RMT 2011 CALCULUS SOLUTIONS FEBRUARY 19, 2011

1. Answer: 4In(xz — 2) —41ln(x — 1) + 3/(x — 1) or equivalent forms
Expand by partial fractions:

t42 A B C
(x—12z-2) z-2 z-1 (z—1)2°

Then z +2=A(x —1)?+ Bz - 2)(x — 1)+ C(xz — 2). If z =2, then 4 = A. If # = 1, then C' = —3.
Ifx=0,then2=4+4+2B+6= B =—4. So

| e—re ™ = /[mffﬁl*(x—ow e

= 4ln(z—-2)—4ln(x —1)+3/(z - 1).

2
2. Answer: %

By taking the second derivative, we see that the points of inflection occur when —cosxz = 0, so
r = I, 37” At 7, the slope of the tangent line is the derivative evaluated at this point, which is
—sin fg) = —1. So the tangent line has equation y = —x + b, and since cos (3) =0,0=-5+b

2
and so the tangent line is given by y = —x + 7. Similarly, we can find that the tangent line at 37” is

y = & — 3%, The intersection of the two tangent lines forms the vertex of the triangle, which occurs

2
when —z + 5 =z — 3T or at = 7. At this point, both tangent lines equal — 5. Hence the triangle

2
formed has height 7. The tangent lines cross the r-axis when y = 0, giving 7 and 37”, which are

separated by w. Hence the area of the triangle is % T = %2.

3. Answer: (1,2/3,1/2,4/15)
Just compute the Taylor expansion of f”(x) — 2z f'(x) — 2f(x) to the third term, which is

(2a + 6bx + 12¢cx® + 20dx® + - -+ ) — (22 + dax® + 6bx® 4 - - ) — (2 + 2= + 2a2® + 202> + - --).

All coefficients should be zero, so 2a —2 =0, 6b—4 = 0, 12¢ — 6a = 0 and 20d — 8b = 0. Solving these
equations gives the answer.

4. Answer: In(2)

Note that H%:Ifx+x2fx3+...andthat 1n(x+1):fH_%dx:C’qufﬁJr%f%Jr....

2
Since In(1) = 0 = C, we set C' = 0. Evaluating at = 1, we get that In(2) =1 -1+ 4 - 1 +....

5. Answer: f(x) = (2z — 1)e”
Differentiate both sides to get

flx) = f'(x) + /Ow Y (y)dy — (2 + x)e”.

But x
/ VP (y)dy = f(x) + (27 — 2+ 1)e”

0
so by substituting it we get
flx)+ (22 — 2z +1)e® — (2 + x)e” = 0,
and f(z) = (22 — 1)e*.
6. Answer:

5v544
6

First, we eliminate the absolute value by finding the intervals on which the expression inside is positive
and negative. Sketching sin(2z) and sin(3z) suggests that there are two points 0 < x < 7 such that
sin(2z) = sin(3z). The identity sin(x) = sin(m —x) gives us the solution 2 = %, and sin(z) = sin(37 —x)
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gives us = 3%, Then we have sin(3z) > sin(2z) on the intervals (0, %) and (3£, 7) but sin(2z) >

sin(3z) on (g E%) So the integral becomes:

/0 [sin(2z) — sin(3z)| dx = /0 [sin(3x) — sin(2z)|dz

37 7r

+ /15 [sin(2x) — sin(3x)]dz + /34 [sin(3x) — sin(2z)]dz

Next, we let F(z) equal %2%) - %, so that F’(z) = sin(3z) —sin(2z). Then the integral simplifies

to:
7 (£)-ro)]-|F -F(3)]+ e
5 5 5
F(H&F( —QF<5> F(0
1 1Jr os2—wffcos—fco—+g gjflJrl
2 3 5 3 5 5 3 5 2 3
T PO PO,
373°¢ 3%
Now we use the identities cos £ = f‘“ and cos <& 5 ‘[ L to simplify this further:
2 D2 S T2, 8 (VAL o
3 3 5 3 3 3 4
2 5
_ 2,55
3 6
_5V5+4
6

7. Answer: 12600

Since f (”)(O) = a,n!, where a,, is the nth Taylor series coefficient, we just need to find the Taylor series
of f and read off the appropriate coefficient. The Taylor series is given by

2 4

ﬂ@=x<+U+g+ )u+ﬁ+ﬁ+my

The coefficient of 27 is 5; + §; + 1 = 5, so IOENE 5 =12600.
3

8. Answer: >

Differentiate the equation to get

and again

By solving these we have

and
d?y  sin(x) cos®(y) + sin(y) cos?(x)

da? cos3(y)
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10.

Let sin(z) = ¢, then sin(y) = 1 —¢. Also cos(z) = V1 —2 and cos(y) = /1 — (1 — )2 = /t(2 - ¢t).
Substituting it gives

dz2 t3/2(1 — 2t)3/2 - (1— 2t)3/2'

>y 22—t +(1-t)(1 -1t _ a2 t2—t+1

Since lim; 0 7 =1, a = % should give the limit lim,_,q xa% = g. All other values of o will make
this limit undefined or zero.

Answer: %

We make the substitution, z = § — y (note that the actual variable of integration is irrelevant so we
leave it as x). Then we have:

/’2‘ dx B /0 —dx _ /72r dx _ /72r (tanz)™ dx
o 14 (tanz)™  Jz 1+tan(5 —2)"  Jo 1+ (cotz)™ Jo (tanz)™+1°
Then we add the original integral to both sides:

2/; dx :/g 1 N (tanz)™ dx:/gl+(tanx)ﬂdx:/gdx:ﬂ.
o 14 (tanz)™ o 14 (tanz)™ 1+ (tanz)™ o 14 (tanz)™ 0 2

So the integral we want is Z.

1
) 1
Answer: 3010(In 2)2010
Make the substitution % = ¢! — 1, so that —(:‘:77%2 = dx. This transforms the original integral into
/1 dx B /°° ef(e —1)?dt /°° dt
0 2(z+1) (In(1+ 1)PT " Jao ef(er — 12200 2 2011
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