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Abstract

We study the relationship between innovation and horizontal dif-
ferentiation in a continuous-time dynamic duopoly. At any instant
firms compete in prices in a Hotelling game. They may be differen-
tiated both in terms of product quality (for which consumers have
homogeneous tastes) and product location (for which tastes are het-
erogeneous). We consider in turn: (a) a game in which firms invest
to improve quality (with fixed locations), and (b) a game in which
they invest to relocate products (with an exogenous rate of quality
improvement). Spillovers keep the interfirm quality differential from
becoming too large. Symmetric Markov-perfect equilibria in the game
with fixed locations show a relationship between taste heterogeneity
and quality improvement that is U-shaped, in contrast with previous
literature. In the game of endogenous product locations we show con-
ditions for uniqueness of the symmetric MPE, and use this result to
examine long-run impacts of changes in parameters, e.g., in the costs
of product relocation.



1 Introduction

In this paper we study the relationship between competition and innovation
in a continuous-time dynamic duopoly in which the firms’ products are dif-
ferentiated in more than one dimension. Specifically we allow products to
be distinguished both vertically, by quality (which is viewed homogeneously
by all consumers), and horizontally, by a location in a space of idiosyncratic
consumer tastes. Firms may invest in changing their products’ characteris-
tics over time. We examine the interaction between such investments and
exogenous features of the environment, asking, for example, how the hetero-
geneity in consumer tastes affects the rate at which firms improve product
quality.

The large theoretical literature on the relationship between competition
and innovation does not devote much explicit attention to the issue of hori-
zontal differentiation.! Our model is most closely related to the frameworks
used in Aghion and Howitt (1997), and Aghion, Harris, Howitt and Vickers
(2001). Those papers studied innovation, interpreted as investment in cost
reduction, in Markov-perfect equilibria of continuous-time infinite-horizon
dynamic duopolies. At any instant firms receive a flow of profits from instan-
taneous price competition, taking as given the current state of their relative
costs. Simultaneously firms may invest in cost reduction, in the hope of im-
proving their future relative cost position. In the former paper the authors
considered innovation by producers of homogeneous goods, comparing for
example outcomes under conditions of Cournot and Bertrand competition.
In the latter paper Aghion et al. extended the framework to incorporate
product differentiation, using a representative-agent CES model of consumer
preferences. That extension in particular considered the relationship between
the endogenous rate of innovation and the exogenous elasticity of substitu-
tion. They found that (under certain conditions) as the two products become
more substitutable the innovation rate could either increase monotonically,
or first increase and then decrease, exhibiting an inverse-U shape.

Our basic model is a variation on these frameworks. We assume that
the industry is a duopoly in which each firm sites its single product at ei-
ther end of a Hotelling interval, over which consumer tastes are uniformly
distributed. Products are horizontally differentiated if they are sited at dif-
ferent endpoints and if consumers face non-negligible transport costs. These

IFor general surveys of this literature, see Van Cayseele (1998) and Gilbert(2006).



exogenous transport costs are our measure of ‘taste heterogeneity’, or ‘prod-
uct substitutability’. Firms may also be differentiated by a quality indicator,
for which consumers by assumption have homogeneous tastes. If the market
is covered the profits from Hotelling price competition depend only on the
difference in these qualities, not their absolute magnitudes. This difference
then becomes the industry’s quality state. As in Aghion and Howitt (1997),
for tractability we use the possibility of R&D spillovers to restrict this quality
differential to just three values: a firm can be one step ahead, neck-and-neck
(equal qualities), or one step behind.?

The difference between our model and the differentiated-product frame-
work in Aghion et al. (2001) lies in the specification of consumer prefer-
ences. Their paper uses representative-agent CES preferences, whereas here
we adopt a heterogeneous-agent Hotelling specification. This approach allows
us to explicitly locate each firm’s product in the space of consumer tastes.
It is then possible to allow endogenous changes in these locations, and to
study how such product relocations interact with exogenous features of the
environment. Ideally we would like to endogenize investment in both quality
and product location simultaneously. Since this proves to be analytically in-
tractable, we split the analysis into two parts, analyzing investment in each
dimension separately.?

First we fix firms’ locations at opposite endpoints of the Hotelling line,
and allow them to invest just in improving quality. Solving for the symmetric
Markov-perfect equilibrium in state-conditional investment choices, we com-
pare the resulting patterns of innovation (defined as the long-run average rate
of quality improvement) with those in Aghion et al. (2001). We find distinct
differences with respect to the relationship between innovation and product
substitutability. As noted above, in the CES model this relationship is mono-
tonic increasing or inverse-U shaped as substitutability increases. Essentially
the opposite result holds in our Hotelling model. As products become more
substitutable (i.e., as consumer transport costs fall), the innovation rate al-
ways exhibits a strict U shape, never monotonically increasing or inverse-U
shaped.

To see the reason for this pattern, consider increases in substitutability

2 Aghion and Howitt actually work with cost differentials rather than quality differen-
tials, but the two specifications are functionally equivalent.

3In a companion paper (Narajabad and Watson 2008) we use numerical techniques
to analyze a dynamic duopoly with simultaneous investment in quality and horizontal
differentiation. Time is discrete in that study, not continuous as here.



starting from a situation of highly differentiated products. Such increases
create more aggregate surplus in the market, through falling transport costs.
All of this extra surplus initially goes to consumers, due to the intensified
price competition between firms. Although the incentives for investment
by neck-and-neck firms increase somewhat, those for investment by quality
laggards fall. This leads the industry to spend less time over the long run
in the high-innovation state of neck-and-neck quality, and long-run average
innovation thus falls. Investment incentives change significantly when substi-
tutability rises to the point where the quality leader gets the whole market.
Any further increases in substitutability then induce no competitive price
response from a low-quality firm (whose equilibrium price is effectively stuck
at zero), and therefore allow a high-quality firm to start extracting more sur-
plus from consumers. As a consequence investment by both quality laggards
and neck-and-neck firms turns up sharply, and long-run innovation starts
to increase. Thus the overall nature of the substitutability-innovation rela-
tionship appears to be somewhat sensitive to the specification of consumer
tastes.*

In the second part of our analysis we make the evolution of firms’ qualities
exogenous, and focus instead on endogenous choices of horizontal differenti-
ation. For simplicity firms are still restricted to locating at the endpoints of
the Hotelling line, but they may now invest in relocating their product from
one endpoint to the other (at some cost). Their incentive to relocate depends
on the current quality differential and the location of the rival. Bernard, Red-
ding and Schott (2006) have recently documented the empirical relevance of
such product relocations in the overall economy. Theoretical studies of their
dynamic aspects are scarce. Static models can provide some intuition, by
showing for example the range of quality differentials over which the leader
seeks to duplicate the rival’s product. However such models are silent about
the industry’s long-run distribution over differentiation states when firms
can keep responding to their rivals’ relocation decisions, which is inherently
a dynamic question.

