RMT 2011 TEAM TEST FEBRUARY 19, 2011

1. Let ABCD be a unit square. The point £ lies on BC and F' lies on AD. AAEF is equilateral. GHIJ
is a square inscribed in AAFEF so that GH is on FF. Compute the area of GHIJ.
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2. Find all integers z for which |23 + 622 + 2z — 6] is prime.
3. Let A be the set of points (a,b) with 2 < a < 6,—2 < b < 2 such that the equation
az* 4+ 223 — 2(2b — a)x® + 22 +a =0
has at least one real root. Determine the area of A.
4. If f(z) = (x — D)}z — 2)3(x — 3)2, find f"(1) + f"(2) + f/(3).

5. Find the unique polynomial P(x) with coefficients taken from the set {—1,0, 1} and with least possible
degree such that P(2010) =1 (mod 3), P(2011) =0 (mod 3), and P(2012) = 0 (mod 3).

6. Three nonnegative reals x,y, z satisfy x +y + z = 12 and zy 4+ yz + zz = 21. Find the maximum of
TYz.

7. Three numbers are chosen at random between 0 and 2. What is the probability that the difference
between the greatest and least is less than i?

8. Frank the mouse starts in the top left corner of a 3x3 grid. After each second, he randomly moves to
an adjacent square with equal probability. What is the probability he reaches the cheese in the bottom
right corner before he reaches the mousetrap in the center?

9. Let A =(0,0), B=(1,0), and C = (0,1). Divide AB into n equal segments, and call the endpoints
of these segments A = By, By, Bs, -+, B, = B. Similarly, divide AC' into n equal segments with
endpoints A = Cy,C1,Cs,--- ,C, = C. By connecting B; and C,_; for all 0 < i < n, one gets
a piecewise curve consisting of the uppermost line segments. Find the equation of the limit of this
piecewise curve as n goes to infinity.

10. Determine the maximum number of distinct regions into which 2011 circles of arbitrary size can par-
tition the plane.
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11.

12.

13.

14.

15.

xyz(x +y+ 2)

For positive reals x, y, and z, compute the maximum possible value of —/———F——=-.
’ ! ’ P (@ + )2y + 2)?

Find the boundary of the projection of the sphere 2 + y? + (2 — 1)? = 1 onto the plane z = 0 with
respect to the point P = (0,—1,2). Express your answer in the form f(x,y) = 0, where f(z,y) is a
function of x and y.

Compute the number of pairs of 2011-tuples (z1, 2, ..., z2011) and (y1, Y2, ..., y2011) such that z; =
xz_l — y,%_l —2and yr = 2xk_1yx_1 for 1 < k <2010, 2y = x%ou — ?43011 — 2, and y1 = 2T2011Y2011-

Yn(z +1)

dz.
2 +1 v

Compute I :/
0

Find the smallest o > 0 such that there exists m > 0 making the following equation hold for all positive
integers a,b > 2:

1 1
b)) >
(gcd(a,bl) + ged(a — 1,b)> (a+0)" 2 m,

where gcd stands for greatest common divisor.



