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5.3.2 Wald Test

The asymptotic normality of MLE may be used to obtain a test based only on
the unrestricted estimates.
Now, under H0 : θ = θ0, we have

√
n( bθ − θ0 ) d−→ N( 0, ϑ

−1(θ0 )). (5.40)

Thus, using the results on the asymptotic behavior of quadratic forms from the
previous chapter, we have

W = n( bθ − θ0 )0ϑ(θ0 )( bθ − θ0 ) d−→ χ2p, (5.41)

which is the Wald test. As we discussed for quadratic tests, in general, under
H0 : θ 6= θ0, we would have W = Op(n ).
In practice, since
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we use

W∗ = −( bθ − θ0 )0 ∂2L( bθ|y )
∂θ∂θ0

( bθ − θ0 ) d−→ χ2p. (5.43)

Aside from having the same asymptotic distribution, the Likelihood Ratio
and Wald tests are asymptotically equivalent in the sense that

plim
n→∞

( LR−W∗ ) = 0. (5.44)

This is shown by expanding L(θ0|y ) in a Taylor’s series about bθ. That is,
L(θ0 ) = L( bθ ) + ∂L( bθ )
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where the third line applies the intermediate value theorem for θ∗ between bθ
and θ0. Now ∂L(θ )

∂θ = 0, and the third line can be shown to be Op(1/
√
n)

under assumption 5, whereupon we have
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(5.46)
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and

LR = W∗ +Op( 1/
√
n ). (5.47)

In general, we may test H0 : r(θ ) = 0 with

W∗ = −r( bθ )0
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⎤⎦−1 r( bθ ) d−→ χ2p.
(5.48)

5.4 Lagrange Multiplier

Alternatively, but in the same fashion, we can expand L( bθ ) about θ0 to obtain
L( bθ ) = L(θ0 ) + ∂L(θ0 )
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Likewise, we can also expand 1
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∂θ about θ0, which yields
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(5.50)

or
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Substituting (5.51) into (5.49) gives us
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and LR = LM+Op( 1/
√
n ), where

LM = −∂L(θ
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is the Lagrange Multiplier test.
Thus, under H0 : θ = θ0,

plim
n→∞

( LR− LM) = 0. (5.54)
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and

LM
d−→ χ2p. (5.55)

Note that the Lagrange Multiplier test only requires the restricted values of the
parameters.
In general, we may test H0 : r(θ ) = 0 with
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d−→ χ2q, (5.56)

where L(·) is the unrestricted log-likelihood function, and eθ is the restricted
MLE.

5.5 Choosing Between Tests

The above analysis demonstrates that the three tests: likelihood ratio, Wald,
and Lagrange multiplier are asymptotically equivalent. In large samples, not
only do they have the same limiting distribution, but they will accept and reject
together. This in not the case in finite samples where one can reject when the
other does not. This might lead a cynical analyst to use one rather than the
other by choosing the one that yields the results (s)he wants to obtain. Making
an informed choice based on their finite sample behavior is beyond the scope of
this course.
In many cases, however, one of the tests is a much more natural choice than

the others. Recall that Wald test only requires the unrestricted estimates while
the Lagrange multiplier test only requires the restricted estimates. In some
cases the unrestricted estimates are much easier to obtain than the restricted
and in other cases the reverse is true. In the first case we might be inclined
to use the Wald test while in the latter we would prefer to use the Lagrange
multiplier.
Another issue is the possible sensitivity of the test results to how the restric-

tions are written. For example, θ1 + θ2 = 0 can also be written −θ2/θ1 = 1.
The Wald test, in particular is sensitive to how the restriction is written. This
is yet another situation where a cynical analyst might be tempted to choose the
”normalization” of the restriction to force the desired result. The Lagrange
multiplier test, as presented above, is also sensitive to the normalization of the
restriction but can be modified to avoid this difficulty. The likelihood ratio test
however will be unimpacted by the choice of how to write the restriction.