To analyze this long-run distribution we work once again in continuous
time with an infinite horizon. We allow firms’ relative product qualities to

4Quality leaders invest nothing in equilibrium — by assumption any further quality
improvements they make would be dissipated as spillovers to the rival firm. Investment by
laggards makes no direct contribution to innovation, because by assumption it does not
advance the frontier quality level. Instead it advances innovation by sending the industry
back to the neck-and-neck state sooner.



cycle randomly through the three states introduced previously, according
to a predetermined hazard rate — a special case arises when qualities are
exogenously fixed.> A firm’s investment now determines a hazard rate with
which it is successfully able to move locations to the opposite endpoint. Costs
of such switches are allowed to be ‘directional’. That is, we distinguish the
costs of ‘moving away’, i.e., of developing a new product niche, from the costs
of ‘joining’, i.e., of duplicating a rival’s product. Such directional costs could
for example reflect the impact of patent policies, which would affect the costs
of moving away and the costs of joining differently.

The key contribution is then to show that under reasonable conditions
this game has a unique symmetric MPE in state-conditional investments.
(Ex ante it may not be obvious that this should be true — for example firms’
relocation investments are strategic complements in some dimensions, and it
is well known that such games often have multiple equilibria.) Sufficient con-
ditions for uniqueness are that: (a) the exogenous hazard of a change in the
quality state is not too high, and (b) the directional costs of location switching
(for moving away and joining) are not too different from each other. Given
uniqueness, effects of parameter changes on the industry’s long-run distribu-
tion over location states are then in many cases straightforward extensions
of intuitions from the static model. Suppose for example that there is suffi-
cient taste heterogeneity to allow separated firms with asymmetric qualities
to both make positive sales. As tastes become more heterogeneous a quality
laggard’s incentive to differentiate its product increases and a leader’s in-
centive to chase the laggard’s product is reduced. Then in equilibrium the
long-run proportion of time spent in states of separation is increasing in taste
heterogeneity.

Similarly, under certain conditions the long-run proportion of time spent
at separate locations increases if the costs of moving away are reduced, or
if the costs of joining are increased. To illustrate the use of such results we
briefly consider the effects of such cost changes on consumer welfare. All
else equal, consumers prefer a horizontally-differentiated duopoly over one
with duplicate products if and only if taste heterogeneity (i.e., the cost of
transport) is not too high. (Otherwise the local market power that firms
exploit when they are differentiated leads to a loss in consumer surplus.)

5In line with the comments in footnote 2, such random fluctuations in qualities can
alternatively be viewed as random fluctuations in cost, which naturally arise from, e.g.,
exogenous firm-specific variation over time in factor prices.



Then shifts in costs in the directions described above (perhaps as a result
of changes in patent policy) increase consumer welfare if and only if taste
heterogeneity is not too high.

The next section describes the underlying Hotelling model which gen-
erates firms’ flow profits. Section 3 then analyzes a model of quality im-
provement, with fixed product locations, while section 4 treats the case of
endogenous location choices with stochastic quality reversals. Some analysis
of effects on consumer welfare is in section 5, and concluding comments are
in section 6. The appendix contains proofs of the two principal propositions
— proofs of other results are available on request.

2 Instantaneous flow profits

We start by explaining firms’ instantaneous payoffs conditional on any state.
These payoffs are the translation into continuous time of the stage-game
payoffs from the discrete-time model of Narajabad and Watson (2008). For
completeness we repeat the essential details of those state-conditional payoffs
here. In later sections we introduce the laws of motion for state transitions,
which depend on the particular specification of firms’ investment technolo-
gies.

Two firms compete in a continuous-time Hotelling game with infinite hori-
zon and discount rate r > 0. Each firm ¢ = 1, 2 produces a single perishable
good, characterized at any point in time by a location a; on the unit interval
(i.e., a position in horizontal characteristics space) and an idiosyncratic qual-
ity ¢;. Locations and qualities may change over time. There is a unit mass of
consumers uniformly distributed on [0, 1]. If a consumer located at 7 € [0, 1]
purchases a good of quality ¢ at price p from a firm located at a € [0, 1], he
realizes an instantaneous net utility flow of

u= —ala—7) +q—p.

Transport costs (a.k.a. ‘taste heterogeneity’) are represented by the param-
eter a > 0.° Consumers’ locations are held fixed, and they face no costs of
switching between firms, so at any instant a consumer purchases the product
which offers the highest net flow utility. To ensure that the market is always
covered in equilibrium, we assume throughout that ¢; > 3a, i = 1, 2.

6The utility specification assumes quadratic transport costs — unless otherwise stated
all results continue to hold with linear transport costs.



Firms’ flow profits at any instant arise from the equilibrium of competition
in prices, given current qualities and locations. For simplicity we restrict
firms to locating at either end of the unit interval, i.e., a; € {0,1}, i = 1,2.
The symmetry in the distribution of consumers then implies that the only
locational factor directly affecting flow profits is whether or not the firms are
currently operating at the same endpoint. We therefore invoke the ‘payoft-
relevant’ state restriction inherent in the MPE concept (Maskin and Tirole
1988a,b) and summarize the industry’s location state as s € S = {0,1},
representing cases where firms are ‘co-located’ (s = 0, sharing the same
endpoint) or ‘separated’ (s = 1, operating at different endpoints).

Let di = ¢ — q;, 1,7 = 1,2, © # j denote firm i’s advantage in product
quality (which could be negative or positive). As a notational convention we
will write each firm’s actions and payoffs as functions of the quality differ-
ential viewed from its own perspective. Thus firm ¢’s payoffs are a function
of d;, while firm j’s payoffs are a function of d; = —d;. Since we focus on
symmetric equilibria we will often drop the firm subscript on the quality
differential unless there is some risk of confusion.

Given a location state s = {0, 1}, let 75 denote the flow profits from the
Nash equilibrium of the simultaneous pricing game for a firm with a quality
advantage of d units. For example 7}, with k& > 0 denotes the flow profits of
a firm leading by k units in the quality race and operating at the opposite
endpoint to its rival. Solving for the Nash equilibrium at all parameter values
we arrive at:

a. ifd>3a,m)=d, mj=d—«
b. if =3a < d < 3a, 19 = max(d,0), 7} = 2[1+ L]?
c. ifd < =3a,7y=0, 7 =0.

