separation (the solid line), and co-location

(the dotted line). Note that the unconditional innovation rate is a weighted

average of these two conditional rates – figure 8 shows the change in the

weight as α falls with γ = −1.

The figure reveals the paradoxical result that, at the intermediate values

of α, innovation among co-located firms is lower than among separated firms.

Upon reflection this result is entirely consistent with the preceding discus-

sion. Equal-quality firms earn zero stage-game profits when co-located, but

incur high investment costs in the quality race. Firms in this state there-

fore invest in horizontal differentiation (figure 6), in an attempt to earn the

23This can be seen by comparing the top and middle panels of figures 3 and 4. First, at

the parameters shown each firm invests more if δ = 0 than if they have the lead. Second,

in state δ = 0 a quality improvement by either firm counts as an innovation.
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higher stage-game profits available in the state (s = 1,δ = 0). It follows

that, when firms are actively changing product locations, the industry tends

not to spend very long in the state (s = 0,δ = 0), relative to the time it

spends in (s = 1,δ = 0). As a consequence the equal-quality high-innovation

states are relatively underweighted in the conditional invariant distribution

over the states (s = 0, δ ∈ {−k, 0,+k}), and relatively overweighted in the

conditional invariant distribution over the states (s = 1, δ ∈ {−k, 0,+k}).

Hence the conditional innovation rate can be higher in the latter states than

in the former. This observation highlights the danger in empirical work of

conditioning on product locations without taking the industry dynamics into

account. A finding of greater innovation by horizontally differentiated firms

is not inconsistent with a model in which product locations are endogenous.

9 Conclusion

The preceding analysis has for simplicity set aside a number of interesting

questions which are left for future research. These include considerations of

endogenous entry, borrowing constraints on firms, and location-dependent

spillovers. For purposes of comparison with the existing literature we have

focused on the long-run determinants of advances in product quality, which

are regarded as beneficial by all consumers. A full welfare analysis would

also need to take into account the impact on consumers of changes in firms’

horizontal differentiation.
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In ongoing work we are expanding further on the empirical implications of

our model. Using patent data and measures of industry concentration from

the UK, Aghion et al. (2005) report an inverse-U relationship between profits

and innovation. It turns out that at certain parameter values our model can

reproduce this relationship. We are investigating whether the model can also

explain other patterns that have been reported in this literature.
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Figure 1: Equilibrium outcomes in the model with endogenous qualities and

product locations
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Note: Outcomes for Pareto-dominated equilibria are not shown.
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Figure 2: Equilibrium outcomes in the model with endogenous qualities and

product locations – effects of changes in α
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Figure 3: Equilibrium state-conditional probabilities of success in quality

investment with endogenous locations, as functions of α, given s = 1
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Figure 4: Equilibrium state-conditional probabilities of success in quality

investment with endogenous locations, as functions of α, given s = 0
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Figure 5: Equilibrium state-conditional probabilities of success in location

switching, as functions of α, given s = 1
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Figure 6: Equilibrium state-conditional probabilities of success in location

switching, as functions of α, given s = 0
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Figure 7: Long-run innovation rate under the equilibrium invariant distribu-

tion(s), as a function of α and γ
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Figure 8: Probability that firms are co-located under the equilibrium invari-

ant distribution(s), as a function of α and γ
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Figure 9: Long-run innovation under the invariant distribution, both uncon-

ditional, and conditional on the location state, as functions of α, for γ = −1
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