If s = 0 then there is no horizontal product differentiation and these expres-
sions represent Bertrand profit outcomes. Cases (a) and (c) indicate that if
s =1and | d |> 3« then the quality leader’s advantage is such that it gets
the whole market in equilibrium, even if the products are horizontally differ-
entiated. Case (b) represents the situation of a smaller quality asymmetry,
where if s = 1 then both firms get positive sales. A key property of these
profit expressions is that firms’ absolute quality levels ¢; do not enter directly
— since the market is covered in equilibrium, flow profits depend only on the
difference in qualities.



From now on we restrict a firm’s quality advantage to one of three states:
where & > 0, we let d € A = {—k,0,+k}, respectively denoting a firm
that is lagging, neck-and-neck, or leading in the quality race. Thus the
industry’s full state space, incorporating both horizontal differentiation and
quality differences, comprises the six elements in S x A. It will be useful for
the subsequent analysis to define expressions for between-state differences in
flow profits. These differences determine firms’ best responses in the dynamic
games of investment, whether in quality improvement or location changes.
For changes in flow profits between location states:

ol 0 1 IeY lka3CE
a = - =
Tk = Ty k—2[1+£]" if0<k<3a
v = my—7mp = a/2 forall a
0 if k> 3a
10 — 1 0 _ o
CT = T, — Ty {%[1_3%}2 if 0 < k < 3«

The first of these expressions represents the gain in flow profits realized by
a quality leader who succeeds in joining his rival’s location. The latter two
expressions, b and c!%) respectively represent the gain in profits realized
by neck-and-neck and lagging firms when they move to separate locations.
Note that we have b!° > 0 for all @ > 0, and a”* > 0 if and only if k& >
3(2 — V3)a =~ 0.804a. We have ¢!* > 0if 0 < k < 3a, and ¢! = 0 if k > 3a;
in the latter case the leader’s quality differential is such that the laggard
makes zero profits regardless of its product location.

Whereas b'° and ¢!'© are strictly increasing or constant in « at all a, a®*
is increasing for k > 3a and decreasing for £ < 3. This reflects the different
margins faced by a horizontally differentiated quality leader when it gets the
whole market (k > 3a), compared to when it shares the market with its rival
(k < 3a). In the former case increases in « (i.e., greater taste heterogeneity)
cause the leader to reduce price in order to retain its most distant customer.
In contrast in the latter case increases in « lead to a higher equilibrium price
(and higher profits) — the leader loses its most distant customers to the rival,
but since the rival’s price increases the leader is able to extract more surplus
from its inframarginal consumers.

For changes in the quality state, fix s = 1, and consider the incremental
flow profits that are realized when a firm catches up one rung on the quality
ladder. If a laggard advances its quality differential from d = —k < 0 to



d = 0, it receives incremental profits of

= {

If a neck-and-neck firm advances its quality differential from d =0 to & > 0
it receives incremental profits of

—3a if £ > 3a, or
i 2 9
KH—{ Ef24 k] if k< 3a.

if k> 3a, or

[2—£] if k< 3a.

[e Y [o}

The incremental profits of the quality leader are decreasing in «, while those
of the quality laggard are increasing in «, i.e., dKy/da < 0 and dKp/da >
0 for all & and £ > 0. As noted in our companion paper and explained
further below, the sum of these incremental profits plays an important role
in determining long-run innovation rates. We term this sum the ‘leader’s
surplus’, equal to the difference between the maximum and minimum flow
profits given the location state, and defined as:

2 .
2k if £ < 3a, or
— — 3 — Y
Ko+ Ra { k—a if k> 3.
Note that LS! is independent of the taste heterogeneity « if k& < 3c, and
decreasing in « otherwise.

3 Competition in quality improvement

In this section we allow firms to invest in improving quality, while holding
the location state fixed at s = 1. Our quality investment game follows
Aghion et al. (1997), with the distinction that our flow profits come from
a Hotelling game (rather than Cournot or Bertrand), in which consumers
have heterogeneous tastes for the firms’ products. By varying a we study
the relationship between that taste heterogeneity and the rate of quality
improvement.

Improvements in each firm’s quality ¢; happen in incremental steps of
size k > 0. The industry’s state at any time ¢ is the quality differential
d;(t) = ¢(t) — g;(t). For simplicity we assume that this quality gap can
never exceed one step. That is, if a firm that is already one step ahead
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makes a further quality improvement, the laggard automatically keeps up by
copying the leader’s previous technology, and the leader’s quality advantage
is then unchanged at the level of +k. Thus the state d;(t) is restricted to the
3-element set A defined previously.

At time ¢ incremental improvements in i’s quality arrive with Poisson
hazard rate w;(t), which is chosen by the firm. The flow cost of a hazard
rate w is h(w) = (¢/2)w?, where ¢ > 0 is a parameter indexing the difficulty
of quality improvement. We look for a symmetric equilibrium in Markov
strategies. Each firm’s strategy is a state-conditional choice of hazard rate
w;(d;) (or w;(d;)). Given a strategy w;(d;) for the rival, the Bellman equation
for firm ¢’s continuation value V;(d;) may be derived as in Aghion and Howitt
(1997). Where k > 0 we have, at any d; € A:

PVild:) = maix {}, = h(w) + w{Vi(min(d; + b +k)) = Vi(d,)]
—w;(—~d)[Vi(dy) — Vi(max(d; — k, —k))]} . (1)

Thus a firm’s continuation value is comprised of current flow profits, less the
cost of investment, plus the expected gain in value arising from own quality
investment, minus the expected loss as a result of the rival’s investment
w;j(—d;). The min and max operators take account of the upper and lower
bounds on the quality differential d;.

The value function V;(.) solving (1) is unique at any w;(d;), and non-
decreasing in d;. Firm ¢’s best response to w;(d;) is the policy function
w;(d;) generated by this solution. This best response is unique at any w;(d;)
(because of the strict convexity of h(w;)), and satisfies:

w;(d;) = { (()V;(d" +k) = Vi(di)/¢ i zz z ;Z or 0 @

Note that in this continuous-time model the leader has no incentive to invest
in improving quality, since the knowledge spillovers do not allow it to further
increase its advantage over the laggard.

Henceforth we normalize the quality step k to k = 1, since increases in
this quality step are equivalent to reductions in ¢, the difficulty of quality
improvement. In a symmetric MPE we require w;(d;) = w;(—d;), at all
d; € A, i,7 = 1,2. That is, firms choose the same actions at any given level
of quality advantage. It can be shown that a symmetric MPE exists and is
unique at any parameter values. For brevity write w_; = w;(—k) = w;(—k)



and wy = w;(0) = w;(0) for the equilibrium hazard rates chosen by laggards
and neck-and-neck firms respectively, in this symmetric MPE. (We know
from (2) that leaders choose hazard rates of wy; = 0.)

Applying symmetry in the three equations defined in (1) (one for each
state), and substituting from (2), we arrive after some additional working at
expressions for wy and w_; in terms of parameters:

wy = —7°+\/7”2+%KH (3)

woy = —(w0+7’)+\/(w0+r)2+w8+§KL. (4)

These equilibrium hazard rates are equivalent to equations (10) and (11) in
Aghion and Howitt (1997).

Long-run innovation is defined as the average rate of improvement in
the frontier technology according to the equilibrium invariant distribution
over states d;. Since quality leaders invest nothing in equilibrium, the fron-
tier technology actually only changes in the neck-and-neck state, advanc-
ing by one step when either firm registers a quality improvement. Con-
ditional on being in this state, the equilibrium hazard rate of an advance
in the frontier technology is then 2wy. The long-run probability of being
in the neck-and-neck state under the equilibrium invariant distribution is
Pr(d; = 0) = w_1/(w_1 4+ 2wy), and thus the equilibrium long-run innovation
rate (LRI) is

1 117t
LRI = 2w, Pr(d; = 0) = {w— + ﬂ} , (5)
—1 0

which is of course monotonically increasing in w_; and wy. (Note that invest-
ment by laggards does not directly advance the frontier technology. Instead it
affects LRI by sending the industry back to the neck-and-neck state sooner.)

Recall from section 2 that the leader’s incremental flow profits, Ky =
my, — w5, are declining in «v at all «. It follows from (3) that wy is declining
in « everywhere. That is, neck-and-neck firms in equilibrium always invest
less as taste heterogeneity increases, because more heterogeneity increases
firms’ local market power. This reduces the potential gains from quality
improvement because it reduces consumers’ propensity to switch purchases
to a firm with a new and improved technology.
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The effect of greater taste heterogeneity on investment by laggards is more
complicated. To analyze this effect we assume that firms are very patient.
That is, we set 7 = 0 in (3) and (4); then by continuity the ensuing results
will also hold for small » > 0. Under this restriction the direction of the
effect of @ on w_; depends on the level of a. Recall from section 2 that
when firms are horizontally separated, they share the market if and only if
a > 1/3 (ie., iff @ > k/3, since k = 1 here). Otherwise the leader gets all
the sales. It can be seen from (3) and (4) that if » = 0 and o < 1/3 then we
have dw_;/da < 0. On the other hand if » = 0 and o > 1/3 then we have
dw_y/da > 0. Quality investment by laggards overall has a U shape in «,
with a minimum at o = 1/3.

It follows that if firms are patient and taste heterogeneity is low (o <
1/3) then laggards and neck-and-neck firms both invest less as heterogeneity
increases, and LRI consequently must fall. If & > 1/3 then wy and w_;
move in opposite directions as « increases (wy falling, w_; rising) and then
it is not clear just from examination of (5) which effect will dominate. After
some additional work it turns out that the effect on laggards’ investment
dominates, leading to an overall U-shaped pattern of long-run innovation in
«, formalized as follows:

Proposition 1 If firms are sufficiently patient (i.e., if v is small enough):
a. dLRI/da < 0 for a € [0,1/3)
b. dLRI/do > 0 for o > 1/3
c. LRI is minimized at o = 1/3 and mazimized at oo = 0.

For illustration figure 1 shows LRI as a function of « in the case of ¢ =
1. A relevant point of comparison here is the analysis of Aghion et al.
(2001). Those authors studied innovation in an infinite-horizon continuous-
time duopoly in which the demand function is that of a representative con-
sumer with CES preferences. By varying the elasticity of substitution in
demand they study the effects on long-run innovation of more or less com-
petition, in the form of more or less product substitutability. They find that
as products become more substitutable, i.e., as the elasticity rises, the inno-
vation rate either increases throughout, or first increases and then decreases,
exhibiting an inverse-U shape. This shape is attributed to the interaction
of two countervailing influences. According to the first, ‘escape-competition’
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effect, neck-and-neck firms innovate more as products become more substi-
tutable, because that increases the returns to quality leadership (in terms of
incremental flow profits). Against this must be measured a second, ‘compo-
sition’ effect, which recognizes that innovation is most intense when firms are
neck-and-neck, but that if such firms innovate more then the industry leaves
this state quicker, spending relatively more time over the long run in states
of asymmetric quality, where innovative effort is low. This second effect may
sometimes dominate the escape-competition effect as products become more
substitutable, leading to the aforementioned inverse-U relationship. In re-
lated empirical work Aghion, Bloom, Blundell, Griffith and Howitt (2005)
document an inverse-U relationship between profit margins and patent indi-
cators, which under certain assumptions could be interpreted as supporting
these theoretical predictions.

The key difference in the present analysis is that demand is derived from
a heterogeneous-agent Hotelling model, in which product substitutability is
represented by the (inverse of the) transport-cost parameter . It is clear
from Proposition 1 that this amendment changes the predicted relationship
between substitutability and innovation. In particular figure 1 shows that
the patterns reported in Aghion et al. (2001) are exactly those which are not
predicted by our model. We find that if firms are patient enough then the
relationship is always strictly quasiconvex with interior minimum (i.e., U-
shaped), never inverse-U shaped or monotone increasing in substitutability
(i.e., never inverse-U shaped or monotone decreasing in «).

The reason for this difference originates in the behavior of incremental
flow profits around the point a = k/3. Consider reductions in « from a
relatively high level in figure 1 (e.g., from a = 2.5). As noted above, as « falls
we initially have equilibrium neck-and-neck investment (wy) increasing (since
dwy/da < 0 everywhere), and equilibrium investment by the laggard (w_;)
decreasing. As a result as « falls the industry spends more and more time
in the asymmetric-quality state, where innovation is in fact zero. This leads
to an initial fall in long-run innovation — that is, as « falls the ‘composition
effect” noted above dominates first.

When « reaches k/3 there is a sharp change in incentives. From that
point on all sales go to the quality leader, and a laggard’s competitive abil-
ity is essentially exhausted, in the sense that his equilibrium price is fixed
at zero. Further falls in o produce no price response from this rival. They
simply reduce the mismatch between consumer tastes and the characteristics
of the leader’s good, which allows that firm to start raising price, so as to

12



extract more surplus from the inframarginal consumers. This enhances the
incentives for investment by neck-and-neck firms. It also raises the laggard’s
investment incentives, which are now largely driven by the prospect of even-
tually becoming the quality leader. A laggard who becomes a leader realizes
an overall gain in flow profits of K+ K = LS*, the leader’s surplus defined
in section 2. As noted there, this quantity is constant in « for @ > k/3, but
decreasing in « (i.e., increasing in substitutability) for « < k/3. The up-
swing in LRI as « falls below k/3 then reflects an escape-competition effect,
with both laggards and neck-and-neck firms investing more in response to the
greater returns to quality leadership. Overall, as product substitutability in-
creases from a low level, we see the competition effect dominating early and
the escape-competition effect dominating later, which is the opposite order
to that observed in the model of Aghion et al. (2001).7

In terms of cumulative effects, part (¢) of Proposition 1 indicates that
the escape-competition effect is predominant. That is (if the discount rate
is low enough), long-run innovation is maximized in industries that produce
homogenous products. This is reminiscent of a result in Aghion and Howitt
(1997), who found that the innovation rate for patient firms is higher under
Bertrand product-market competition than under Cournot, unless the fixed
size of increments in the technology is large.

4 Competition in product locations

Turn now to a variation on the model in the previous section, in which firms’
product locations are endogenous, but their qualities evolve according to an
exogenous stochastic process. Time is continuous, the horizon is infinite, and
once again two single-product firms face a unit mass of consumers uniformly
distributed on [0, 1]. For simplicity we still restrict firms to locating at the
endpoints of this interval, but at any point in time they may now invest in
moving to the opposite endpoint, either to duplicate, or differentiate their
product from, the rival’s product. We will show that for some parameter
values the equilibrium of this game sees continual movement between prod-
uct locations, with high-quality firms attempting to suppress competition
from rivals by duplicating their product, and low-quality rivals attempting

"Effects in the case of impatient firms (i.e., when r is not close to zero) are not imme-
diately clear. We know that dwg/da < 0 still holds, but we do not know the general shape
of dw_1/da in that case.
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to expand sales by moving into their own product niche.

As previously d; € A = {—k,0, +k} denotes firm ¢’s quality state relative
to its rival, and s € S = {0, 1} represents the industry’s location state, i.e.,
whether firms are co-located or separate. Location changes are the outcomes
of independent Poisson processes with hazard rates controlled separately by
each firm. Let y°, 2% 2° denote firm ¢’s hazard rate of changing product
locations (from one endpoint to the other) when the industry’s current lo-
cation state is s € S, and when the current quality state is d; = —k, 0, +k,
respectively. Thus z°, for example, is i’s hazard rate of changing locations
(or ‘switching’) when the firms are co-located and have equal qualities. (For
simplicity we suppress the subscript ¢ on y, z, x.)

The costs of inducing a given hazard rate of switching are assumed to
depend on the location state s. That is, the costs of moving away from a
rival are allowed to differ from the costs of moving toward a rival. This might
for example reflect patent policies, changes in which could move the costs of
duplicating a rival’s product and the costs of creating a new product in oppo-
site directions. Specifically, let the flow cost of implementing a given hazard
rate of switching w be g(w) = 7°w?/2 in state s = 0, and f(w) = y'w?/2 in
state s = 1, where 4° and ~! are strictly positive and not necessarily equal.

While changes in product locations (i.e., in horizontal differentiation) are
controlled by firms, changes in product qualities are here assumed to evolve
exogenously. Let either firm’s quality ¢; advance by one step according to a
Poisson process with fixed hazard rate 7 > 0. These processes are assumed to
be independent; thus at any time ¢ the quality differential d;(¢) advances by
one step with hazard rate 7 (if d; = —k or 0), and declines by one step with
hazard rate 7 (if d; = 0 or +k), reflecting respectively an increment in firm
1’s quality and an increment in firm j’s quality. In the special case of 7 = 0,
firms’ qualities are permanently fixed (or, alternatively, always advance in
lockstep so that the quality differential never changes).

A firm’s Markov strategy is now a choice of a vector (y°, 3!, 2%, 21, 20, 21) €
RS, representing a switching hazard conditional on each of the six possible
states (s,d) € SxA. Once again we look for a symmetric equilibrium in such
strategies, where symmetry means that ¢’s action in state (s,d) is the same
as j’s action in state (s, —d). Borrowing notation from Aghion and Howitt
(1997), fix the rival firm j’s strategy at (3°,%',2° 2",2° 7'), and consider
firm ’s best response. Let V' denote firm ¢’s continuation value in location
states s = 0,1 when it has quality advantage d. Define the differences in

these values as AV!) = VL, — VO AV® = V! — VP, AV = VP, — VL.

14



Then 7’s best response will be the policy function generated by the solution
to the following Bellman equation:
rVi = wly 4 max[—a" AV — g(af)] = FPAVY + (V) — V) (6)
z9>0

Tv-i}l = 7T-1+1 + ar%i)o([xlAVﬂ - f(ml)] +?1AV£% + T(Vol - le) (7)

Vg = w4+ max[z"AV — g(z")]

+ AV (V2 = V) = (Vg = V) (8)
Vo = o+ max[—z AVGY — f(27)

—Z AV (V= V) = (Vg = V) (9)

Vo =l maxyPAVE - g(y)] + ZAVE +7(15 - V) (10)

Vi o= wh+ ryrllgg[—ylAV_l? — fN] =T AV + 7 (V) = V) (1)

Equation (7), for example, represents i’s continuation value when it is the
quality leader in state s = 1. The first two terms on the RHS represent
the sum of current flow profits 73, plus the maximized expected gain in
value from moving to the rival’s location (thereby changing the location state
to s = 0), net of the flow switching costs. The next two terms show the
expected gain in value if the rival were to make an equivalent move (joining
i’s location), plus the expected loss in value if the rival realizes a random
quality improvement (thereby changing the quality state to d = 0). Similar
interpretations apply to the other equations. Note that if the current quality
state is d = 0 (equations (8) and (9)) then either an increment or a decrement
in d is possible, depending on who realizes the random quality improvement,
with hazard rate 7 in each case.

Given a strategy for the rival, it can be seen that the value function
solving (6)-(11) is unique, and that it generates a unique policy function as
i’s best response. If the state is (s = 1,d = +1), for example, then (7) implies
that this best response must satisfy

z' = max(0, AVY /4 .

It is easy to see that any best response only prescribes switching in one
direction, given the quality state. That is, at any optimum we must have
2t >0=2"=0,2'>0=2"=0,y' >0=¢"=0.
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We continue to normalize the quality step k£ to one, since increases in k
can equivalently be modelled as reductions in the switching-cost parameters
7% and L. If @ > k/(3(2 — V/3)) ~ 1.244, i.e., if taste heterogeneity is high,
then the game has a trivial unique symmetric equilibrium in which firms try
and separate from each other in all quality states, because separation always
yields the highest flow profits. In this case the industry in the long run ends
up in a state of permanent horizontal separation, regardless of its starting
point.®

Consider then the case of taste heterogeneity that is not too high, i.e.,
a < 1.244. In terms of the flow profit increments defined in section 2, we then
have a®* > 0, b!° > 0, ¢!° > 0. That is, ignoring dynamic considerations,
quality leaders now want to be co-located, while neck-and-neck firms and
laggards still want to be separate. (Note that if a < 1/3 then ¢'© = 0
because laggards get zero sales regardless of the location state.) If 7 = 0
then these short-run incentives carry over to the long run, because there is
no prospect of reversals in the quality state. It can be shown in that case that
i’s best response to any rival’s strategy always induces AV} > 0, AV > 0,
AV >0, which in turn implies 2° = 0, 2! = 0, y* = 0.

Using continuity in 7 of the value function solving (6)-(11), it can be
shown that these inequalities also hold for a range of small 7 near zero:

Lemma 1 For all a < 1.244 and for all r,4°,v' > 0 there is a T(a) > 0
that:

a. depends only on r,o, v, v, and

b. is such that for all T € [0,7], a best response to any strategy of the rival
always induces AV >0, AVy® >0, AV > 0.

A proof of this lemma is available on request. The key point is that there is
a set of small 7 of non-zero measure over which we may restrict each firm’s
strategy space to be the set of triples (y°, 2%, 2!). Furthermore the relevant
non-empty set of 7 can be defined independently of the rival’s strategy. Ac-
cordingly we henceforth assume that a < 1.244 and that 7 is small. To write
this concisely define 7(a) = 0 at @ = 1.244 and 7(«) < 0 at all @ > 1.244.
Then [0, 7 ()] is non-empty iff o < 1.244.

8In contrast with the discrete-time model in Narajabad and Watson (2008), there is no
possibility here of the industry falling into a Pareto-dominated equilibrium where firms
keep needlessly swapping locations even though they prefer to remain separated in all
states.
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If o« < 1.244 then a firm’s continuation value in any state can never exceed
7r9rl /7, the present value of an uninterrupted stream of the maximum possible
flow profits. The continuation value can also never fall below zero, since a
firm can always guarantee itself a zero payoff by doing nothing. Therefore
the value differences AV, etc., are all bounded above, and hence in any
state a firm 4’s optimal switching hazard rate is contained in the compact
set [0, 79, /(r min(y%,~41))], for all strategies of the rival. It is then straight-
forward to apply Lemma 1, the Theorem of the Maximum, and Brouwer’s
Fixed-Point Theorem to (6)-(11) to show that if 7 € [0,7(«)] then there
exists a symmetric MPE that induces AV Z 0, AVy? >0, AV > 0 for
both firms, i.e., that induces 2° = 0, z! =0, y! = 0.

Taking differences in (6)-(11), and applying Lemma 1 and symmetry,
we then arrive at the following necessary conditions for a symmetric MPE
(y*, z*,2*) when 7 € [0, 7(a)]:

(r+y*+7)AVY = " — [ AV} — f(2)] — TAV,° (12)
(r+2"+2n)AV° = b= [Z*AV)? — g(z")] - TAVO +TAVY) (13)
(r+a*+ 1AV = 0 — [y* AV — g(y)] + TAV? (14)

where y* = AV)/70, 2% = AVI?/4Y) a* = AV /4!, and where the AV’s
are derived from the solution to (6)-(11) given that the rival uses y" = y*,
2V = 2% 2! = x*. The following result uses these necessary conditions to show
that a sufficient condition for uniqueness if 7 is small is that the directional

switching costs not be too different from each other.

Proposition 2 Ify' € (0.57°,29°) and if 7 € [0,7(a)] then there is a unique
symmetric MPE in which AV} >0, AV >0, AV >0 for both firms.

It may be seen that if v* € (0.57%,29") and 7 € (0,7()) then the three
inequalities are all strict, implying that y* > 0, z* > 0, 2 > 0 at the
symmetric MPE. In turn this implies that in equilibrium continual product
relocations persist in the long run.”

9This is also true if 7 = 0 and o € (1/3,1.244). If 7 = 0 and o < 1/3 then z* > 0
and z* > 0 but y* = 0. Laggards invest nothing because they can never earn positive
profits, leaders invest in moving to the rival’s location, and neck-and-neck firms invest in
moving away. The long-run location outcome then depends on the initial quality state:
permanent co-location if firms have asymmetric qualities, and permanent separation if
they have equal qualities.
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Proposition 2 allows us to derive some comparative statics of the equi-
librium switching hazards with respect to changes in «, 7°, y'and 7. The
following results are in each case derived by totally differentiating (12)-(14);
details are available on request. Consider first the effect of changes in the
switching-cost parameters 7° and .

Proposition 3 [Effects of 4%, 1] Suppose that v' € (0.5¢°,29%) and 7 €

[0,7()).
a. (i) If T=0 and o > 1/3, then dz*/dy° > 0, dz*/dy" < 0, dy*/dy° <
0.
(ii) If T =0 and a < 1/3, then da*/d° = 0, dz*/dy° < 0, dy*/d° =
0.

b. (i) If T =0 ory' < 1.57Y, then dz*/dy' < 0.
(ii) If T =0 then dz*/dy' = 0.
(iii) If 7 =0 and o > 1/3, then dy*/dy' > 0.
(iv) If T =0 and « < 1/3, then dy*/dy* = 0.

Under the conditions of Proposition 2 the leader is trying to reduce hor-
izontal differentiation while neck-and-neck firms and the laggard are trying
to increase it. It is then intuitive that changes in 4° and ~! should move the
switching investments in opposite directions. The above proposition confirms
this intuition, at least for the case of 7 = 0. For example, if 7 = 0 and the
cost 7° of moving away from one’s rival increases (and if 4% and 4! are not
too different), then z* and y* fall and x* increases. Note that the effect on
x* is an indirect response — the leader is more inclined to ‘chase’ his rivals
if it is harder for them to escape once he has succeeded in duplicating their
products.

If « <1/3 and 7 = 0 then a laggard makes zero profits in all states. It is
then trivially true that dy*/dy° = dy*/d~' = 0, and also that dz*/dy° = 0,
but dz*/d~y! is still non-zero because the leader still responds to his own cost
of switching. Similarly if 7 = 0 then dz*/dy° < 0 but dz*/dy' = 0, because
with no changes in the quality differential the only incentive for neck-and-
neck firms is toward permanent horizontal separation.

By continuity, results in Proposition 3 for 7 = 0 should also hold for 7
near zero. But we do not know whether they hold at all 7 € [0, 7(«)) (except
for dz*/dy" in (b)(i), if v' < 1.59"). When there is a non-zero probability of
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a quality reversal, a laggard’s attitude to a higher value of 4! depends not
only on the response of his immediate rival, the current leader, but also on
the possibility that the laggard himself will soon be in that position. In such
cases the comparative statics are not immediately obvious.

Next consider the effects of changes in «, the degree of taste heterogene-
ity. Here the intuition derives from the effects of a on the profit differences
al, b'°, 1% defined in section 2. Recall that these are the profit differences
between location states at fixed quality differentials. We have db'®/da > 0
and dc'®/da > 0 everywhere, while da® /da > 0 iff a < 1/3. In static terms
these derivatives imply that neck-and-neck firms and laggards have more
incentive to differentiate horizontally when consumer tastes are more hetero-
geneous. For the leader the incentive to reduce horizontal differentiation is
increasing in « if and only if taste heterogeneity is not too high, otherwise it
is decreasing in a.

Proposition 4 [Effects of o] Suppose thaty' € (0.59°,27°) and 7 € [0, 7(a)).
a. If a > 1/3, then dz*/da < 0, dz*/da > 0, dy*/da > 0.
b. If a < 1/3, then dx*/da > 0.
c. Ifa<1/3 andT =0, then dz*/da >0, dy*/da = 0.

The missing cases here are the signs of dz*/do, dy*/da when a < 1/3 and
7 # 0. As noted above, the open question in these cases is whether z* and
y* respond mainly to changes in their short-run incentives, or to the new
incentives that would arise in the event of a quality reversal.

For changes in 7 we have the following:

Proposition 5 [Effects of 7] If v* € (0.57°,27°) and 7 = 0, then da*/dT <
0.

This result captures the intuition that if we increase 7 from zero, then the
leader’s incentive to chase its rivals can only decrease, since there is now
some probability of losing his quality advantage, in which case he would
prefer maximal horizontal differentiation. One would expect that an opposite
intuition would hold for the laggard’s switching investment y* (and perhaps
also for z*), but to date we have not been able to determine the circumstances
in which this is true.
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5 Welfare effects in the game of product lo-
cations

To analyze the welfare effects of parameter changes we first determine the
industry’s equilibrium invariant distribution(s) over states (s,d). Let u de-
note the equilibrium long-run probability of firms being co-located. In the
case of 7 # 0 it is straightforward to show that u = x*/(z* + 2* + y*); thus
i is increasing in z* and decreasing in z* and y*, which is quite intuitive.!°
However we do not have many comparative statics for this case of 7 # 0, so
we will assume 7 = 0.

If 7 = 0 the only non-degenerate case arises when 1/3 < a < 1.244,
d; # 0. (Any other case yields equilibrium ergodic sets that are singletons,
because the quality differential is fixed and firms in the long run end up either
permanently separated or permanently co-located.) In this case we must have
uy* = (1 — p)x*, ie., p = x*/(x* + y*), which is naturally increasing in x*
and decreasing in y*. Effects of parameter changes on p are then clear if
the comparative statics of x* and y* can both be signed and if they run in
opposite directions. For example an increase in taste heterogeneity « leads
to firms spending less time co-located over the long run (Proposition 4(a)).

With fixed quality differentials it can be shown that instantaneous con-
sumer welfare is higher with separate than with co-located firms if and only
if @ < [3(v/12 —3)]7' ~ 0.718.! That is, if a is high then consumers prefer
firms to be co-located so as to limit their local market power. Hence, all else
equal, an increase in y raises long-run average consumer welfare iff o > 0.718.
The following result is then an immediate corollary of Proposition 3:

Proposition 6 Suppose that ' € (0.57°,27%), that 1/3 < a < 1.244, and
that T = 0 with d; # 0.

o If a < 0.718 then equilibrium long-run average consumer welfare is
decreasing in ¥° and increasing in y'.

o If a > 0.718 then equilibrium long-run average consumer welfare is
increasing in v° and decreasing in y'.

101t is easy to see that if 7 > 0 the long-run proportion of time spent in the d; = 0 quality
state is 1/3. In long-run equilibrium we must then have (no. of flows out of state s =
0) = u((1/3)22* 4+ (2/3)y*) = (1 — p)(2/3)x* = (no. of flows out of state s = 1), implying
p=a*/(z"+ 2" +y).

HThe same threshold holds for both linear and quadratic transport costs.
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For example think of v° and 4! as being influenced by patent policy, and
consider an increase in patent protection that raises y' and/or reduces 7.
Under the conditions of Proposition 6 this raises consumer welfare if taste
heterogeneity is low, and reduces it if heterogeneity is high. In either case it
causes firms to spend more time at separate locations, and otherwise has no
direct effect on instantaneous consumer welfare (since the ’s are not demand
parameters. )

A notable consequence of Proposition 6 is that the relationship between
long-run consumer welfare and the costs of horizontal differentiation is rather
sensitive to the degree of taste heterogeneity in the market. This suggests
that the impact on consumer welfare of a policy-induced change in these costs
will ultimately be an empirical question. Following the work of Berry, Levin-
sohn and Pakes (1995) and earlier authors there is now a well-established
set of tools for measuring such taste heterogeneity in any given empirical
context.

6 Conclusion

Our companion paper (Narajabad and Watson 2008) studies a discrete-time
version of this duopoly, in which firms may invest in quality improvement
and horizontal differentiation simultaneously. These modifications render
the model analytically intractable, so we use numerical methods to study
the symmetric MPE’s over reasonable ranges of parameters. Much of the
intuition from the present model carries over to that framework with a few
modifications. For example under certain conditions we again get a U-shaped
relationship between innovation and substitutability, as seen in section 3.
However in some cases the relationship can be monotonically increasing in-
stead — the explanation lies in the behavior of equilibrium investment by the
quality leader, which may be non-zero in a discrete-time model. That paper
also discusses some empirical implications of the analysis, which would be an
interesting area for further study.
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Appendix

A.1 Proof of Proposition 1

(a) As noted in the text, we have dwg/da < 0, all @ > 0, all » > 0. Consider
then dw_;/da. If r = 0 then (3) implies wg = 2Ky /¢. Also if a < 1/3 then
Ky =k—1.5a and K}, = a/2 (see section 2). Substituting in (4) with r = 0,
k=1, we get

woy = /(2/¢) [V2—25a —v1—15q]

dw_1 1 \/5 3 5)
~ da 1V {\/1 150 2 —2.504} '
Thus sgn(dw_; /da) = sgn(3v/2 — 2.5c¢ — 5y/1 — 1.5«r), which is strictly neg-
ative if & < 1/3. The result then immediately follows from (5).
(b) If & > 1/3 then Ky = §[2+ 5] and K = #[2 — 5=]. Using r = 0,
k=1and w3 = 2Ky /¢ in (4), we then arrive at

do, _ 11 [2f/1 1 0 L] 00
do 4902\ ¢ [\ 3 18« 18«
d’LUO -1 —1

da 1802y2Kud  18a2\/912 + (1/30)]/3 <!

Since LRI = [(w_1) '+ (2wp) '], consider the sign of - [(w_; )~ +(2wo) ).
From (15) we get

d (L) _ ____ V9/36a7 (17)
do \w_q V2[mo/my — myy/mg]
where
Moo= 27T18y ™M =3 18
And from (16) we get
d (1) _ Vo/36a? (18)
da \ 2wy [2m, )32

From (17) and (18) it may be seen that
d
sgn {@ [(w_l)_l + (2w0)_1}} = sgn {mo/my — mi/mg — 2mi/mi} ,
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which is strictly negative, implying that if r = 0 and o > 1/3 then dLRI /do >
0.

(c) Parts (a) and (b) indicate that if » = 0 then LRI is minimized at
a = 1/3 (given continuity of LRI in «), and that LRI is maximized either
at a = 0 or at « that are ‘large’ (which we may interpret as o — oo for
present purposes). Consider then LRI at r = 0 and o = 0, where Ky = 1
and K = 0. We have wy = \/2/¢ and w_; = (2 — v/2)/v/¢. On the other

hand if o — 400 with r = 0 then wy — 1/1/(3¢), w_, — (1 — (1/v3))/V/9,

which values are in each case less than the values at @« = 0. Hence if r =0
then LRI(a = 0) > lim, 40 LRI.

A.2 Proof of Proposition 2

A preliminary lemma is useful. Add (12) and (14) and substitute in for
AV = Ala*, AVE) = 4%*, f(2*) and g(y*). It can then be seen that a
necessary condition for a symmetric equilibrium is F(z*,y*) = 0, where

F(z,y) = 7'(r+1)z+°0+7)y+zy(y' +7°)
— [am +cl0— 0.5(7133 + ’yOyQ)] . (19)

Lemma 2 Suppose that (',y'), (",y") satisfy F(z',y') =0, F(2",y") =0,
22" >0, y/’y// > 0.

a. :L,/ — :E// PN y/ — y//
b. If 2" > o' then y" <.
c. For all x € [2',2"] there exists a unique y such that F(x,y) = 0.

d. Define a function y(z) such that F(z,y(z)) =0 at all x € [2',2"]. Then
dy/dz exists, with dy/dx <0 at every x € |2/, 2"].

Proof: It may be seen that the partial derivatives F, and F, are both
strictly positive, e.g.,

Fo=v'0r+0)+@+)y++'2>0.
(a) Suppose, e.g., that ” > 2/ but ¢ = y”. But then we must have

F(z",y") > 0, since F, > 0, F(2',y') = 0, which is a contradiction. Other
cases yield a contradiction in similar fashion.
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(b) If ” > 2" and y” > ¢/ then F(z",y") > 0, since F, > 0, F, > 0,
which is a contradiction.

(c) We have F(2',y) = 0. Fix y at . And consider raising x from z’.
Since F, > 0, we have F(t,y') >0V t € (2/,2"]. We also have F(z",y") = 0,
and we know from (b) that y” < ¢'. Fix y at y”. And consider reducing x
from 2”. Since F, > 0 at any y > 0, we have F(t,y") < 0V t € [2/,2").
Furthermore F(xz,y) is differentiable and strictly increasing in y at any x €
[z, 2"]. Tt follows that ¥V ¢ € [2/,2"] 3 a unique y such that F(t,y) = 0.

(d) Since F, F,, > 0, the Implicit Function Theorem can be applied to
show that dy/dz exists at any = € [2/,2"] and dy/dz < 0. W

Suppose then that there are two symmetric equilibria (y/, 2/, 2") and (y”, 2, 2").
[t can be seen that we cannot have 2’ # 2, 2/ = 2", y' = y". (Take the dif-
ference (9) minus (8) to get an expression for firm i’s best response to the
rival’s Z at fixed values of AV}, AV, This best response can only have one
fixed point.) In view of Lemma 2 (a) this implies that we must have x’ # 2"
and 3’ # y”. Suppose w.l.o.g. that " > 2’

Plug (y/, 7', 2') into (13), using AV = '/, AV =702 AV = 4%/,
Repeat for (y”, 2", x"), take differences and re-arrange to get

T

(Z” _ Z/) — i
YO L (r+27) + 1.5(2" + 2"

] LW —y) =7 (" =] . (20)

Similarly plug (v/, 2/, ') into (12), repeat for (y”, 2", z"), take differences and
re-arrange to get:

(' =2") = A+ 7)(@" =) = 0.59((2')* — (2")?)
_’_71 (x"y" . Z)?ly,) ‘ (21>

Do the same for (14) to get

™2 =2") = =0+ —y)+05°(Y) — "))
="y —2'y) . (22)

Add (21) and (22):

21 = ") = (r+7)(y (2" =) = = y)) + A, (23)
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where
A=050R"((2") = (@)?) = (") = @)D+ (' =) "y = 2'y) .

Suppose that 7 = 0. Then, since z” > 2z’ and y” < ¢/, (23) implies A < 0.
That is, B(z”,y") < B(«',y/), where

B(z,y) = 0.5[y'2* = %% + (7' — ")y . (24)

Or suppose 7 > 0. Write (23) with 2 — 2z’ on the LHS and equate with
(20) to get

(r+27) +Z.5(z’ + 2") [71(35” —a') — VO(y” )] =
%(T +7)(V (@ =) =2 = y) + % : (25)

The first term on the RHS of (25) is strictly greater than the LHS. Therefore
we again require A < 0, i.e., B(2",y") < B(2', /).

Recall that we must have F(z',y") = F(2",y") = 0, where F' is defined
n (19). Consider then the behavior of B(x,y(z)) for « € [2/,2”], where y(x)
is such that F'(x,y(x)) = 0. From Lemma 2, y(x) exists and is differentiable
in z. We have:

aB | o dy 1 0 dy
o = [v T = y—dx} +(r =) (y e ) (26)
From the Implicit Function Theorem in (19) we get
dy Y+ +y(t +9°) '
_ [ RESEY £0
dx P+ 7) +2(v 1) + 7%

Substitute (27) into (26), express as a single ratio, and collect terms to see
that

sgn(dB/dz) = sgn{2v'Y°(2® + zy + y*)
+Hr+ )02y =)y + 1 (27" —A)al}
Therefore if v* € (0.57°,27°) then dB/dx > 0, which implies B(z",y") >

B(«',y/), which is a contradiction.
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Figure 1: Equilibrium long-run innovation as a function of taste heterogeneity
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